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Introduction

Many mathematicians are aware of some of the dramatic interactions between
ergodic theory and other parts of the subject, notably Ramsey theory, infinite
combinatorics, and Diophantine number theory. These notes are intended to
provide a gentle route to a tiny sample of these results. The intended reader-
ship is expected to be mathematically sophisticated, with some background
in measure theory and functional analysis, or to have the resilience to learn
some of this material along the way from other sources.

In this volume we develop the beginnings of ergodic theory and dynamical
systems. While the selection of topics has been made with the applications
to number theory in mind, we also develop other material to aid motivation
and to give a more rounded impression of ergodic theory. Different points of
view on ergodic theory, with different kinds of examples, may be found in the
monographs of Cornfeld, Fomin and Sina¥ [60], Petersen [283], or Walters [375].
Ergodic theory is one facet of dynamical systems; for a broad perspective on
dynamical systems see the books of Katok and Hasselblatt [I82] or Brin and
Stuck [44]. An overview of some of the more advanced topics we hope to pursue
in a subsequent volume may be found in the lecture notes of Einsiedler and
Lindenstrauss [80] in the Clay proceedings of the Pisa Summer school.

Fourier analysis of square-integrable functions on the circle is used exten-
sively. The more general theory of Fourier analysis on compact groups is not
essential, but is used in some examples and results. The ergodic theory of com-
muting automorphisms of compact groups is touched on using a few examples,
but is not treated systematically. It is highly developed elsewhere: an exten-
sive treatment may be found in the monograph by Schmidt [333]. Standard
background material on measure theory, functional analysis and topological
groups is collected in the appendices for convenience.

Among the many lacunae some stand out: Entropy theory; the isomor-
phism theory of Ornstein, a convenient source being Rudolph [325]; the more
advanced spectral theory of measure-preserving systems, a convenient source
being Nadkarni [265]; finally Pesin theory and smooth ergodic theory, a source
being Barreira and Pesin [I9]. Of these omissions entropy theory is perhaps



2 Introduction

the most fundamental for applications in number theory, and this was the rea-
son for not including it here. There is simply too much to say about entropy
to fit into this volume, so we will treat this important topic, both in general
terms and in more detail in the algebraic context needed for number theory,
in a subsequent volume. The notion is mentioned in one or two places in this
volume, but is never used directly.

No Lie theory is assumed, and for that reason some arguments here may
seem laborious in character and limited in scope. Our hope is that seeing the
language of Lie theory emerge from explicit matrix manipulations allows a
relatively painless route into the ergodic theory of homogeneous spaces. This
will be carried further in a subsequent volume, where some of the deeper
applications will be given.

NOTATION AND CONVENTIONS

The symbols N = {1,2,...}, Ng = NU{0}, Z denote the natural numbers,
non-negative integers and integers; Q, R, C denote the rational numbers, real
numbers and complex numbers; S', T = R/Z denote the multiplicative and
additive circle respectively. The elements of T are thought of as the elements
of [0,1) under addition modulo 1. The real and imaginary parts of a complex
number are denoted x = R(z + iy) and y = I(z + iy). The order of growth
of real- or complex-valued functions f, ¢ defined on N or R with g(z) # 0 for
large x is compared using Landau’s notation:

. |f(@) ,
f~gif ‘m‘ﬁlasxﬂoo,

— 0 as x — 0.

r=otg) it | £

For functions f, ¢ defined on N or R and taking values in a normed space, we
write f = O(g) if there is a constant A > 0 with || f(z)| < Allg(z)|| for all z.
In particular, f = O(1) means that f is bounded. Where the dependence
of the implied constant A on some set of parameters ./ is important, we
write f = Ou(g). The relation f = O(g) will also be written f < g, par-
ticularly when it is being used to express the fact that two functions are
commensurate, f < g < f. A sequence aj,as,... will be denoted (a,).
Unadorned norms ||z|| will only be used when z lives in a Hilbert space
(usually L?) and always refer to the Hilbert space norm. For a topological
space X, C(X), Cc(X), C.(X) denote the space of real-valued, complex-
valued, compactly supported continuous functions on X respectively, with
the supremum norm. For sets A, B, denote the set difference by

ANB={z|z € A ,x ¢ B}.

Additional specific notation is collected in an index of notation on page G2l
Statements and equations are numbered consecutively within chapters,
and exercises are numbered in sections. Theorems without numbers in the
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main body of the text will not be proved; appendices contain some standard
background material in the form of numbered theorems that will not be proved
here.

Several of the issues addressed in this book revolve around measure rigid-
ity, in which there is a natural measure that other measures are compared
with. These natural measures will usually be Haar measure on a compact
or locally compact group, or measures constructed from Haar measures, and
these will usually be denoted m.

We have not tried to be exhaustive in tracing the history of the ideas
used here, but have tried to indicate some of the rich history of mathematical
developments that have contributed to ergodic theory. Certain references to
earlier and to related material is generally collected in endnotes at the end
of each chapter; the presence of these references should not be viewed in any
way as authoritative.

Statements in these notes are informed throughout by a desire to remain
firmly rooted in the familiar territory of ergodic theory: the standing assump-
tion is that, unless explicitly noted otherwise, metric spaces are complete
and separable, compact groups are metrizable, discrete groups are countable,
countable groups are discrete, and measure spaces are assumed to be Borel
probability spaces (this assumption is only relevant starting with Section B3}
see Definition [E13] for the details). A convenient summary of the measure-
theoretic background may be found in Royden [32I] or Parthasarathy [281].
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Leitfaden

The dependencies between the chapters is illustrated below, with solid lines
indicating logical dependency and dotted lines indicating partial or motiva-
tional links.

Some possible shorter courses could be made up as follows.

e Chapters 2 & 4: A gentle introduction to ergodic theory and topological
dynamics.

e Chapters 2 & 3: A gentle introduction to ergodic theory and the continued
fraction map (the dotted line indicates that only parts of Chapter 2 are
needed for Chapter 3).

e Chapters 2, 3, & 9: As above, with the connection between the Gauss map
and hyperbolic surfaces, and ergodicity of the geodesic flow.

e Chapters 2, 4, & 8: An introduction to ergodic theory for group actions.
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Introduction

The highlights of this book are Chapters 7 and 11. Some more ambitious
courses could be made up as follows.

To Chapter 6: Ergodic theory up to conditional measures and the ergodic
decomposition.

To Chapter 7: Ergodic theory including the Furstenberg—Katznelson—
Ornstein proof of Szemerédi’s theorem.

To Chapter 11: Ergodic theory and an introduction to dynamics on homo-
geneous spaces, including equidistribution of horocycle orbits. A minimal
path to equidistribution of horocycle orbits on SLa(Z)\ SLy(R) would in-
clude the discussions of ergodicity from Chapter 2, genericity from Chap-
ter 4, Haar measure from Chapter 8, the hyperbolic plane from Chapter 9,
and ergodicity and mixing from Chapter 11.



1

Motivation

Our main motivation throughout the book will be to understand the appli-
cations of ergodic theory to certain problems outside of ergodic theory, in
particular to problems in number theory. As we will see, this requires a good
understanding of particular examples, which will often be of an algebraic na-
ture. Therefore, we will start with a few concrete examples, and state a few
theorems arising from ergodic theory, some of which we will prove within this
volume. In Section we will discuss ergodic theory as a subject in more
general terms(!).

1.1 Examples of Ergodic Behavior

The orbit of a point x € X under a transformation 7" : X — X is the
set {T"(z) | n € N}. The structure of the orbit can say a great deal about the
original point z. In particular, the behavior of the orbit will sometimes detect
special properties of the point. A particularly simple instance of this appears
in the next example.

Ezample 1.1. Write T for the quotient group R/Z = {x + Z | = € R}, which
can be identified with a circle (as a topological space, this can also be obtained
as a quotient space of [0, 1] by identifying 0 with 1); there is a natural bijection
between T and the half-open interval [0, 1) obtained by sending the coset x+7Z
to the fractional part of . Let T': T — T be defined by T'(x) = 102 (mod 1).
Then x € T is rational if and only if the orbit of x under T is finite. To

see this, assume first that x = % is rational. In this case the orbit of x is

some subset of {0, %, o %}. Conversely, if the orbit is finite then there

must be integers m,n with 1 < n < m for which 7 (z) = T"(z). It follows
that 10™x = 10"z + k for some k € N, so x is rational.

Detecting the behavior of the orbit of a given point is usually not so
straightforward. Ergodic theory generally has more to say about the orbit of
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“typical” points, as illustrated in the next example. Write y 4 for the indicator

function of a set,
(z) = lifze A
XA =N 0if o ¢ A

Ezample 1.2. This example recovers a result due to Borel [40]. We shall see
later that the map T : T — T defined by T'(z) = 10z (mod 1) preserves
Lebesgue measure m on [0, 1) (see Definition 21]), and is ergodic with respect
to m (see Definition ZI3). A consequence of the pointwise ergodic theorem
(Theorem 230) is that for any interval

A(j k) = [10%. 55¢):

we have
1 N—-1 . 1 1
N > Xagw (T'z) —>/0 Xa(w (@) dm(z) = 7o (1.1)
i=0

as N — oo, for almost every x (that is, for all x in the complement of a set of
zero measure, which will be denoted a.e.). For any block j; ... ji of k decimal
digits, the convergence in equation (II) with j = 10F~1j; + 105255 4+ - -+ ji,
shows that the block ji ... jr appears with asymptotic frequency 10% in the
decimal expansion of almost every real number in [0, 1].

Even though the ergodic theorem only concerns the orbital behavior of
typical points, there are situations where one is able to describe the orbits for
all starting points.

Ezxample 1.3. We show later that the circle rotation R, : T — T defined
by Ra(t) = t + « (mod 1) is uniquely ergodic if « is irrational (see Defi-
nition and Example TT]). A consequence of this is that for any inter-
val [a,b) € [0,1) =T,

N—-1

1 n

N > X (RE(#) — b—a (1.2)
n=0

as N — oo for every t € T (see Theorem and Lemma [L17). As pointed
out by Arnol’d and Avez [7] this equidistribution result may be used to find
the density of appearance of the digits(®) in the sequence 1,2,4,8,1,3,6,1,. ..
of first digits of the powers of 2:

1,2,4,8,16,32, 64,128, 256,512,1024, ... .

A set A C N is said to have density d(A) if

k—o0

d(A) = lim % AN (1, K|

exists. Notice that 2" has first digit &k for some k € {1,2,...,9} if and only if
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logyg k < {nlogy 2} <logyo(k+1),

where we write {t} for the fractional part of the real number ¢.
Since o = logy 2 is irrational, we may apply equation (2)) to deduce that

{n| 0< n < N — 1, 15¢ digit of 2" is k} 1 .
‘ N ‘ = N Z Xllog,, k,log, o (k+1)) (Roc (O))
n=0

E+1
— logyo (5~

as N — oo. Thus the first digit & € {1,...,9} appears with density log; (%),
and it follows in particular that the digit 1 is the most common leading digit
in the sequence of powers of 2.

Exercises for Section [I.1]

Exercise 1.1.1. A point x € X is said to be periodic for the map T : X — X
if there is some k& > 1 with T%(2) = x, and pre-periodic if the orbit of z
under 7T is finite. Describe the periodic points and the pre-periodic points for
the map z — 10z (mod 1) from Example [[T11

Exercise 1.1.2. Prove that the orbit of any point x € T under the map R,,
on T for « irrational is dense (that is, for any ¢ > 0 and ¢t € T there is
some k € N for which T*x lies within € of ). Deduce that for any finite block
of decimal digits, there is some power of 2 that begins with that block of
digits.

1.2 Equidistribution for Polynomials

A sequence (ap)nen of numbers in [0,1) is said to be equidistributed if
d{neN|a<a,<b})=b—-a

for all a,b with 0 < a < b < 1. A classical result of Weyl [382] extends the
equidistribution of the numbers (na), . modulo 1 for irrational a to the
values of any polynomial with an irrational coefficient.

Theorem 1.4 (Weyl). Let p(n) = agn® + -+ ag be a real polynomial with
at least one coefficient among a, ..., ax trrational. Then the sequence (p(n))
1s equidistributed modulo 1.

Furstenberg extended unique ergodicity to a dynamically defined extension
of the irrational circle rotation described in Example [[.3] giving an elegant
ergodic-theoretic proof of Theorem [[L4l This approach will be discussed in
Section 441

* Numbered theorems like Theorem [[L4]in the main text are proved in this volume,
but not necessarily in the chapter in which they first appear.
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Exercises for Section

Exercise 1.2.1. Describe what Theorem [[4] can tell us about the leading
digits of the powers of 2.

1.3 Szemerédi’s Theorem

Szemerédi, in an intricate and difficult combinatorial argument, proved a long-
standing conjecture of Erdés and Turédn [85] in his paper [359]. A set S C Z is
said to have positive upper Banach density if there are sequences (m;) and (n;)
with n; —m; — 0o as j — oo with the property that
Snmj,n;
lim | [m;, nyl| > 0.

J—00 nj — mj

Theorem 1.5 (Szemerédi). Any subset of the integers with positive upper
Banach density contains arbitrarily long arithmetic progressions.

Furstenberg [102] (see also his book [103] and the article of Furstenberg,
Katznelson and Ornstein [I07]) showed that Szemerédi’s theorem would fol-
low from a generalization of Poincaré’s recurrence theorem, and proved that
generalization. The connection between recurrence and Szemerédi’s theorem
will be explained in Section[7.3] and Furstenberg’s proof of the generalization
of Poincaré recurrence needed will be presented in Chapter [l There are a
great many more theorems in this direction which we cannot cover, but it is
worth noting that many of these further theorems to date only have proofs
using ergodic theory.

More recently, Gowers [122] has given a different proof of Szemerédi’s
theorem, and in particular has found the following effective form of i,

Theorem (Gowers). For every integer s > 1 and sufficiently large integer N,
every subset of {1,2,..., N} with at least

_os+9

N(loglog N)~2
elements contains an arithmetic progression of length s.

Typically proofs using ergodic theory are not effective: Theorem eas-
ily implies a finitistic version of Szemerédi’s theorem, which states that for
every s and constant ¢ > 0 and all sufficiently large N = N (s, ¢), any subset
of {1,..., N} with at least ¢N elements contains an arithmetic progression of
length s. However, the dependence of NV on ¢ is not known by this means, nor

* Theorems and other results that are not numbered will not be proved in this
volume, but will also not be used in the main body of the text.
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is it easily deduced from the proof of Theorem [[L5l Gowers’ Theorem, proved
by different methods, does give an explicit dependence.

We mention Gowers’ Theorem to indicate some of the limitations of ergodic
theory. While ergodic methods have many advantages, proving quite general
theorems which often have no other proofs, they also have disadvantages, one
of them being that they tend to be non-effective.

Subsequent development of the combinatorial and arithmetic ideas by
Goldston, Pintz and Yildirim [I18]®) and Gowers, and of the ergodic method
by Host and Kra [I59] and Ziegler [394], has influenced some arguments of
Green and Tao [127] in their proof of the following long-conjectured result.
This is a good example of how asking for effective or quantitative versions of
existing results can lead to new qualitative theorems.

Theorem (Green and Tao). The set of primes contains arbitrarily long
arithmetic progressions.

1.4 Indefinite Quadratic Forms and Oppenheim’s
Conjecture

Our purpose here is to provide enough background in ergodic theory to quickly
reach some understanding of a few deeper results in number theory and combi-
natorial number theory where ergodic theory has made a contribution. Along
the way we will develop a good portion of ergodic theory as well as some
other background material. In the rest of this introductory chapter, we men-
tion some more highlights of the many connections between ergodic theory
and number theory. The results in this section, and in Sections and [L.6]
will not be covered in this book, but we plan to discuss them in a subsequent
volume.

The next theorem was conjectured in a weaker form by A. Oppenheim
in 1929 and eventually proved by Margulis in the stronger form stated here
in 1986 [247], [250]. In order to state the result, we recall some terminology
for quadratic forms.

A quadratic form in n variables is a homogeneous polynomial Q(x1, ..., x,)
of degree two. Equivalently, a quadratic form is a polynomial @ for which there
is a symmetric n X n matrix Ag with

Q(x1,...,xy) = (171,...,xn)AQ(xl,...,xn)t.

Since Ag is symmetric, there is an orthogonal matrix P for which P*AqP
is diagonal. This means there is a different coordinate system y1,...,y, for
which

Q(x1,...,7p) = 1y + -+ cay?.

The quadratic form is called non-degenerate if all the coefficients ¢; are non-
zero (equivalently, if det Ag # 0), and is called indefinite if the coefficients ¢;
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do not all have the same sign. Finally, the quadratic form is said to be rational
if its coefficients (equivalently, if the entries of the matrix Ag) are rationaff.

Theorem (Margulis). Let @ be an indefinite non-degenerate quadratic
form in n > 3 variables that is not a multiple of a rational form. Then Q(Z™)
is a dense subset of R.

It is easy to see that two of the stated conditions are necessary for the
result: if the form @ is definite then the elements of Q(Z™) all have the same
sign, and if @ is a multiple of a rational form, then Q(Z") lies in a discrete
subgroup of R. The assumption that @) is non-degenerate and n is at least 3 are
also necessary, though this is less obvious (requiring in particular the notion of
badly approximable numbers from the theory of Diophantine approximation,
which will be introduced in SectionB.3]). This shows that the theorem as stated
above is in the strongest possible form. Weaker forms of this result have been
obtained by other methods, but the full strength of Margulis’ Theorem at the
moment requires dynamical arguments (for example, ergodic methods).

Proving the theorem involves understanding the behavior of orbits for the
action of the subgroup SO(2,1) < SL3(R) on points z € SL3(Z)\ SL3(R)
(the space of right cosets of SL3(Z) in SL3(R)); these may be thought of as
sets of the form xSO(2,1). As it turns out (a consequence of Raghunathan’s
conjectures, discussed briefly in Section [[7)), such orbits are either closed
subsets of SL3(Z)\ SL3(R) or are dense in SL3(Z)\ SL3(R). Moreover, the
former case happens if and only if the point x corresponds in an appropriate
sense to a rational quadratic form.

Margulis’ Theorem may be viewed as an extension of Example to
higher degree in the following sense. The statement that every orbit under
the map R, (t) =t + « (mod 1) is dense in T is equivalent to the statement
that if L is a linear form in two variables that is not a multiple of a rational
form, then L(Z?) is dense in R.

1.5 Littlewood’s Conjecture

For a real number ¢, write (t) for the distance from ¢ to the nearest integer,

t) = min |t — q|.

{t) = min [t —q]

The theory of continued fractions (which will be described in Chapter [3)
shows that for any real number w, there is a sequence (g,) with ¢, — oo
such that ¢, (g,u) < 1 for all n > 1. Littlewood conjectured the following in
the 1930s: for any real numbers u, v,

* Note that the rationality of @ cannot be detected using the coefficients c1, ..., ¢,
after the real coordinate change.
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lim inf n(nu)(nv) = 0.

Some progress was made on this for restricted classes of numbers u and v by
Cassels and Swinnerton-Dyer [50], Pollington and Velani [291], and others, but
the problem remains open. In 2003 Einsiedler, Katok and Lindenstrauss [79)
used ergodic methods to prove that the set of exceptions to Littlewood’s
conjecture is extremely small.

Theorem (Einsiedler, Katok & Lindenstrauss). Let
o= {(u,v) € R? | lim inf n{nu)(nv) > 0} .

Then the Hausdorff dimension of © is zero.

In fact the result in [79] is a little stronger, showing that © satisfies a
stronger property that implies it has Hausdorff dimension zero. The proof re-
lies on a partial classification of certain invariant measures on SL3(Z)\ SL3(R).
This is part of the theory of measure rigidity, and the particular type of phe-
nomenon seen has its origins in work of Furstenberg [I00], who showed that
the natural action ¢ — at (mod 1) of the semi-group generated by two mul-
tiplicatively independent natural numbers a; and as on T has, apart from
finite sets, no non-trivial closed invariant sets. He asked if this system could
have any non-atomic ergodic invariant measures other than Lebesgue mea-
sure. Partial results on this and related generalizations led to the formulation
of far-reaching conjectures by Margulis [251], by Furstenberg, and by Katok
and Spatzier [I83], [I84]. A special case of these conjectures concerns actions
of the group A of positive diagonal matrices in SLj(R) for & > 3 on the
space SLi(Z)\ SLy(R): if u is an A-invariant ergodic probability measure on
this space, is there a closed connected group L > A for which p is the unique L-
invariant measure on a single closed L-orbit (that is, is u homogeneous)?

In the work of Einsiedler, Katok and Lindenstrauss the conjecture stated
above is proved under the additional hypothesis that the measure p gives
positive entropy to some one-parameter subgroup of A, which leads to the
theorem concerning ©@. A complete classification of these measures without
entropy hypotheses would imply the full conjecture of Littlewood.

In this volume we will develop the minimal background needed for the
ergodic approach to continued fractions (see Chapter [B]) as well as the basic
theorems concerning the action of the diagonal subgroup A on the quotient
space SLa(Z)\ SLa(R) (see Chapter [d). We will also describe the connection
between these two topics, which will help us to prove results about the con-
tinued fraction expansion and about the action of A.

1.6 Integral Quadratic Forms

An important topic in number theory, both classical and modern, is that of
integral quadratic forms. A quadratic form Q(x1,...,x,) is said to be integral
if its coeflicients are integers.
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A natural problem® is to describe the range Q(Z") of an integral
quadratic form evaluated on the integers. A classical theorem of Lagrange(®)
on the sum of four squares says that Qo(Z*) = Ny if

2 2 2 2
Qo(71, 22,73, 74) = 2] + 25 + 23 + 77,

solving the problem for a particular form.

More generally, Kloosterman, in his dissertation of 1924, found an asymp-
totic formula for the number of expressions for an integer in terms of a positive
definite quadratic form @ in five or more variables and deduced that any large
integer lies in Q(Z™) if it satisfies certain congruence conditions. The case of
four variables is much deeper, and required him to make new deep develop-
ments in analytic number theory; special cases appeared in [201] and the full
solution in [202], where he proved that an integral definite quadratic form @ in
four variables represents all large enough integers a for which there is no con-
gruence obstruction. Here we say that a € N has a congruence obstruction for
the quadratic form Q(z1, ..., x,) if @ modulo d is not a value of Q(x1, ..., 2,)
modulo d for some d € N.

The methods that are usually applied to prove these theorems are purely
number-theoretic. Ellenberg and Venkatesh [83] have introduced a method
that combines number theory, algebraic group theory, and ergodic theory to
prove results in this field, leading to a different proof of the following special
case of Kloosterman’s Theorem.

Theorem (Kloosterman). Let Q(x1,...,z,) be a positive definite quadratic
form with integer coefficients in n > 6 variables. Then all large enough in-
tegers that do not fail the congruence conditions can be represented by the
form Q.

That is, if @ € N is larger than some constant that depends on @ and for
every d > 0 there exists some x4 € Z" with Q(z4) = a modulo d, then there
exists some z € Z"™ with Q(x) = a. This theorem has purely number-theoretic
proofs (see the survey by Schulze-Pillot [336]).

In fact Ellenberg and Venkatesh proved in [83] a different theorem that
currently does not have a purely number-theoretic proof. They considered the
problem of representing a quadratic form by another quadratic form: If @
is an integral positive definite(®) quadratic form in n variables and Q’ is an-
other such form in m < n variables, then one can ask whether there is a
subgroup A < Z" generated by m elements such that when @ is restricted
to A the resulting form is isomorphic to @’. This question has for instance
been studied by Gauss in the case of m = 2 and n = 3 in the Disquisitiones
Arithmeticae [ITI]. As before, there can be congruence obstructions to this
problem, which are best phrased in terms of p-adic numbers. Roughly speak-
ing, Ellenberg and Venkatesh show that for a given integral definite quadratic
form @ in n variables, every integral definite quadratic form Q' in m <n—25
variables(”) that does not have small image values can be represented by Q,
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unless there is a congruence obstruction. The assumption that the quadratic
form @ does not have small image means that min ¢z (o} @' () should be
bigger than some constant that depends on Q.

The ergodic theory used in [83] is related to Raghunathan’s conjecture
mentioned in Section [[[4] and discussed again in Section [ below, and is the
result of work by many people, including Margulis, Mozes, Ratner, Shah, and
Tomanov.

1.7 Dynamics on Homogeneous Spaces

Let G < SL,,(R) be a closed linear group over the reals (or over a local field;
see Section for a precise definition), let I < G be a discrete subgroup(®,
and let H < G be a closed subgroup. For example, the case G = SL3(R)
and I' = SL3(Z) arises in Section [[4] with H = SO(2,1), and arises in Sec-
tion[LAwith H = A. Dynamical properties of the action of right multiplication
by elements of H on the homogeneous space X = I'\G is important for nu-
merous problems?). Indeed all the results in Sections may be proved
by studying concrete instances of such systems. We do not want to go into
the details here, but simply mention a few highlights of the theory.

There are many important and general results on the ergodicity and mix-
ing behavior of natural measures on such quotients (see Chapter [ for the
definitions). These results (introduced in Chapters [ and [T]) are interesting
in their own right, but have also found applications to the problem of count-
ing integer (and, more recently, rational) points on groups (or certain other
varieties). The first instance of this can be found in Margulis’s thesis [252],
where this approach is used to find the asymptotics for the number of closed
geodesics on compact manifolds of negative curvature. Independently, Eskin
and McMullen [86] found the same method and applied it to a counting prob-
lem in certain varieties, which re-proved certain cases of the theorems in the
work of Duke, Rudnick and Sarnak [76] in a simpler manner. However, as
discussed in Section [[.I] the most difficult — and sometimes most interesting —
problem is to understand the orbit of a given point rather than of almost every
point. Indeed, the solution of Oppenheim’s conjecture in Section [[L4] by Mar-
gulis involved understanding the SO(2, 1)-orbit of a point z € SL3(Z)\ SL3(R)
corresponding to the given quadratic form.

We need one more definition before we can state a general theorem in
this direction. A subgroup U < SL,(R) is called a one-parameter unipotent
subgroup if U is the image of Rw under the exponential map, for some ma-
trix w € Mat,, satisfying w™ = 0 (that is, w is nilpotent and exp(tw) has
only 1 as an eigenvalue, hence the name). For example, there is an index two
subgroup H < SO(2,1) which is generated by one-parameter unipotent sub-
groups. However, notice that the diagonal subgroup A is not generated by
one-parameter unipotent subgroups.
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Raghunathan conjectured that if the subgroup H is generated by one-
parameter unipotent subgroups, then the closures of orbits xH are always of
the form 2L for some closed connected subgroup L of G that contains H. This
reduces the properties of orbit closures (a dynamical problem) to the algebraic
problem of deciding for which closed connected subgroups L the orbit xL is
closed.

Ratner [306] proved this important result using methods from ergodic
theory. In fact, she deduced Raghunathan’s conjecture from Dani’s conjec-
ture(!9) regarding H-invariant measures, which she proved first in the series
of papers [303], [304] and [305].

To date there have been numerous applications of the above theorem, and
certain extensions of it. To name a few more seemingly unrelated applications,
Elkies and McMullen [82] have applied these theorems to obtain the distribu-
tion of the gaps in the sequence of fractional parts of \/n, and Vatsal [368] has
studied values of certain L-functions using the p-adic version of the theorems.
There are further applications of the theory too numerous to describe here,
but the examples above show again the variety of fields that have connections
to ergodic theory.

We will discuss a few special cases of the conjectures of Raghunathan and
Dani: Example [[L.3] Section [£.4], Chapter [0, Section IT.5 and Section I1.7]
which treat special cases some of which were known before the conjectures
were formulated.

1.8 An Overview of Ergodic Theory

Having seen some statements that qualify as being ergodic in nature, and some
of the many important applications of ergodic theory to number theory, in this
short section we give a brief overview of ergodic theory. If this is not already
clear, notice that it is a rather diffuse subject with ill-defined boundaries™",

Ergodic theory is the study of long-term behavior in dynamical systems
from a statistical point of view. Its origins therefore are intimately connected
with the time evolution of systems modeled by measure-preserving actions of
the reals or the integers, with the action representing the passage of time.
Related approaches, using probabilistic methods to study the evolution of
systems, also arose in statistical physics, where other natural symmetries —
typically reflected by the presence of a Z?-action — arise. The rich interaction
between arithmetic and geometry present in measure-preserving actions of
(lattices in) Lie groups quickly emerged, and it is now natural to view ergodic
theory as the study of measure-preserving group actions, containing but not
limited to several special branches:

(1) The classical study of single measure-preserving transformations.
(2) Measure-preserving actions of Z?; more generally of countable amenable
groups.
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(3) Measure-preserving actions of R? and more general amenable groups,
called flows.

(4) Measure-preserving and more general actions of groups, in particular of
Lie groups and of lattices in Lie groups.

Some of the illuminating results in ergodic theory come from the existence
of (counter-)examples. Nonetheless, there are many substantial theorems. In
addition to fundamental theorems (the pointwise and mean ergodic theorems
themselves for example) and structural results (the isomorphism theorem of
Ornstein, Krieger’s theorem on the existence of generators, the isomorphism
invariance of entropy), ergodic theory and its way of thinking have made
dramatic contributions to many other fields.

Notes to Chapter 1

(1)(Page [[) The origins of the word ‘ergodic’ are not entirely clear. Boltzmann
coined the word monode (unique povog, nature eidoc) for a set of probability distri-
butions on the phase space that are invariant under the time evolution of a Hamil-
tonian system, and ergode for a monode given by uniform distribution on a surface
of constant energy. Ehrenfest and Ehrenfest (in an influential encyclopedia article
of 1912, translated as [78]) called a system ergodic if each surface of constant energy
comprised a single time orbit — a notion called isodic by Boltzmann (same cog,
path 086c) — and quasi-ergodic if each surface has dense orbits. The Ehrenfests
themselves suggested that the etymology of the word ergodic lies in a different di-
rection (work €pyov, path 686¢). This work stimulated interest in the mathematical
foundations of statistical mechanics, leading eventually to Birkhoff’s formulation of
the ergodic hypothesis and the notion of systems for which almost every orbit in the
sense of measure spends a proportion of time in a given set in the phase space in
proportion to the measure of the set.

@) (PageB)) Questions of this sort were raised by Gel’fand; he considered the vector
of first digits of the numbers (2",3",4",5™,6",7",8™,9™) and asked if (for example)
there is a value of n > 1 for which this vector is (2,3,4,5,6,7,8,9). This circle of
problems is related to the classical Poncelet’s porism, as explained in an article
by King [194]. The influence of Poncelet’s book [293] is discussed by Gray [126]
Chap. 27].

(3)(Page [II) See also the account with some simplifications by Goldston, Moto-
hashi, Pintz, and Yildirim [117] and the survey by Goldston, Pintz and Yildirim [119].

) (Page @) In a more general form, this is the 11th of Hilbert’s famous set of
problems formulated for the 1900 International Congress of Mathematics.

(5)(Page [[4) Bachet conjectured the result, and Diophantus stated it; there are
suggestions that Fermat may have known it. The first published proof is that of
Lagrange in 1770; a standard proof may be found in [87, Sect. 2.3.1] for example.

(6)(Page [[4) For indefinite quadratic forms there is a very successful algebraic
technique, namely strong approximation for algebraic groups (an account may be
found in the monograph [287] of Platonov and Rapinchuk), so ergodic theory does
not enter into the discussion.
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(V) (Page M) Under an additional congruence condition on @’ the method also
works for m < n — 3.

(&) For some of the statements made here one actually has to assume that [ is a
lattice; see Section

(9)(Page [[A) Further readings from various perspectives on the ergodic theory of
homogeneous spaces may be found in the books of Bekka and Mayer [21], Feres [90],
Starkov [352], Witte Morris [386], [388] and Zimmer [395].

(10)(Page [[6) For linear groups over local fields, and products of such groups,
the conjectures of Dani (resp. Raghunathan) have been proved by Margulis and
Tomanov [253] and independently by Ratner [307].

(11)(Page [[6) Some of the many areas of ergodic theory that we do not treat in
a substantial way, and other general sources on ergodic theory, may be found in
the following books: the connection with information theory in the work of Billings-
ley [31] and Shields [343]; a wide-ranging overview of ergodic theory in that of
Cornfeld, Fomin and Sinai [60]; ergodic theory developed in the language of join-
ings in the work of Glasner [I16]; more on the theory of entropy and generators
in books by Parry [278], [280]; a thorough development of the fundamentals of the
measurable theory, including the isomorphism and generator theory, in the book of

Rudolph [325].
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Ergodicity, Recurrence and Mixing

In this chapter the basic objects studied in ergodic theory, measure-preserving
transformations, are introduced. Some examples are given, and the relation-
ship between various mixing properties is described. Background on measure
theory appears in Appendix A.

2.1 Measure-Preserving Transformations

Definition 2.1. Let (X, B, 1) and (Y,€,v) be probability spaces. A ma ¢
from X toY is measurable if ¢~ 1(A) € B for any A € €, and is measure-
preserving if it is measurable and u(¢p~*B) = v(B) for all B € €. If in
addition ¢~ exists almost everywhere and is measurable, then ¢ is called an
invertible measure-preserving map. If T : (X, %, u) — (X, %, 1) is measure-
preserving, then the measure p is said to be T-invariant, (X, %A, u, T) is called
a measure-preserving system and T o measure-preserving transformation.

Notice that we work with pre-images of sets rather than images to de-
fine measure-preserving maps (just as pre-images of sets are used to define
measurability of real-valued functions on a measure space). As pointed out in
Example 24 and Exercise2.1.3] it is essential to do this. In order to show that
a measurable map is measure-preserving, it is sufficient to check this property
on a family of sets whose disjoint unions approximate all measurable sets (see
Appendix A for the details).

Most of the examples we will encounter are algebraic or are motivated by
algebraic or number-theoretic questions. This is not representative of ergodic
theory as a whole, where there are many more types of examples (two non-
algebraic classes of examples are discussed on the website [81]).

* In this measurable setting, a map is allowed to be undefined on a set of zero
measure. Definition 27l will give one way to view this: a measurable map undefined
on a set of zero measure can be viewed as an everywhere-defined map on an
isomorphic measure space.
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We define the circle T = R/Z to be the set of cosets of Z in R with the
quotient topology induced by the usual topology on R. This topology is also
given by the metric

d(r—|—Z,s—|—Z):méI%|r—s+m|,
m

and this makes T into a compact abelian group (see Appendix C). The in-
terval [0,1) C R is a fundamental domain for Z: that is, every element of T
may be written in the form ¢ + Z for a unique t € [0,1). We will frequently
use [0,1) to define points (and subsets) in T, by identifying ¢ € [0, 1) with the
unique coset t + Z € T defined by t.

Ezample 2.2. For any a € R, define the circle rotation by a to be the map
Ry :T—T, Ry(t) =t+a (mod 1).

We claim that R, preserves the Lebesgue measure mr on the circle. By The-
orem [A.8 it is enough to prove it for intervals, where it is clear. Alterna-
tively, we may note that Lebesgue measure is a Haar measure on the compact
group T, which is invariant under any translation by construction (see Sec-

tions B3] and [C2).

Example 2.3. A generalization of Example is a rotation on a compact
group. Let X be a compact group, and let g be an element of X. Then the
map Ty : X — X defined by Ty(x) = gz preserves the (left) Haar mea-
sure mx on X. The Haar measure on a locally compact group is described
in Appendix C, and may be thought of as the natural generalization of the
Lebesgue measure to a general locally compact group.

Fig. 2.1. The pre-image of [a,b) under the circle-doubling map.

Ezample 2.4. The circle-doubling map is To : T — T, To(t) = 2t (mod 1). We
claim that T preserves the Lebesgue measure mr on the circle. By Theo-
rem [A.§] it is sufficient to check this on intervals, so let B = [a,b) C [0,1) be
any interval. Then it is easy to check that
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-1 b 1 b1
T, (B)=[5.3)V[s+3535+3)
is a disjoint union (thinking of a and b as real numbers; see Figure 2.]), so
mr (Ty '(B)) = 2(b—a) + 3(b—a) = b— a = mx(B).

Notice that the measure-preserving property cannot be seen by studying for-
ward iterates: if I is a small interval, then T»(I) is an intervall with total
length 2(b — a).

Ezample 2.5. Generalizing Example 2.4], let X be a compact abelian group
and let T : X — X be a surjective endomorphism. Then T preserves the
Haar measure mx on X by the following argument. Define a measure p on X
by pu(A) = mx(T~1A). Then, given any z € X pick y with T(y) = 2 and
notice that

WA +2) = mx (T~ (A+2)) = mx (T A+y) = mx (T~ 4) = p(A),

0  is a translation-invariant Borel probability on X (this just means a prob-
ability measure defined on the Borel o-algebra). Since the normalized Haar
measure is the unique measure with this property, ;4 must be mx, which
means that T preserves the Haar measure myx on X.

One of the ways in which a measure-preserving transformation may be
studied is via its induced action on some natural space of functions. Given
any function f: X — R and map T': X — X, write f oT for the function
defined by (f oT)(x) = f(Tx). As usual we write L, for the space of (equiva-
lence classes of ) measurable functions f : X — R with [ |f|dp < co, £ for
the space of measurable bounded functions and .Zul for the space of measur-
able integrable functions (in the usual sense of function, in particular defined
everywhere; see Section [A3).

Lemma 2.6. A measure u on X is T-invariant if and only if

/fdu:/fonu (2.1)

for all f € £°°. Moreover, if p is T-invariant, then equation (21 holds
for f e LL.

Proor. If equation (2I)) holds, then for any measurable set B we may
take f = xp to see that

M(B):/XBdu:/XBOTdu:/foleu:u(Tle),

* We say that a subset of T is an interval in T if it is the image of an interval
in R. An interval might therefore be represented in our chosen space of coset
representatives [0, 1) by the union of two intervals.
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so T' preserves (1.

Conversely, if T' preserves p then equation (2IJ) holds for any function
of the form yp and hence for any simple function (see Section [A3). Let f
be a non-negative real-valued function in fl} Choose a sequence of simple
functions (f,) increasing to f (see Section [A3]). Then (f, o T) is a sequence
of simple functions increasing to f o7, and so

/fonM: lim [ fpoTdu= lim /fnduz/fdu,

showing that equation (21]) holds for f. O

One part of ergodic theory is concerned with the structure and classifi-
cation of measure-preserving transformations. The next definition gives the
two basic relationships there may be between measure-preserving transforma-
tions(12).

Definition 2.7. Let (X, PBx,u,T) and (Y, By,v,S) be measure-preserving
systems on probability spaces.

(1) The system (Y, By, v, S) is a factor of (X, Bx,u, T) if there are sets X'
in Bx andY' in By with p(X') =1, v(Y')=1,TX' C X', SY' C Y’
and a measure-preserving map ¢ : X' — Y with ¢ o T(x) = S o ¢(x) for
all x € X'.

(2) The system (Y, PBy,v,S) is isomorphic to (X, Bx,u,T) if there are
sets X' € Bx,Y' € By withu(X')=1,v(Y')=1,TX' C X', SY' C Y/,
and an invertible measure-preserving map ¢ : X' — Y with ¢ o T'(x) =
So¢(x) for all z € X'.

In measure theory it is natural to simply ignore null sets, and we will
sometimes loosely think of a factor as a measure-preserving map ¢ : X — Y
for which the diagram

x L . x

al &

Y — Y

is commutative, with the understanding that the map is not required to be
defined everywhere.
A factor map
(X, %)(,/L,T) — (K%y,y, S)

will also be described as an extension of (Y, By, v, S). The factor (Y, By, v, S)
is called trivial if as a measure space Y comprises a single element; the exten-
sion is called trivial if ¢ is an isomorphism of measure spaces.

Example 2.8. Define the (%, %) measure fi(1/2,1/2) on the finite set {0, 1} by
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112,172 ({03) = w2172 ({1}) = 3

Let X = {0,1}" with the infinite product measure u = []y B(1/2,1/2) (see
Section and Example where we will generalize this example). This
space is a natural model for the set of possible outcomes of the infinitely
repeated toss of a fair coin. The left shift map o : X — X defined by

o(xo,x1,...) = (x1,22,...)

preserves p (since it preserves the measure of the cylinder sets described in
Example 2.9). The map ¢ : X — T defined by

o0

Ln
d(xo,21,...) = ZW
n=0
is measure-preserving from (X, p) to (T, mr) and ¢(o(z)) = Ta(p(x)). The
map ¢ has a measurable inverse defined on all but the countable set of dyadic
rationals Z[1]/Z, where

2l = (% ImeZneN),
so this shows that (X, u, o) and (T, mr,T) are measurably isomorphic.

When the underlying space is a compact metric space, the o-algebra is
taken to be the Borel o-algebra (the smallest o-algebra containing all the
open sets) unless explicitly stated otherwise. Notice that in both Example 28]
and Example the underlying space is indeed a compact metric space (see

Section [A2)).

Ezxample 2.9. The shift map in Example is an example of a one-sided
Bernoulli shift. A more general™® and natural two-sided definition is the
following. Consider an infinitely repeated throw of a loaded n-sided die. The
possible outcomes of each throw are {1,2,...,n}, and these appear with prob-
abilities given by the probability vector p = (p1, pa,. .., pn) (probability vector
means each p; > 0 and Y, p; = 1), so p defines a measure pp on the finite
sample space {1,2,...,n}, which is given the discrete topology. The sample
space for the die throw repeated infinitely often is

X =1{1,2,...,n}%
={z=(..,2_1,20,21,...) |2 € {1,2,...,n} for all i € Z}.
The measure on X is the infinite product measure p = [[, éﬁ and the o-

algebra 4 is the Borel o-algebra for the compact metric spacdl X, or equiv-
alently is the product o—algebra defined below and in Section

* The topology on X is simply the product topology, which is also the metric
topology given by the metric defined by d(z,y) = 2% where

k =max{j | z; = y; for |j| < k}

if z # y and d(x,z) = 0. In this metric points are close together if they agree on
a large block of indices around 0 € Z.
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A better description of the measure is given via cylinder sets. If I is a finite
subset of Z, and a is a map I — {1,2,...,n}, then the cylinder set defined
by I and a is

I(a) ={x € X |z; =a(j) for all j € I}.

It will be useful later to write x|y for the ordered block of coordinates
LiZit1 - Tits

when I = {i,i+1,...,i+s} = [i,i+s]. The measure p is uniquely determined
by the property that
(@) = [ [ pac;
i€l
and Z is the smallest o-algebra containing all cylinders (see Section for
the details).

Now let o be the (left) shift on X: o(z) = y where y; = xj+1 for all j
in Z. Then o is p-preserving and #-measurable. So (X, %, u, o) is a measure-
preserving system, called the Bernoulli scheme or Bernoulli shift based on p.
A measure-preserving system measurably isomorphic to a Bernoulli shift is
sometimes called a Bernoulli automorphism.

The next example, which we learned from Doug Lind, gives another ex-
ample of a measurable isomorphism and reinforces the point that being a
probability space is a finiteness property of the measure, rather than a metric
boundedness property of the space. The measure p on R described in Exam-
ple makes (R, u) into a probability space.

Ezample 2.10. Consider the 2-to-1 map T : R — R defined by

T(z) = % (:v— %)

for # # 0, and T(0) = 0. For any L! function f, the substitution y = T'(x)
shows that

oo

de [~ dy
_Oof(T(I)) m = /_Oo f(y)m

(in this calculation, note that T is only injective when restricted to (0, c0)
or (—00,0)). It follows by Lemma that T" preserves the probability mea-
sure p defined by

b
dz
b)) = —_.
pat) = [ T
The map ¢(z) = %arctan(x) + % from R to T is an invertible measure-

preserving map from (R, p1) to (T, mr) where my denotes the Lebesgue mea-
sure on T (notice that the image of ¢ is the subset (0,1) C T, but this is an
invertible map in the measure-theoretic sense).

Define the map 75 : T — T by Th(z) = 22 (mod 1) as in Example[2:4l The
map ¢ is a measurable isomorphism from (R, p, T') to (T, mr, T2). Example[Z8]
shows in turn that (R, u,T') is isomorphic to the one-sided full 2-shift.
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It is often more convenient to work with an invertible measure-preserving
transformation as in Example instead of a non-invertible transformation
as in Examples 2.4] and Exercise 217 gives a general construction of an
invertible system from a non-invertible one.

Exercises for Section [2.1]

Exercise 2.1.1. Show that the space (T, Zr, mr) is isomorphic as a measure
space to (T2, Bz, mr2).

Exercise 2.1.2. Show that the measure-preserving system (T, %y, mr,Ty),
where Ty(z) = 4x (mod 1), is measurably isomorphic to the product sys-
tem (T2, Byz, mp2, T x Ts).

Exercise 2.1.3. For amap T : X — X and sets A, B C X, prove the follow-
ing.

(T'(x)) = x7-104)(2);

H(AN B) = T-1(A) N T-1(B):
(AU B) = T-1(A) UT-(B):
T AAB) = T-{(A)AT(B).

X
T
T

Which of these properties also hold with the pre-image 7! replaced by the
forward image T'7

Exercise 2.1.4. What happens to Example 25 if the map T : X — X is only
required to be a continuous homomorphism?

Exercise 2.1.5. (a) Find a measure-preserving system (X, %, u,T) with a
non-trivial factor map ¢ : X — X.

(b) Find an invertible measure-preserving system (X, %, u,T) with a non-
trivial factor map ¢ : X — X.

Exercise 2.1.6. Prove that the circle rotation R, from Example is not
measurably isomorphic to the circle-doubling map 75 from Example 2.4]

Exercise 2.1.7. Let X = (X, %, 1, T) be any measure-preserving system. A
sub-o-algebra &/ C %Bx with T_lxz{f </ modulo p is called a T-invariant
sub-c-algebra. Show that the system X = (X, B, 1, T) defined by

o X ={xeX?%|zpy1 =T(x) for all k € Z};
o (T'(x))y =aps1 forallk € Z and x € X;
o ({x €X|aze A}) = u(A) for any A € 2, and i is invariant under T

e Bis the smallest T-invariant o-algebra for which the map « : =z — xg
from X to X is measurable;
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is an invertible measure-preserving system, and that the map 7 : z +— zg is a
factor map. The system X is called the invertible extension of X.

Exercise 2.1.8. Show that the invertible extension X of a measure-preserving
system X constructed in Exercise 2.I.7 has the following universal property.
For any extension

6: (Y, By,v,8) — (X, Bx,u,T)
for which S is invertible, there exists a unique map

¢: (Y, By,v,5) — (X,B,[i,T)
for which ¢ = 7o g

Exercise 2.1.9. (a) Show that the invertible extension of the circle-doubling
map from Example 2.4

Xy = {x € T? | 241 = Toxy, for all k € Z},

is a compact abelian group with respect to the coordinate-wise addition de-
fined by (z 4+ y)r = xx + yx for all k € Z, and the topology inherited from the
product topology on TZ.

(b) Show that the diagonal embedding &(r) = (r,r) embeds Z[1] as a discrete
subgroup of R x Q2, and that Xs = R x Q2/6(Z[3]) = R x Z3/5(Z) as compact
abelian groups (see Appendix C for the definition of Q, and Z,,). In particular,
the map 1/:‘/2 (which may be thought of as the left shift on X5, or as the map
that doubles in each coordinate) is conjugate to the map

(5,7) + 0(Z[5]) = (25,27) + 3(Z[5])

on R x Q2/8(Z[3]). The group X, constructed in this exercise is a simple
example of a solenoid.

2.2 Recurrence

One of the central themes in ergodic theory is that of recurrence, which is
a circle of results concerning how points in measurable dynamical systems
return close to themselves under iteration. The first and most important of
these is a result due to Poincaré [289] published in 1890; he proved this in
the context of a natural invariant measure in the “three-body” problem of
planetary orbits, before the creation of abstract measure theory). Poincaré
recurrence is the pigeon-hole principle for ergodic theory; indeed on a finite
measure space it is exactly the pigeon-hole principle.
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Theorem 2.11 (Poincaré Recurrence). Let T : X — X be a measure-
preserving transformation on a probability space (X, B, u), and let E C X
be a measurable set. Then almost every point x € E returns to E infinitely
often. That is, there exists a measurable set F C E with p(F) = u(E) with
the property that for every x € F there exist integers 0 < np < ng < ---
with T™x € E for all i > 1.

PROOF. Let B={x € E|T"x ¢ E for any n > 1}. Then
B=ENT "X E)NT *X~E)N---,
so B is measurable. Now, for any n > 1,
T"B=T"ENT " YX~E)n---,

so the sets B,T~'B,T~2B, ... are disjoint and all have measure y(B) since T
preserves . Thus pu(B) = 0, so there is a set F; C F with u(Fy) = u(E)
and for which every point of F; returns to E at least once under iterates
of T. The same argument applied to the transformations T2, T2 and so on
defines subsets Fy, Fs, ... of E with p(F,) = p(FE) and with every point of F),
returning to £ under 7" for n > 1. The set

F:ﬂanE

n>1

has u(F) = p(E), and every point of F' returns to E infinitely often. O

Poincaré recurrence is entirely a consequence of the measure space being
of finite measure, as shown in the next example.

Ezample 2.12. The map T : R — R defined by T(z) = x + 1 preserves the
Lebesgue measure mg on R. Just as in Definition 2], this means that

mer(T7'A) = mgr(A)
for any measurable set A C R. For any bounded set £ C R and x € F the set
{n>21|T"z € E}
is finite. Thus the map T exhibits no recurrence.

The absence of guaranteed recurrence in infinite measure spaces is one of
the main reasons why we restrict attention to probability spaces. There is
nonetheless a well-developed ergodic theory of transformations preserving an
infinite measure, described in the monograph of Aaronson [IJ.

Theorem 211l may be applied when E is a set in some physical system
preserving a finite measure that gives E positive measure. In this case it means
that almost every orbit of such a dynamical system returns close to its starting
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point infinitely often (see Exercise Z22-3(a)). A much deeper property that a
dynamical system may have is that almost every orbit returns close to almost
every point infinitely often, and this property is addressed in Section
(specifically, in Proposition 2.14]).

Extending recurrence to multiple recurrence (where the images of a set of
positive measure at many different future times is shown to have a non-trivial
intersection) is the crucial idea behind the ergodic approach to Szemerédi’s
theorem (Theorem [[5]). This multiple recurrence generalization of Poincaré
recurrence will be proved in Chapter [1

Exercises for Section

Exercise 2.2.1. Prove the following version of Poincaré recurrence with a
weaker hypothesis (finite additivity in place of countable additivity for the
measure) and with a stronger conclusion (a bound on the return time).
Let (X, %, u,T) be a measure-preserving system with p only assumed to be a
finitely additive measure (see equation (AJ])), and let A € 2 have u(A4) > 0.

Show that there is some positive n < ﬁ for which py(ANT-"A) > 0.

Exercise 2.2.2. (a) Use Exercise [Z2Z] to show the following. If A C N has
positive density, meaning that

d(A) = klingoé |AN[1, k]|

exists and is positive, prove that there is some n > 1 with d (AN (A —n)) > 0
(here A—n={a—n|a€ A}), where

d(B) = limsup% |BN LK.

k—o00

(b) Can you prove this starting with the weaker assumption that the upper

density d(A) is positive, and reaching the same conclusion?

Exercise 2.2.3. (a) Let (X, d) be a compact metric space and let 7 : X — X
be a continuous map. Suppose that p is a T-invariant probability measure
defined on the Borel subsets of X. Prove that for p-almost every = € X there
is a sequence ny — oo with T (z) — x as k — oc.

(b) Prove that the same conclusion holds under the assumption that X is
a metric space, T : X — X is Borel measurable, and g is a T-invariant
probability measure.

2.3 Ergodicity

Ergodicity is the natural notion of indecomposability in ergodic theory(5).
The definition of ergodicity for (X, %, u,T) means that it is impossible to
split X into two subsets of positive measure each of which is invariant under 7.
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Definition 2.13. A measure-preserving transformation T : X — X of a prob-
ability space (X, B, n) is ergodic if for an B e A,

T'B=B = pu(B)=0 or u(B) = 1. (2.2)

When the emphasis is on the map 7' : X — X and we are studying
different T-invariant measures, we will also say that p is an ergodic measure
for T'. It is useful to have several different characterizations of ergodicity, and
these are provided by the following proposition.

Proposition 2.14. The following are equivalent properties for a measure-
preserving transformation T of (X, A, ).

(1) T is ergodic.

(2) For any B € B, u(T"*BAB) = 0 implies that u(B) =0 or u(B) = 1.
(3) For A€ B, u(A) > 0 implies that p(J;—, T~ "A) = 1.

(4) For A,B € B, u(A)u(B) > 0 implies that there exists n > 1 with

w(T™"ANB) > 0.

(5) For f : X — C measurable, f oT = f almost everywhere implies that f
is equal to a constant almost everywhere.

In particular, for an ergodic transformation and countably many sets of
positive measure, almost every point visits all of the sets infinitely often under
iterations by the ergodic transformation.

PROOF OF PROPOSITION T4l (1) = (2): Assume that T is ergodic, so
the implication (22) holds, and let B be an almost invariant measurable set
— that is, a measurable set B with p (TﬁlBAB) = 0. We wish to construct
an invariant set from B, and this is achieved by means of the following limsup

construction. Let o

c=( 1B

N=0n=N
For any N > 0,
BA | JT"BC | BAT"B
n=N n=N

and p (BAT™"B) =0 for all n > 1, since BAT "B is a subset of

n—1

U7 'BAT-(+VB,

i=0

which has zero measure. Let Cny = UZOZN T~"B; the sets Cn are nested,

Co2C1 2+,

* A set B € % with T"'B = B is called strictly invariant under T.
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and pu(CyAB) = 0 for each N. It follows that u(CAB) =0, so

Moreover,

T-'C = ﬁ G Tt B = ﬁ [j T"B=C.

N=0n=N N=0n=N+1
Thus T-1C = C, so by ergodicity u(C) =0 or 1, so u(B) =0 or 1.
(2) = (3): Let A be a set with p(A) > 0, and let B = |, , T "A.

Then T~'B C B; on the other hand p (T~'B) = u(B) so M(T_léIAB) =0.
It follows that u(B) = 0 or 1; since T"'A C B the former is impossible,
so u(B) =1 as required.

(3) = (4): Let A and B be sets of positive measure. By (3),

1 <[j T”A) =1,
n=1

O<u(B)—u<[j BﬂT"A) gi,u(BﬂTan).
n=1

n=1

SO

It follows that there must be some n > 1 with u(BNT""A) > 0.
(4) = (1): Let A be a set with T-1A = A. Then

0=pu(ANXNA) = pu(T "ANXNA)
for all n > 1 so, by (4), either pu(A) =0 or u(X~A) = 0.

(2) = (5): We have seen that if (2) holds, then T is ergodic. Let f be
a measurable complex-valued function on X, invariant under 7" in the stated
sense. Since the real and the imaginary parts of f must also be invariant and
measurable, we may assume without loss of generality that f is real-valued.
Fix k € Z and n > 1 and write

Ay ={ee X | fx) €[5 5}

n

Then T-YAEAAF C{z € X | foT(z) # f(x)}, anull set, so by (2)

u(Ay) € {0,1}.

For each n, X is the disjoint union | |, ., AF Tt follows that there must be
exactly one k = k(n) with u(AZ(")) = 1. Then f is constant on the set

Y = ﬁ Afl(n)

n=1
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and p(Y) =1, so f is constant almost everywhere.

(5) = (2): If w(T"'BAB) =0 then f = xp is a T-invariant measurable
function, so by (5) xp is a constant almost everywhere. It follows that u(B)
is either 0 or 1. g

Proposition 2.15. Bernoulli shifts are ergodic.

PRrROOF. Recall the measure-preserving transformation o defined in Exam-
ple on the measure space X = {0,1,...,n}* with the product mea-
sure u. Let B denote a o-invariant measurable set. Then given any ¢ € (0,1)
there is a finite union of cylinder sets A with pu(AAB) < ¢, and hence
with |u(A) — u(B)| < e. This means A can be described as

A:{.’IJEX|CE|[,N7N]EF}

for some N and some finite set F C {0,1,...,n} =NV (for brevity we
write [a, b] for the interval of integers [a,b] N Z. It follows that for M > 2N,

o M(A) ={z € X | z|pr—nnmsn) € FL,

where we think of 2|3/_n, a4 n] as a function on [N, N] in the natural way,
is defined by conditions on a set of coordinates disjoint from [—N, N], so

(o MANA) = (oM AN XNA) = p(o” M A u(XNA) = p(A)p(XNA).

Since B is o-invariant, u(BAc~1'B) = 0. Now 23
o M AAB) = p(c M AN M B)
= uw(AAB) <,
so u(c™ANA) < 2e and therefore
o ™MANA) = p(ANo ™M A) + plo™M ANA) < 2e. (2.4)

Therefore, by equations (23) and (24)),

p(B)u(X>B) < (u(A) +¢) (W(X>A) +e)
= p(A)p(XNA) + ep(A) + ep(XNA) + €2
< p(A)u(XNA) + 3¢ < be.

Since £ was arbitrary, this implies that pu(B)u(X~B) =0, so u(B) =0 or 1
as required. (I

More general versions of this kind of approximation argument appear in
Exercises 2.7.3 and 274

Proposition 2.16. The circle rotation R, : T — T is ergodic with respect to
the Lebesgue measure mr if and only if o is irrational.
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ProOF. If a € Q, then we may write a = % in lowest terms, so RY = It is
the identity map. Pick any measurable set A C T with 0 < mg(A) < %. Then

B=AUR,AU---URZ A

is a measurable set invariant under R, with my(B) € (0,1), showing that R,
is not ergodic.

If @« ¢ Q then for any e > 0 there exist integers m,n,k with m # n
and |ma —na — k| < e. It follows that 8 = (m —n)a — k lies within ¢ of zero
but is not zero, and so the set {0, 3,20, ...} considered in T is e-dense (that
is, every point of T lies within € of a point in this set). Thus (Za +Z)/Z C T
is dense.

Now suppose that B C T is invariant under R,,. Then for any € > 0 choose
a function f € C(T) with ||f — xg|1 < . By invariance of B we have

If o Ry — flln < 2¢
for all n. Since f is continuous, it follows that
[f o Ry — flla < 2¢

for all ¢ € R. Thus, since mr is rotation-invariant,

Hf—/f(t)dt

= [|f @ s o at] as
g//‘f(a:)—f(x+t)’ dedt < 2¢

by Fubini’s theorem (see Theorem [AT3]) and the triangle inequality for inte-
grals. Therefore

< 4e.
1

s — a(B)lh < llxs — £l + Hf - [swar

+ | [10a-u)

Since this holds for every € > 0 we deduce that xp is constant and there-
fore p(B) € {0,1}. Thus for irrational « the transformation R, is ergodic
with respect to Lebesgue measure. 0

Proposition 2.17. The circle-doubling map Ty : T — T from Ezample 24 is
ergodic (with respect to Lebesgue measure).

PROOF. By Example 28 75 and the Bernoulli shift o on X = {0,1}" to-
gether with the fair coin-toss measure are measurably isomorphic. By Propo-
sition the latter is ergodic, and it is clear that measurably isomorphic
systems are either both ergodic or both not ergodic. O

Ergodicity (indecomposability in the sense of measure theory) is a uni-
versal property of measure-preserving transformations in the sense that every
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measure-preserving transformation decomposes into ergodic components. This
will be shown in Sections and In contrast the natural notion of in-
decomposability in topological dynamics — minimality — does not permit an
analogous decomposition (see Exercise [1.2.3)).

In Section 2I] we pointed out that in order to check whether a map is
measure-preserving it is enough to check this property on a family of sets
that generates the o-algebra. This is not the case when Definition 2:13]is used
to establish ergodicity (see Exercise 2.3.2)). Using a different characterization
of ergodicity does allow this, as described in Exercise 277.3|(3).

Exercises for Section

Exercise 2.3.1. Show that ergodicity is not preserved under direct products
as follows. Find a pair of ergodic measure-preserving systems (X, Bx, 1, T)
and (Y, By, v, S) for which T' x S is not ergodic with respect to the product
measure [ X v.

Exercise 2.3.2. Defineamap R : TXT — TxT by R(z,y) = (z+a«, y+«) for
an irrational a.. Show that for any set of the form A x B with A, B measurable
subsets of T (such a set is called a measurable rectangle) has the property of
Definition 2.13] but the transformation R is not ergodic, even if « is irrational.

Exercise 2.3.3. (a) Find an arithmetic condition on «; and ay that is equiv-
alent to the ergodicity of Ry, X R, : TXT — T x T with respect to mr x mr.
(b) Generalize part (a) to characterize ergodicity of the rotation

Roy X -+ X Ry, : T" = T"
with respect to mrn.

Exercise 2.3.4. Prove that any factor of an ergodic measure-preserving sys-
tem is ergodic.

Exercise 2.3.5. Extend Proposition [Z14] by showing that for each p € [1, o]
a measure-preserving transformation 7' is ergodic if and only if for any LP
function f, foT = f almost everywhere implies that f is almost everywhere
equal to a constant.

Exercise 2.3.6. Strengthen Proposition 2.14)5) by showing that a measure-
preserving transformation 7' is ergodic if and only if any measurable func-
tion f: X — R with f(Tx) > f(z) almost everywhere is equal to a constant
almost everywhere.

Exercise 2.3.7. Let X be a compact metric space and let T : X — X be con-
tinuous. Suppose that p is a T-invariant ergodic probability measure defined
on the Borel subsets of X. Prove that for p-almost every x € X and every y
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in the support of u there exists a sequence ny " 0o such that T (z) — y
as k — oo. Here the support Supp(u) of u is the smallest closed subset A of X
with u(A) = 1; alternatively

Supp(p) = X~ | o
OCX open,
n(0)=0

Notice that X has a countable base for its topology, so the union is still
a p-null set (see p. BIY)).

2.4 Associated Unitary Operators

A different kind of action(*®) induced by a measure-preserving map 7 on a
function space is the associated operator Uy : L7 — L2, defined by

UT(f):foT.

Recall that L? is a Hilbert space, and for any functions fi, fo € L2,

<UTf1,UTf2>:/f1 oT - fyoTdpu

/ fifzdp (since p is T-invariant)
= (f1, fa) -

Here it is natural to think of functions as being complex-valued; it will be clear
from the context when members of L2 are allowed to be complex-valued.
Thus Ur is an isometry mapping L2 1nto L2 whenever (X, Zx,u,T) is a
measure-preserving system.

If U : 74 — 5% is a continuous linear operator from one Hilbert space to
another then the relation

(Uf,9)=(f,Ug)

defines an associated operator U* : % — 4 called the adjoint of U. The
operator U is an isometry (that is, has ||[Uh|. = ||kl for all h € 4) if
and only if

U'U =14 (2.5)

is the identity operator on 57 and
UU* = Pmu (2.6)

is the projection operator onto Im U. Finally, an invertible linear operator U
is called unitary if U~! = U*, or equivalently if U is invertible and
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(Uhy1,Uhg) = (hy, ha) (2.7)

for all hy,he € 5A4. If U : J4 — 5 satisfies equation (7)) then U is an
isometry (even if it is not invertible). Thus for any measure-preserving trans-
formation T, the associated operator Ur is an isometry, and if T is invertible
then the associated operator Ur is a unitary operator, called the associated
unitary operator of T or Koopman operator of T.

A property of a measure-preserving transformation is said to be a spectral
or unitary property if it can be detected by studying the associated operator
on L.

Lemma 2.18. A measure-preserving transformation T is ergodic if and only
if 1 is a simple eigenvalue of the associated operator Ur. Hence ergodicity is
a unitary property.

PROOF. This follows from the proof of the equivalence of (2) and (5) in Propo-
sition .14 or via Exercise applied with p = 2: an eigenfunction for the
eigenvalue 1 is a T-invariant function, and ergodicity is characterized by the
property that the only T-invariant functions are the constants. O

An isometry U : 74 — % between Hilbert spaces(*”) sends the expansion
of an element
o0
x = Z Cnén
n=1

in terms of a complete orthonormal basis {e,} for J& to a convergent expan-
sion

U(z) = Z enU(en)

in terms of the orthonormal set {U(e,,)} in .

We will use this observation to study ergodicity of some of the examples
using harmonic analysis rather than the geometrical arguments used earlier
in this chapter.

PROOF OF PROPOSITION BY FOURIER ANALYSIS. Assume that o is
irrational and let f € L?(T) be a function invariant under R,. Then f has a
Fourier expansion f(t) = Y, oz ¢ne®™™ (both equality and convergence are
meant in L?(T)). Now f is invariant, so ||f o Ry, — f|l2 = 0. By uniqueness
of Fourier coefficients, this requires that ¢, = c,e?™™ for all n € Z. Since «
is irrational, ™" is only equal to 1 when n = 0, so this equation forces ¢,
to be 0 except when n = 0. Thus f is a constant almost everywhere, and
hence R, is ergodic.

If o € Q then write @ = Z in lowest terms. The function g(t) = e?™ is
invariant under R, but is not equal almost everywhere to a constant. 0

Similar methods characterize ergodicity for endomorphisms.
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PROOF OF PROPOSITION 217 BY FOURIER ANALYSIS. Let f € L?(T) be a
function with f o T = f (equalities again are meant as elements of L*(T)).
Then f has a Fourier expansion f(t) =Y, o, c,e*™ " with

Y leal? = 113 < oo. (2.8)

nez

By invariance under 75,

f(Tut) = Z cpem2nt — f(4) = Z ¢, 2Tt

newr nez

so by uniqueness of Fourier coefficients we must have ¢z, = ¢, for all n € Z.
If there is some n # 0 with ¢, # 0 then this contradicts equation ([2Z.8]), so we
deduce that ¢, = 0 for all n # 0. It follows that f is constant a.e., so 15 is
ergodic. 0

The same argument gives the general abelian case, where Fourier analysis
is replaced by character theory (see Section for the background). Notice
that for a character y : X — S' on a compact abelian group and a continuous
homomorphism 7 : X — X, the map yoT : X — S! is also a character on X.

Theorem 2.19. Let T : X — X be a conlinuous surjective homomorphism
of a compact abelian group X. Then T is ergodic with respect to the Haar
measure mx if and only if the identity x(T"x) = x(z) for some n > 0 and

character x € X implies that x is the trivial character with x(x) = 1 for
allx € X.

PrOOF. First assume that there is a non-trivial character x with
x(T"z) = x(x)
for some n > 0, chosen to be minimal with this property. Then the function
f@) = x(@) + x(Tx) + -+ x(T" " 'z)

is invariant under 7', and is non-constant since it is a sum of non-trivial distinct
characters. It follows that 7" is not ergodic.

Conversely, assume that no non-trivial character is invariant under a non-
zero power of T', and let f € L2, (X)) be a function invariant under 7. Then f
has a Fourier expansion in L?

mx?
= Z Cx X
XE)A(
with >° lex|? = |13 < oo. Since f is invariant, ¢y, = cyor = Cyor2 = -+,

so either ¢, = 0 or there are only finitely many distinct characters among
the y oT* (for otherwise > lex|? would be infinite). It follows that there are
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integers p > g with oI = x0T, which means that x is invariant under 771
(the map x — x o T from X to X is injective since T is surjective), so x is
trivial by hypothesis. It follows that the Fourier expansion of f is a constant,
so T is ergodic. 0

In particular, Theorem .19 may be applied to characterize ergodicity for
endomorphisms of the torus.

Corollary 2.20. Let A € Matgq(Z) be an integer matriz with det(A) # 0.
Then A induces a surjective endomorphism Ta of T¢ = R?/Z% which preserves
the Lebesgue measure mrya. The transformation T is ergodic if and only if no
eigenvalue of A is a root of unity.

While harmonic analysis sometimes provides a short and readily under-
stood proof of ergodic or mixing properties, these methods are in general less
amenable to generalization than are the more geometric arguments.

Exercises for Section 2.4

Exercise 2.4.1. Give a different proof that the circle rotation R, : T — T is
ergodic if « is irrational, using Lebesgue’s density theorem (Theorem [A24) as
follows. Let A and B be measurable invariant sets with 0 < mp(A), mp(B) < 1
and AN B = @, and use the fact that the orbit of a point of density for A is
dense to show that A N B must be non-empty.

Exercise 2.4.2. Prove that an ergodic toral automorphism is not measurably
isomorphic to an ergodic circle rotation.

Exercise 2.4.3. Extend Proposition[2.16 as follows. If X is a compact abelian
group, prove that the group rotation R,(x) = gz is ergodic with respect to

Haar measure if and only if the subgroup {¢"™ | n € Z} generated by g is dense
in X.

Exercise 2.4.4. In the notation of Corollary 220, prove that A is injective
if and only if |det(A)| = 1, and in general that A : T¢ — T4 is | det(A)|-to-
one if det(A4) # 0. Prove Corollary 2200 using Theorem and the explicit
description of characters on the torus from equation (C.3]) on p.

2.5 The Mean Ergodic Theorem

Ergodic theorems at their simplest express a relationship between averages
taken along the orbit of a point under iteration of a measure-preserving map
(in the physical origins of the subject, this represents an average over time)
and averages taken over the measure space with respect to some invariant
measure (an average over space). The averages taken are of observables in the
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physical sense, represented in our setting by measurable functions. Much of
this way of viewing dynamical systems goes back to the seminal work of von
Neumann [269].

We have already seen that ergodicity is a spectral property; the first and
simplest ergodic theorem only uses properties of the operator Uy associated
to a measure-preserving transformation 7'. Theorem [Z.21] is due to von Neu-
mann [268] and predates(!®) the pointwise ergodic theorem (Theorem Z30) of
Birkhoff, despite the dates of the published versions.

Write 7 for convergence in the LF norm.

"
Theorem 2.21 (Mean Ergodic Theorem). Let (X, %, u,T) be a measure-
preserving system, and let Pr denote the orthogonal projection onto the closed

subspace
I={geL|Urg=g}C L.

Then for any f € Li,
| N1
N Y Urf — brf.
n=0 w

PROOF. Let B = {Urg —g | g € L%}. We claim that B+ = I. If

Urf =1/,
then
<f7UTg_g> = <UTf7UTg> - <fug> = 07
so f € B+ If
fe Bt
then

<UTgvf> = <g7f>

for all g € Li, SO

Usf = f. (2.9)
Thus
NUrf — fll2 = (Urf = f,Urf - f)
= Uz fll3 = (f,Urf) = Uz f, ) + I f1I3
=2|[fI13 = (ULf. f) = (f UL
=0 by equation (29)),
so f=Urf.

It follows that Li =I®B,soany f € Li decomposes as

f=Prf+h, (2.10)
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with h € B. We claim that

1 N—-1

This is clear for h = Urg — g € B, since

1 N—1
| 5 X vrra-a)
n=0

1
HN ((Urg —g) + (Uzg — Urg) + - --
2

+ (U g—U'g))

2

1
— NHUQZYg—gH2 —=0 (2.11)

as N — oo. All we know is that h € B, so let (g;) be a sequence in L2 with
the property that h; = Urg; — g; — h as ¢ — oo. Then for any i > 1,

1 N—-1 1 N—-1
— N Uzh + H — N Urh
|~ % v

Fix € > 0 and choose, by the convergence ([ZI1), quantities ¢ and N so large
that

(2.12)

1 N-1
S EML S :
n=0

||h— hZHQ <é€

and

<e.

1 N—-1
|
n=0

Using these estimates in the inequality (Z12) gives

1 N-1
lﬁzwqf%
n=0

SO
N-1
1

n

N 2 Ufh 0
n=0 w

as N — oo, for any h € B. The theorem follows by equation (Z.I0). O
The quantity studied in Theorem [Z21] is an ergodic average, and it will

be convenient to fix some notation for these. For a fixed measure-preserving

system (X, %, u,T) and a function f : X — C the Nth ergodic average of f
is defined to be

N-1
1
Ay =AL =Ax(f) = N E JoTm.
n=0

It is important to understand that this will be interpreted in several quite
different ways.
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e In TheoremZ2T] the function f is an element of the Hilbert space L7 (that

is, an equivalence class of measurable functions) and A'va is thought of as
an element of L7

e In Corollary[2.22] we will want to think of f as an element of L}L, but evalu-
ate the ergodic average A{V at points, sometimes writing A{V (z). Of course
in this setting any statement can only be made almost everywhere with re-
spect to pu, since f (and hence A{V) is only an equivalence class of functions,
with two point functions identified if they agree almost everywhere.

e At times it will be useful to think of f as an element of £} (that is, as a
function rather than an equivalence class of functions) in which case Afv
is defined everywhere. Also, if f is continuous, we will later ask whether
the convergence of A;,(a:) could be uniform across = € X.

Corollary 2.22. (19 Let (X, P, 1, T) be a measure-preserving system. Then
for any function f € Lt the ergodic averages A{V converge in LL to a T-
ivariant function f' € L,,.

PROOF. By the mean ergodic theorem (Theorem 221 we know that for
any g € L7 C Li, the ergodic averages A} converge in Li to some ¢’ € Li.
We claim that ¢" € L7?. Indeed, A% ]loo < [|g]loc and so

(A% x8)| < [|gllocpt(B)

for any B € %. Since A, — ¢’ in L, this implies that

(9", xB)] < ll9lloons(B)

for B € A, 50 ||¢']|lco < [|g]lco as required.
Moreover, || - [l1 < || - ||2, so we deduce that

g !/ oo
m

Thus the corollary holds for the dense set of functions L7® C Lt.
Let f € L, and fix £ > 0; choose g € Li° with || f — g|[1 < e. By averaging,

1N—1 1N—1
NZfoT”—NZgoT"
n=0 n=0

and by the previous paragraph there exists ¢’ and Ny with

<eg,

1

for N > Ny. Combining these gives
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N’ -1
fol™ — foT"|| <d4e
Z =D
n=0 1

whenever N, N’ > Ny. In other words, the ergodic averages form a Cauchy
sequence in LH, and so they have a limit [/ € Li by the Riesz—Fischer theorem

(Theorem [A23). Since

H( ZfoT")oT——Zf o™

for all N > 1, the limit function f’ must be T-invariant. O

2
< N”f”l

Exercises for Section

Exercise 2.5.1. Show that a measure-preserving system (X, %, u,T) is er-
godic if and only if, for any f,g € Li,

lim NZ (ULf.9) = (£,1) - (L.g).

N—o0

Exercise 2.5.2. Let (X, %, u,T) be a measure-preserving system. For any
function f in L%, 1 < p < oo, prove that

1n—1 )
_Zf(TZ‘T) —p>f*7
n =0 L

with f* € L¥ a T-invariant function.

Exercise 2.5.3. Show that a measure-preserving system (X, %, u,T) is er-
godic if and only if Ax(f) — [ fdu as N — oo for all f in a dense subset
of L.

o

Exercise 2.5.4. Extend Theorem 2.2 to a uniform mean ergodic theorem as
follows. Under the assumptions and with the notation of Theorem [2.2T] show
that

N-1

. 1 ,
o N %UTJC - Prf.

Exercise 2.5.5. Apply Exercise[Z54lto strengthen Poincaré recurrence (The-
orem 21T) as follows. For any set B of positive measure in a measure-
preserving system (X, %, u, T),

E={neN|uBnNnT"B) >0}

is syndetic: that is, there are finitely many integers k1, . . . , ks with the property
that NC J;_, £ — k.
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Exercise 2.5.6. Let (X, %, 1, T) be a measure-preserving system. We say
that T is totally ergodic if T™ is ergodic for all n > 1. Given K > 1 de-
fine a space X5) = X x {1,..., K} with measure u*) = 1 x v defined on
the product o-algebra %%), where v(A) = %|A] is the normalized count-
ing measure defined on any subset A C {1,..., K}, and a p{")-preserving
transformation 7%) by

T (2,

)

) = (z,i+1) if1<i<K,
) (Tx,1) ifi=K

for all 2 € X. Show that T is ergodic with respect to x(*) if and only if T
is ergodic with respect to j, and that 7 is not totally ergodic if K > 1.

2.6 Pointwise Ergodic Theorem

The conventional proof of the pointwise ergodic theorem involves two other
important results, the maximal inequality and the maximal ergodic theorem.
Roughly speaking, the maximal ergodic theorem may be used to show that
the set of functions in Lt for which the pointwise ergodic theorem holds is
closed as a subset of L,; one then has to find a dense subset of L}, for which
the pointwise ergodic theorem holds. Examples and give another
motivation for the maximal ergodic theorem.

Since the pointwise ergodic theorem involves evaluating a function along
the orbit of individual points, it is most naturally phrased in terms of genuine
functions (that is, elements of .Z; see Section for the notation). We
will normally apply it to a function in L}L, where the meaning is that for
any representative in fﬂl of the equivalence class in L}L we have convergence
almost everywhere.

2.6.1 The Maximal Ergodic Theorem

In order to see where the next result comes from, it is useful to ask how likely
is it that the orbit of a point spends unexpectedly much time in a given small
set (the ergodic theorem says that the orbit of a point spends a predictable
amount of time in a given set).

Ezample 2.23. Let (X, Bx,u, T) be a measure-preserving system, and fix a
small measurable set B € Bx with p(B) = ¢ > 0. Consider the ergodic
average

1 N-1
AN = N > xpoT™
n=0

Since T preserves pu, fX xpoT"dp = p(B) for any n > 0, so
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/Ai‘deu:/XBdu:u(B):a
X X

Now ask how likely is it that the orbit of a point = spends more than /e > ¢
of the time between 0 and N — 1 in the set B. Notice that

Vu({e | AP (@) > VEY) < [ M du=c,

since
VEX(yaxE (5> vy () < AY (@)

for all # € X. Thus on the fixed time scale [0, N — 1] the measure of the
set BY of points that spend in proportion at least /z of the time between 0
and N — 1 in the set B is no larger than /e.

We would like to be able to say that one can find a set B, independent of N
with similar properties for all IV; as discussed below, this is a consequence of
the maximal ergodic theorem(??).

Theorem 2.24 (Maximal Ergodic Theorem). Consider the measure-
preserving system (X, B, u, T) on a probability space and g a real-valued func-
tion in Zl} Define

n—1
1 .
E,=<x € X|sup— T'z) > «
e xlami S > of
for any o € R. Then

o (Ea) < / gdu < llglh.

o

Moreover, ap(Eq N A) < [, 4 9dp whenever T-'A = A.

Ezample 2.25. We continue the discussion from Example by noting that
if BC X has u(B) =¢ >0 and g = xp is its characteristic function, then by
applying the maximal ergodic theorem (Theorem 2.24) with o = /e we get
the following statement: There exists a set B’ C X with p(B’) < /€ such that
for all N > 1 and all z € X B’ the orbit of the point = spends at most /e
in proportion of the times between 0 and N — 1 in the set B. Thus we have
found a set as in Example [Z.23] but independently of N.

2.6.2 Maximal Ergodic Theorem via Maximal Inequality

Notice that the operator Ur associated to a measure-preserving transforma-
tion T'is a positive linear operator on each L space (positive means that f > 0
implies Urf > 0). A traditional proof of Theorem [224] starts with a maximal
inequality for positive operators.



44 2 Ergodicity, Recurrence and Mixing

Proposition 2.26 (Maximal Inequality). Let U : L, — L, be a posi-
tive linear operator with ||U|| < 1. For f € L}, a real-valued function, define
inductively the functions

fo=20
h=Ff
fo=f+Uf

fo=f+Uf+---+U"'f

forn > 1, and Fy = max{f, | 0 <n < N} (all these functions are defined

pointwise). Then
/ fdu=0
{@|Fy (2)>0}

for all N > 1.

PROOF. For each N, it is clear that Fy € L}L. Since U is positive and linear,
and since

for 0 < n < N, we have
UFN+f>Ufn+f:fn+1-
Hence

F > .
U N+f/1211a<fon

For x € P = {x | Fx(z) > 0} we have

Fn(z) = [nax fnlx) = | nax, fn(x)

since fo = 0. Therefore,
UPy(z) + f(z) > Fy(x)

for x € P, and so
f(z) > Fn(x) = UFy(z) (2.13)

for # € P. Now Fy(z) > 0 for all z, so UFn(x) > 0 for all x. Hence the
inequality (ZI3) implies that

/fdMZ/FNdM—/UFNd/L
P P P

:/ FNdu—/UFNdu (since Fx(z) =0 for x ¢ P)
X P

2/ FNdu—/ UFy dp
X X
= |Fnlli = [UFN|l: = 0,
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since |U]| < 1. O

FIRST PROOF OF THEOREM 224] Let f = (g—a) and Uf = foT for f € fl}
so that, in the notation of Proposition 2.20]

Eo= J{z | Fn(z) >0}
N=0

It follows that fEa fdu > 0 and therefore fEa gdu > au(E,). For the last
statement, apply the same argument to f = (g—«) on the measure-preserving
system (A,%}A, ﬁu}A,T}A). O

2.6.3 Maximal Ergodic Theorem via a Covering Lemma

In this subsection we use covering properties of intervals in Z to establish a
version of the maximal ergodic theorem (Theorem [Z24]). This demonstrates
very clearly the strong link between the Lebesgue density theorem (Theo-
rem [A224)), whose proof involves the Hardy-Littlewood maximal inequality,
and the pointwise ergodic theorem, whose proof involves the maximal ergodic
theoremll. The material in this section illustrates some of the ideas used in
the more extensive results of Bourgain [41]; a little of the history will be given
in the note on p.

We will obtain a formally weaker version of Theorem 2.24] by showing that

ap(Eq) < 3llgll (2.14)

in the notation of Theorem 2241 This is sufficient for all our purposes. For
future applications, we state the covering lemma(?!) needed in a more general
setting.

Lemma 2.27 (Finite Vitali covering lemma). Let B, (a1),..., B, (ax)
be any collection of balls in a metric space. Then there exists a subcollec-
tion By, (aj1))s - - s Br, (aj)) of those balls which are disjoint and satisfy

BTl (al) u---u BTK (GK) - B3Tj(1) (aj(l)) u---u B3Tj(k) (aj(k))’

where in the right-hand side we have tripled the radii of the balls in the sub-
collection.

PRrROOF. By reordering the balls if necessary, we may assume that

2T 2 Z2TK.

* Additionally, this approach starts to reveal more about what properties of the
acting group might be useful for obtaining more general ergodic theorems, and
gives a method capable of generalization to ergodic averaging along other sets of
integers.
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Let j(1) = 1. We choose the remaining disjoint balls by induction as fol-
lows. Assume that we have chosen j(1),...,j(n) from the indices {1,...,¢},
discarding those not chosen. If B, (a¢41) is disjoint from

By, (aj)) U+ U By, (ajm))

we choose j(n+1) = £41, and if not we discard £+ 1, and proceed with study-
ing ¢ + 2, stopping if £ + 1 = K. Suppose that B, (a;)),---, Br,q, (@)
are the balls chosen from all the balls considered, and let

V= Bsr; i (a(1)) U+ U Barj (ak))-

Ifi € {j(1),...,45(k)} then B,,(a;) € Bsy,(a;) € V by construction. If not,
then by the construction there is some n € {1,...,5 — 1} N {j(1),...,5(k)}
that was selected, such that

By, (a;) N By, (ay) # <,

and r, > r; by the ordering of the indices. By the triangle inequality we
therefore have
Bri (az) g BSrn (an) g V

as required. 0

In the integers, the Vitali covering lemma may be formulated as follows

(see Exercise 2.6.2).

Corollary 2.28. For any collection of intervals
I = [al,al +f(1) — 1],...,]}( = [aK,aK +£(K) — 1]

in Z there is a disjoint subcollection Iy, ..., Ij4) such that
k
LU---Ulg C U — m),ajm)—I—% —1].

PROOF OF THE INEQUALITY (2I4)). Let (X, %, u, T) be a measure-preserving
system, with g € fl}, and fix a > 0. Define

) = sup — Zg TZ

n>1"T

and B, = {x € X | g*(z) > a} as before. We will deduce the inequality (Z.14))
from a similar estimate for the function

, g(Tiz) forj=0,...,J;
a(j) = { S Tors =0 (2.15)
0 for j<Oorj>J

for a fixed z € X and J > 1
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Lemma 2.29. For any ¢ € (*(Z) and a > 0, define

n—1

¢"(a) = sup — Z¢a+z

n>1"T

and
E? ={a€Z| ¢*(a) > a}.

Then o|E2| < 3|6

PrOOF OF LEMMA 229 Let ay,...,ax be different elements of £¢, and
let £(j) for j =1,..., K be chosen so that
1 ot
— dla; +1) > a. 2.16
Define the intervals I; = [aj, a;+£(j)—1] for 1 < j < K and use Corollary[2.2§
to construct the subcollection Ij(1),..., ) as in the corollary. Since the
intervals I;(1),. .., Ij4) are disjoint, it follows that

k
> dm) <ol (2.17)

i=1 mel,
where the left-hand side equals
k £(5(1))—1

> G Z p(a; +n) Ze(j('))a (2.18)
j i=1
by the choice in equation (ZI6]) of the £(j(7)). However, since
k
{a’lv"'v U j(za ])+2€](1_1]
by Corollary 228 we therefore have
k
K<3> L. (2.19)
i=1

Combining the inequalities (Z19), 2I]), and 2I7) in that order gives

k
K <3Y o <3¢l

i=1

which proves the lemma. O
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Fix now some M > 1 (the parameter J will later be chosen much larger
than M) and define

1n—l .
gr ()= sup — g(T'z),
o) = sup 3T

and
Y, = {r e X | gi(@) > a}.

Using ¢ as in equation (2I8) and, suppressing the dependence on z as before,
we also define

¢hr(a) = sup Z¢>a+z

1<n<M N

As ¢pla+1i) = g(T* z) if 0 <a<J—Mand 0 < i< M, we have

O (a) = gy (Tx) (2.20)

for 0 <a< J— M. Also, for any z € X and o > 0 we have

alfael0,J-1][ ¢p(a) > a}| < 3[|ol

by Lemma[.29] Recalling the definition of ¢ and E,, and using equation ([2.20)),
this may be written in a slightly weaker form as

J—M-—1
o Y xm ,(T2)=a Ha €[0,J— M —1]]| g5 (T) > a}‘
a=0

J

<3 |g(T ),

=0

which may be integrated over x € X to obtain

( = M)ap (B2 1) <307+ Dllglh,

where we have used the invariance of p under 7'. Dividing by J and let-
ting J — oo gives au (Eg)M) < 3lg]l1, and finally letting M — oo gives
inequality (Z14). O

2.6.4 The Pointwise Ergodic Theorem

We are now ready to give a proof of Birkhofl’s pointwise ergodic theorem [33]
using the maximal ergodic theorem(??). This precisely describes the relation-
ship sought between the space average of a function and the time average
along the orbit of a typical point.
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Theorem 2.30 (Birkhoff). Let (X, %,u,T) be a measure-preserving sys-
tem. If [ € £}, then

n—1

Jim LN () = ()
§j=0

converges almost everywhere and in Lb to a T-invariant function f* € ful,

" /f*du=/fdu-

£@) = [ ran

If T is ergodic, then

almost everywhere.

Ezample 2.31. 23 In Example[[:2we explained that almost every real number
has the property that any block of length k£ of digits base 10 appears with
asymptotic frequency ﬁ, thus almost every number is normal base 10. We
now have all the material needed to justify this result: By Corollary 220, the
map z — Kz (mod 1) on the circle for K > 2 is ergodic, so the pointwise
ergodic theorem (Theorem 2.30) may be applied to show that almost every
number is normal to each base K > 2, and so (by taking the union of countably
many null sets) almost every number is normal in every base K > 2.

As with the maximal ergodic theorem (Theorem 224]), we will give two
proofs(?4) of the pointwise ergodic theorem. The first is a traditional one while
the second is closer to the approach of Bourgain [41] for example, and is better
adapted to generalization both of the acting group and of the sequence along
which ergodic averages are formed.

Theorem will be formulated differently in Theorem 6.1l and will be
used in Theorem to construct the ergodic decomposition.

2.6.5 Two Proofs of the Pointwise Ergodic Theorem

FIRST PROOF OF THEOREM [Z30 Recall that (X, %, u,T) is a measure-
preserving system, u(X) =1, and f € ‘Zﬁ It is sufficient to prove the result
for a real-valued function f. Define, for any =z € X,

. . 1 n—1 .
J"(2) = limsup ~ ; f(T'2),
1 n—1
falx) = liII_l)iIlf - Z f(T'z).
i=0

Then
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n n—1
n: 1 (ni - Z f(Tix)> = % Z f(TH(Tx)) + %f(x). (2.21)
=0 i=0

By taking the limit along a subsequence for which the left-hand side of equa-
tion (22T)) converges to the limsup, this shows that f* < f*oT. A limit along
a subsequence for which the right-hand side of equation (221 converges to
the limsup shows that f* > f*oT. A similar argument for f,. shows that

ffoT =f* fioT = f.. (2.22)

Now fix rationals o > 3, and write
Ef ={x € X | fu(x) < B and f*(z) > a}.
By equation (Z22)), T~'E? = Ef and E, 2 EP where E, is the set defined
in Theorem 224 (with g = f). By Theorem 2.24]
[ fau an(Es). (2.23)
Bf

After replacing f by —f, a similar argument shows that

< o (E2). (2:24)

Now

{z| fulx) < f(@)} = |J ES
a,BeqQ,

while the inequalities (Z23)) and (Z24) show that u(ES) = 0 for a > 3. It

follows that
1 ( U Ef ) =0,

o,B€Q,
a>p3

SO

Thus .
1« :
n = — T * .€. 2.25
g@)n;ﬂaWHﬂwm (2.25)
By Corollary 2.22] we also know that

I — e, (2.26)
I

By Corollary [A 12}, this implies that there is a subsequence nj — oo with

Gny (@) — f'(2) ace. (2.27)
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Putting equations ([Z.23), [2.26) and ([Z27) together we see that f* = f' € £}
and that the convergence in equation (2.25) also happens in L1 Finally We

also get
/fdu=/gndu=/f*du.

A somewhat different approach is to use the maximal ergodic theorem
(Theorem 2227)) to control the gap between mean convergence and pointwise
convergence almost everywhere.

SECOND PROOF OF THEOREM [2.301 Assume first that fy € 2. By the mean
ergodic theorem in L! (Corollary 222 we know that the ergodic averages

O

AN(fo):%ZfOOT"—’Fo

converge in Lt as N — oo to some T -invariant function Fy € fﬁ Givene >0
choose some M such that
1Fo = An(fo)ll < €.
By the maximal ergodic theorem (Theorem [2.24]) applied to the function
9(x) = Fo(z) — Am(fo)
we see that

ep({reX| ]svu>p1 AN (Fo — A (fo)) | > e} ) <&

Clearly Ax(Fy) = Fo since the limit function Fy is T-invariant, while if M is
fixed and N — oo we have (see Exercise [2.6.7])

| No1M-1
An (A (fo)) :W foo T ™
n=0 m=0
= An(fo) +Om ( ) (2.28)

Putting these together, we see that
p({z | lim sup [Fo — An(fo)l > e})=n({z | lim sup |Fo — An(Aar(fo))| > €})

<p({z | ]svu>]gi AN (Fo — A (fo)) | > €})
<e,

which shows that Ax(fo) — Fo almost everywhere.
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To prove convergence for any f € Zul, fix € > 0 and choose some fy € £
with [|f — fol1 < . Write F € £} for the L'-limit of Ax(f) and Fy € £}
for the L'-limit of Ay (fo). Since ||[An(f) — An(fo)ll1 < ||f — foll1 we deduce
that ||F — Fp|l; < €%. From this we get

u({e | Hmsup |F = Ay (f)] > 2¢})
< p({z | |F — Fol + 11}{[115;1019 |Fo — An(fo)| + Sup |AN (fo — )| > 2¢})
<u({z | |F = Fo| > &)+ p({z | sup An(fo—f)l > ¢)
<e YE = Folh +e M fo— flli <2¢ (229)

by the maximal ergodic theorem (Theorem [224]), which shows that Ax(f)
converges almost everywhere as N — oo. O

Exercises for Section

Exercise 2.6.1. Prove the following version of the ergodic theorem for finite
permutations (see the book of Nadkarni [264] where this is used to motivate
a different approach to ergodic theorems). Let X = {x1,...,2,} be a finite
set, and let o : X — X be a permutation of X. The orbit of z; under o is the
set {o"(xj)}n>0, and o is called cyclic if there is an orbit of cardinality r.

(1) For a cyclic permutation o and any function f : X — R, prove that
1= 1
lim = Jp) = = e ).
Jim 53 Slota) = (o) -+ f(2)
(2) More generally, prove that for any permutation o and function f : X — R,

T LS f(oh) = - (1(0) + Jlo @) + o+ S0 )
=0

x

where the orbit of x has cardinality p, under o.

Exercise 2.6.2. Mimic the proof of Lemma (or give the details of a
deduction) to prove Corollary 228

Exercise 2.6.3. Assume that (X, #, u, T) is an invertible measure-preserving
system and f € L},. Prove that

1 N—-1 1 N—-1
Jim, 2 S0 = i 5 3 1)

almost everywhere.
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Exercise 2.6.4. Fill in the details to prove the estimate in (Z28]).

Exercise 2.6.5. Formulate and prove a pointwise ergodic theorem for a mea-
surable function f > 0 with [ fdp = co, under the assumption of ergodicity.

2.7 Strong-mixing and Weak-mixing

In this section we step back from thinking of measure-preserving transforma-
tions through the functional-analytic prism of their action on L? spaces to the
more fundamental questions discussed in Sections and Namely, if A is
a measurable set, what can be said about how the set "™ A is spread around
the whole measure space for large n?

An easy consequence of the mean ergodic theorem is that a measure-
preserving system (X, %, u, T') is ergodic if and only if

1 Nl
NZ()fOTnL—ﬁ’/fdM

as N — oo for every f € Li. It follows that (X, A, u, T) is ergodic if and only

if
N

1
(foT" gy — [ fd d (2.30)
7;) g / u/g n

as N — oo for any f,g € Lﬁ. The characterization in (Z30) can be cast in
terms of the behavior of sets to show that (X, %, u,T) is ergodic if and only
if

1

2|

2

—1

S p(ANT"B) — p(A)u(B) (2.31)

Il
=)

n

as N — oo for all A, B € %. One direction is clear: if T" is ergodic, then the
convergence (2.30) may be applied with ¢ = x4 and f = x5.

Conversely, if T-'B = B then the convergence [Z31) with A = X~B
implies that u(X~B)u(B) =0, so T is ergodic.

There are several ways in which the convergence ([231]) might take place.
Recall that measurable sets in (X, %, u) may be thought of as events in the
sense of probability, and events A, B € & are called independent if

(AN B) = p(A)u(B).

Clearly if the action of T' contrives to make T~"B and A become indepen-
dent in the sense of probability for all large n, then the convergence ([231))
is assured. It turns out that this is too much to ask (see Exercise Z7T]), but
asking for 77" B and A to become asymptotically independent leads to the
following non-trivial definition.
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Definition 2.32. A measure-preserving system (X, A, u, T) is mixing if
p(ANT™"B) — u(A)u(B)

as n — oo, for all A, B € A.

Mixing is also sometimes called strong-mixing, in contrast to weak-mixing
and mild-mixing.

Ezample 2.35. A circle rotation R, : T — T is not mixing. There is a se-
quence n; — oo for which nja (mod 1) — 0 (if « is rational we may choose
to have njo (mod 1) = 0). If A = B =0, 3] then mp(ANRa’A) — 1, s0 R,
is not mixing.

It is clear that some measure preserving systems make many sets become
asymptotically independent as they move apart in time (that is, under itera-
tion), leading to the following natural definition due to Rokhlin [317].

Definition 2.34. A measure-preserving system (X, B, u, T) is k-fold mixing,
mixing of order k or mixing on k + 1 sets if

p (Ao NT ™A N NT ™ Ay) — p(Ag) - - i(Ag)

as
ny,nNg —M1,N3 —N2y ..., N —Ng—1 —— OO

for any sets Ag, ..., Ax € A.

Thus mixing coincides with mixing of order 1. One of the outstanding
open problems in classical ergodic theory is that it is not known(®®) if mixing
implies mixing of order k for every k > 1.

Despite the natural definition, mixing turns out to be a rather special
property, less useful and less prevalent than a slightly weaker property called
weak-mixing introduced by Koopman and von Neumann m(%). Nonethe-
less, many natural examples are mixing of all orders (see the argument in
Proposition and Exercise for example).

Definition 2.35. A measure-preserving system (X, %A, u,T) is weak-mixing

if

N—1
= 3 AN T B) — p(Ayu(B)| — 0

n=0

as N — oo, for all A,B € A.

Notice that for any sequence (ay,),

1 n
im a :>ngigon§ |a;|

n—o00 c
=0
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but the converse does not hold because the second property permits |a,| to
be large along an infinite but thin set of values of n. Thus at the level simply
of sequences, weak-mixing seems to be strictly weaker than strong-mixing. It
turns out that this is also true for measure-preserving transformations — there
are weak-mixing transformations that are not mixing(®7).

Weak-mixing and its generalizations will turn out to be central to Fursten-
berg’s proof of Szemerédi’s theorem presented in Chapter [[l The first in-
timation that weak-mixing is a natural property comes from the fact that
it has many equivalent formulations. For one of these, it will be useful to
recall some terminology concerning the operator Ur associated to a measure-
preserving transformation T of (X, %, u). An eigenvalue is a number A € C
for which there is an eigenfunction f € Li with Urf = Af almost every-
where. Notice that 1 is always an eigenvalue, since a constant function f will
satisfy Urf = f. Any eigenvalue X lies on S, since Uy is an isometry of Li.
A measure-preserving transformation 7" is said to have continuous spectrum
if the only eigenvalue of T" is 1 and the only eigenfunctions are the constant
functions.

Recall that a set J C N is said to have density

1
d(J) = lim —|{j € J|1<j<n}|
if the limit exists.

Theorem 2.36. The following properties of a system (X, B, u,T) are equiv-
alent.

(1) T is weakly mixing.

(2) T x T is ergodic with respect to p X p.

(3) T x T is weakly mizing with respect to p X .

(4) For any ergodic measure-preserving system (Y, By ,v, S), the system

(X XY, B By,nxv, T xS)

is ergodic.

(5) The associated operator Ur has no non-constant measurable eigenfunc-
tions (that is, T has continuous spectrum,).

(6) For every A, B € A, there is a set Ja g C N with density zero for which

p(ANT™"B) —u(A)u(B)

asn — oo withn ¢ Ja p.
(7) For every A, B € A,

1 = 2
¥ 2 ANT T B) — p(Au(B)|" — 0
n=0

as N — 00.
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The proof of Theorem 2:36] will be given in Section

Corollary 2.37. If (X, %x,u,T) and (Y,By,v,S) are both weak-mixing,
then the product system (X X Y, B Q €, u x v,T x S) is weak-mixing.

Corollary 2.38. If T is weak-mizing, then for any k the k-fold Cartesian
product T X --- x T is weak-mizing with respect to p X -+ X .

Corollary 2.39. If T is weak-mixing, then for any n > 1, the nth iterate T™
18 weak-mizing.

Ezxample 2.40. We know that the circle rotation R, : T — T defined by
R.(t)=t+a (mod1)

is not mixing, but is ergodic if o ¢ Q (cf. Proposition 216 and Example 2:33)).
It is also not weak-mixing; this may be seen using Theorem 236(2) since
the function (z,7) — ¢*™(®=¥%) from T x T — S' is a non-constant function
preserved by R, X Rg.

Exercises for Section 2.7

Exercise 2.7.1. Show that if a measure-preserving system (X, %, u,T) has
the property that for any A, B € & there exists N such that

p(ANT™"B) = p(A)u(B)
for all n > N, then it is trivial in the sense that u(A) = 0 or 1 for every A € £.

Exercise 2.7.2. (?® Show that if a measure-preserving system (X, %, u,T)
has the property that

p(ANT™"B) — u(A)u(B)

uniformly as n — oo for every measurable A C B € 4, then it is trivial in
the sense that u(A) =0 or 1 for every A € A.

Exercise 2.7.3. This exercise generalizes the argument used in the proof of
Proposition .15 and relates to the material in Appendix A. A collection &7
of measurable sets in (X, B, ) is called a semi-algebra (cf. Appendix A) if

e o/ contains the empty set;

e forany A € &/, X A is a finite union of pairwise disjoint members of .«
o forany Ay,... A, €&/, AinN---NA,. € .

The smallest o-algebra containing o7 is called the o-algebra generated by <7
Assume that <7 is a semi-algebra that generates %, and prove the follow-
ing characterizations of the basic mixing properties for a measure-preserving
system (X, %, u,T):
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(1) T is mixing if and only if
p(ANT™"B) — u(A)u(B)
asn — oo forall A, B € &.
(2) T is weak-mixing if and only if

3 |WANTB) - p(A)u(B)] — 0

as N — oo forall A,B € 7.
(3) T is ergodic if and only if

% Z p(ANT™"B) — u(A)u(B)

as N — oo forall A,B € &7

Exercise 2.7.4. Let & be a generating semi-algebra in # (cf. Exercise[2Z77.3)),
and assume that for A € &, pu (AAT—'A) = 0 implies p(A) = 0 or 1. Does
it follow that T is ergodic?

Exercise 2.7.5. Show that a measure-preserving system (X, %, u, T') is mix-
ing if and only if

Jim (U7 f,9) = (f,1)-(1,9)
for all f and g lying in a dense subset of Li.

Exercise 2.7.6. Use Exercise 2.7.5] and the technique from Theorem 2.19] to
prove the following.

(1) An ergodic automorphism of a compact abelian group is mixing with
respect to Haar measure.

(2) An ergodic automorphism of a compact abelian group is mixing of all
orders with respect to Haar measure.

Exercise 2.7.7. Show that a measure-preserving system (X, %, u, T') is weak-
mixing if and only if

lim —Z|UTf, £:1)-(L,g)[ =0

for any f,g € Li

Exercise 2.7.8. Show that a measure-preserving system (X, &, u, T') is weak-
mixing if and only if

hm —Z|UTff LA =

for any f e L?.
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Exercise 2.7.9. Show that a Bernoulli shift (cf. Example 2X9) is mixing of
order k for every k > 1.

Exercise 2.7.10. Prove the following result due to Rényi [309]: a measure-
preserving transformation 7" is mixing if and only if

HANT ™ A) = u(A)*

for all A € %. Deduce that T' is mixing if and only if (U2f, f) — 0asn — oo
for all f in a set of functions dense in the set of all L? functions of zero integral.

Exercise 2.7.11. Prove that a measure-preserving transformation 7" is weak-
mixing if and only if for any measurable sets A, B, C' with positive measure,
there exists some n > 1 such that T""AN B # & and T""ANC # &. (This
is a result due to Furstenberg.)

Exercise 2.7.12. Write ") for the k-fold Cartesian product T' x --- x T.
Prove® that T™") is ergodic for all k > 2 if and only if 7'®) is ergodic.

Exercise 2.7.13. Let T be an ergodic endomorphism of T?¢. The following
exponential error rate for the mixing property %,

‘<f1,U%fz> - [n [r

for some 6 < 1 depending on T and for a pair of constants S(f1),S(f2)
depending on f1, fo € C>(T9), is known to hold.

(a) Prove an exponential rate of mixing for the map T, : T — T defined
by T,.(z) = na (mod 1).

(b) Prove an exponential rate of mixing for the automorphism of T? defined

byt (;) - (xiy)

(¢) Could an exponential rate of mixing hold for all continuous functions?

< S(f1)S(f2)0"

2.8 Proof of Weak-mixing Equivalences

Some of the implications in Theorem require the development of addi-
tional material; after developing it we will end this section with a proof of
Theorem [2.36l The first lemma needed is a general one from analysis, due to
Koopman and von Neumann [209].

Lemma 2.41. Let (a,) be a bounded sequence of non-negative real numbers.
Then the following are equivalent:

n—1

1
(1) nhﬂngo - Z a; =0;
=0
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(2) there is a set J = J ((an)) C N with density zero for which a, — 0;

ng
1 n—1
. 2
(3) nlin;o - Z aj = 0.
7=0
PROOF. (1) = (2): Let J; = {j € N|a; > 1}, so that
JLCJCJsC .. (2.32)

For each k > 1,

n—1
—|JkN[0,n)] < Z a; <Zal
i=0,...,n—1, i=0

It follows that
1 1n—1
—|Jx N[0 < k- ;i —0
S0l <k S

as n — oo for each k > 1, so each J has zero density. We will construct the
set J by taking a union of segments of each set .Ji. Since each of the sets Jj
has zero density, we may inductively choose numbers 0 < ¢; < fo < --- with
the property that

1 1
for n > ¢ and any k > 1. Define the set J by
J = U (i O [Chs L)) -
k=0

We claim two properties for the set J, namely
e a, — 0asn— oo;

né¢J
e J has density zero.

For the first claim, note that J; N [¢,00) C J by equation ([232)), so
if J #n > {; then n ¢ J, and so a, < % This shows that a,, — 0 as

né¢.J
claimed.
For the second claim, notice that if n € [lx, lk+1) then again by equa-
tion (232) JN[0,n) C J, N[0,n) and so

1 1
—[J N0 < -
Lnpmi<g
by equation (233), showing that .J has density zero.

(2) = (1): The sequence (a,) is bounded, so there is some R > 0
with a,, < R for all n > 1. For each k > 1 choose N} so that
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1
JEn>Ny = a, < —

k
and so that 1 1
>N, = —|JNJ|0, < -,
n = Ny ~lIno,n)l < ¢
Then for n > kN,
= 1[Nzt
EZ‘”:E Zai+ Z a; + Z a;
1=0 1=0 i€ J, igJ,
Np<i<n N <i<n
1 1
< — RNk+R|Jﬂ[O,n)|+nE
n
< 2R + 17
k

showing (1).
(3) <= (1): This is clear from the characterization (2) of property (1).
O

PROOF OF THEOREM [Z30 Properties (1), (6) and (7) are equivalent by
Lemma 24T applied with a,, = |p (ANT"B) — u(A)u(B)].

(6) = (3): Given sets Ay, By, Aa, Bo € A, property (6) gives sets Jp
and Jy of density zero with

p (A NT"By) v (A1) p(Br)

and
1% (AQ n Tﬁnt) — (AQ)’LL(BQ)

né¢Js

Let J = Jy U Jo; this still has density zero and
lim ‘(u X /J,) ((Al X Ag)ﬂ(T X T)_n(Bl X Bg))

JFn—o00
—(k % p)(Ar X Az) - (1 x p)(B1 x Ba)|
= lim |u(A1NT "By1)- u(A2NT "By)

JFn—o00
— (A1) p(Az) p(Br)p(Bo)|
=0,

so T x T is weak-mixing since the measurable rectangles generate % x 4.
(3) = (1): If T x T is weak-mixing, then property (1) holds in particular
for subsets of X x X of the form A x X and B x X, which shows that (1)
holds for T', so T' is weak-mixing.
(1) = (4): Let (Y, %By, v, S) be an ergodic system and assume that T is
weak-mixing. For measurable sets Ay, By € & and As, By € By,
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2

(1 % v) (A1 x Az (1 (T x S) ™" (By x By))
0

2|~

3
Il

2

/J,(Al n T_nBl)V(Ag n S_nt)

=2l =

N
Il
o

2

1
=N p(Ar)pu(B1)v(Az2 NS~ Ba)
N—-1

Il
=]

+% > (AL NT™"By) = p(Ar)u(B1)] (A2 N S™"By). (2.34)
n=0

By the characterization in equation (231]) and ergodicity of S, the expression
on the right in equation (234 converges to

(A1) p(Br)v(A2)v(B2).

The second term in equation ([234]) is dominated by

N—-1
37 (A N T By) — p(A)u(By)]

n=0

1
N
which converges to 0 since T' is weak-mixing. It follows that

N—-1
% Z (,u X I/) (Al X AQ N (T X S)in(Bl X BQ)) — '[L(Al)lu/(Bl)V(AQ)V(BQ)
n=0

so T x S is ergodic by the characterization in equation (231).

(4) = (2): Let (Y,%By,v,S) be the ergodic system defined by the
identity map on the singleton Y = {y}. Then T x S is isomorphic to T, so (4)
shows that T is ergodic. Invoking (4) again now shows that 7" x T' is ergodic,
proving (2).

(2) = (7): We must show that

N—-1
= 3 AN T B) — p(Au(B)[ — 0

n=0

as N — oo, for every A, B € 2. Let u? denote the product measure p x p
on (X x X, 2 ® AB). By the ergodicity of T x T,

N-1 N-1
1

%iu(AmT‘"B) = NZ;F((AXX)H(TXT)‘"(BXX))

n=0 n=0

— 1 (Ax X) - g (B x X) = u(A)u(B)

and
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N—-1
%Z( ANT "B)) Z—ZM (Ax A)N (T x T)™"(B x B))
n=0

— (A x A) - i2(B x B) = p(A)*u(B)?.

It follows that

1 N ) 1 N—-1 )
NZ (1t (ANT™"B) — p(A)u(B)]” = NZ 1 (ANT™"B)
=0

MA)Q (B

N
—2u(A Z (ANT "B)

— 2u(A)*u(B)? —2N(A) uB)? =0,

o (7) holds.
(2) = (5): Suppose that f is a measurable eigenfunction for 7', so

Urf=A\f

for some A\ € S. Define a measurable function on X x X by

g(x1,22) = f(21) f(22);

then _
Urxrg(z,y) = g(Tx, Ty) = Ag(z,y) = g(z,y)

so by ergodicity of T x T, g (and hence f) must be constant almost everywhere.

All that remains is to prove that (5) = (2), and this is considerably
more difficult. There are several different proofs, each of which uses a non-
trivial result from functional analysis®®"). Assume that 7 x T is not ergodic,
so there is a non-constant function f € L2,(X x X) that is almost every-
where invariant under 7' x T'. We would like to have the additional symmetry
property f(x,y) = f(y,x) for all (z,y) € X x X. To obtain this additional
property, consider the functions

(z,y) = f(z,y) + f(y,z)

and
(xvy) = 1(f($7y) - f(yvx))

Notice that if both of these functions are constant, then f must be constant.
It follows that one of them must be non-constant. So without loss of generality
we may assume that f satisfies f(z,y) = f(y,z). We may further suppose (by
subtracting [ fdu?) that [ fdu? = 0. It follows that the operator F on L2

defined by
:/Xf(x,y)g(y)du(y)
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is a non-trivial self-adjoint compact(®?) operator, and so by Theorem [B:3] has
at least one non-zero eigenvalue A whose corresponding eigenspace V) is finite-
dimensional. We claim that the finite-dimensional space V) C Li is invariant
under T'. To see this, assume that F(g) = A\g. Then

29(Ta) = [ F(Ta9)aly) duty)
:/Xf(Tx,Ty)g(Ty) du(y) (since p is T-invariant)
:/ f(x,9)g(Ty) dp(y),
p's

since f is T'x T-invariant, so F/(goT) = A(goT) and thus goT' € V. It follows
that Up restricted to V) is a non-trivial linear map of a finite-dimensional
linear space, and therefore has a non-trivial eigenvector. Since [ f dp? =0,
any such eigenvector is non-constant. 0

2.8.1 Continuous Spectrum and Weak-Mixing

A more conventional proof of the difficult step in Theorem .36, which may
be taken to be (5) = (1), proceeds via the Spectral theorem (Theorem [B.4)
in the following form.

ALTERNATIVE PROOF OF (5) = (1) IN THEOREM [230 Definition 235 is
clearly equivalent to the property that

hm —Z|UTf, LD (1g9)=0

for any f,g € Li, and by polarization this is in turn equivalent to

Jim —Z|UTff £ (1 )] =

for any f € L2 (see Exercise J and page E3T). By subtracting [y fdu
from f, it is therefore enough to show that if f € L2 has fX fdp =0, then

1 N—-1
~ 2 UREDF
n=0

as N — oo. By equation (B, it is enough to show that for the non-atomic

measure p on St

N— 2

0 (2.35)

Zduf)
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as N — oo. Since 27 = 27" for z € S! the product in equation (Z3H) may be
expanded to give

2 N—-1
aug(2) —%Z(/ s [ 0 dsto))
=0
—1
= i Z (z/w)" dpF(z,w)  (by Fubini)
N St xSt
n=0 1 N
_ /S ) (N Z(z/w)") dp3 (2, w).
X n=0

The measure p is non-atomic so the diagonal set {(z,2) | z € S’} C S! x S!
has zero pi-measure. For z # w,

v R ey ()

as N — oo, so the convergence (Z38]) holds by the dominated convergence
theorem (Theorem [ATT). O

Exercises for Section

Exercise 2.8.1. Is the hypothesis that the sequence (a,) be bounded neces-
sary in Lemma 2411

Exercise 2.8.2. Give an alternative proof of (1) = (5) in Theorem 230
by proving the following statements:

(1) Any factor of a weak-mixing transformation is weak-mixing.

(2) A complex-valued eigenfunction f of Ur has constant modulus.

(3) If f is an eigenfunction of Ur, then x — arg (f(z)/|f(z)|) is a factor map
from (X, B, 1, T) to (T, Pr, mrt, R,) for some a.

Exercise 2.8.3. Show the following converse to Exercise 2.5.6 if a measure-
preserving system (Y, %y,v,S) is not totally ergodic then there exists a
measure-preserving system (X, %, u,T) and a K > 1 with the property
that (Y, By, v, S) is measurably isomorphic to the system

(X(K),QB(K),;L(K),T(K))
constructed in Exercise

Exercise 2.8.4. Give a different proof(*3) of the mean ergodic theorem (The-
orem [2.2])) as follows. For a measure-preserving system (X, %, u, T) and func-
tion f € Li, show that the function n +— (UL f, f) is positive-definite (see Sec-
tion [C3). Apply the Herglotz—Bochner theorem (Theorem [C.9) to translate
the problem into one concerned with functions on S', and there use the fact
that - Z p" converges for p € St (to zero, unless p = 1).

n=1
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2.9 Induced Transformations

Poincaré recurrence gives rise to an important inducing construction intro-

duced by Kakutani [I72]. Throughout this section, (X, %, u,T) denotes an

invertible measure-preserving system®4).

Let (X, %, 1, T) be an invertible measure-preserving system, and let A be

a measurable set with p(A) > 0. By Poincaré recurrence, the first return time
to A, defined by

ra(x) = 7111;1’1{71 | T"(x) € A} (2.36)

exists (that is, is finite) almost everywhere.

Definition 2.42. The map Ta : A — A defined (almost everywhere) by
Ta(z) = T4@)(z)

is called the transformation induced by T on the set A.

Notice that both 74 : X — N and T4 : A — A are measurable by the
following argument. For n > 1, write 4,, = {x € A | ro(z) = n}. Then the
sets

A = ANT A,
Ay = AN T_2A\A1,

A, : ANT AN U A;

i<n
are all measurable, as is
T"A, = ANT"AN (TAUT?AU---UT" ' 4),
since T is invertible by assumption.

Lemma 2.43. The induced transformation T4 is a measure-preserving trans-
formation on the space (A,%”A,MA = mu’A,TA). If T is ergodic with re-
spect to p then T is ergodic with respect to j1a.

The notation means that the o-algebra consists of 2| , = {BNA | B € %}
and the measure is defined for B € %], by pa(B) = ﬁu(B). The effect
of T4 is seen in the Kakutani skyscraper Figure The original transforma-
tion 7" sends any point with a floor above it to the point immediately above
on the next floor, and any point on a top floor is moved somewhere to the
base floor A. The induced transformation T4 is the map defined almost ev-
erywhere on the bottom floor by sending each point to the point obtained by
going through all the floors above it and returning to A.
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T2(ANAUT(A)) —_—

T(A)NA : ———

TT TT T
' G : : — A
Al A2 A3 A4 ...............

Fig. 2.2. The induced transformation T'a.

ProOOF oF LEMMA 243] If B C A is measurable, then B = [_|1121 BNA, is
a disjoint union so

1
nalB) = s 2231 (BN A,). (2:37)
Now
Ta(B) = | | Ta(BNA,) = | | T"(B N A,),
n=1 n=1
S0
1
na(Ta(B)) = WA 712;1 (T (BN Ay))
= ﬁ w(BNA) (since T' preserves )
—u(B)

by equation ([Z37).

If T4 is not ergodic, then there is a Ts-invariant measurable set B C A
with 0 < u(B) < p(A); it follows that U, -, ngol T/(B N A,) is a non-
trivial T-invariant set, showing that T is not ergodic. 0

Poincaré recurrence (Theorem [ZTT]) says that for any measure-preserving
system (X, A, 1, T) and set A of positive measure, almost every point on the
ground floor of the associated Kakutani skyscraper returns to the ground floor
at some point. Ergodicity strengthens this statement to say that almost every
point of the entire space X lies on some floor of the skyscraper. This enables
a quantitative version of Poincaré recurrence to be found, a result due to

Kac [16§].

Theorem 2.44 (Kac). Let (X, B, p,T) be an ergodic measure-preserving
system and let A € B have u(A) > 0. Then the expected return time to A

18 m ; equivalently
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/TAd,uzl.
A

PRrROOF(3®) | Referring to Figure 22 each column
A, UT(A)U--- LT 1(Ay)

comprises n disjoint sets each of measure u(A,), and the entire skyscraper
contains almost all of X by ergodicity and Proposition 2T4|(3) applied to the
transformation 71, It follows that

1=p(X) =) nu(A,) = /Amdu

n>=1

by the monotone convergence theorem (Theorem [AT6), since r4 is the in-
creasing limit of the functions Y ;_, kxa, as n — oc. O

Kakutani skyscrapers are a powerful tool in ergodic theory. A simple ap-
plication is to prove the Kakutani-Rokhlin lemma (Lemma 2.45]) proved by
Kakutani [I72] and Rokhlin [3T6].

Lemma 2.45 (Kakutani—-Rokhlin). Let (X, %, u,T) be an invertible er-
godic measure-preserving system and assume that p is non-atomic (that
is, u({x}) = 0 for all x € X). Then for any n > 1 and € > 0 there is a
set B € # with the property that

B,T(B),...,T"Y(B)
are disjoint sets, and
p(BUT(B)U---UT" ' (B)) >1—e.

As the proof will show, the lemma uses only division (constructing a quo-
tient and remainder) and the Kakutani skyscraper.
PROOF OF LEMMA [Z75] Let A be a measurable set with 0 < pu(A) < e/n (such
a set exists by the assumption that p is non-atomic) and form the Kakutani
skyscraper over A. Then X decomposes into a union of disjoint columns of

the form
AU T(Ak) - Tk_l(Ak)

for k > 1, as in Figure Now let

lk/nl-1
B=|]| || T4,
k>n  j=0

the set obtained by grouping together that part of the ground floor made up
of the sets Ay with & > n together with every nth floor above that part of
the ground floor (stopping before the top of the skyscraper). By construction
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the sets B,T(B),...,T" }(B) are disjoint, and together they cover all of X
apart from a set comprising no more than n of the floors in each of the towers,
which therefore has measure no more than ny -, u(Ax) < nu(A) <e. 0O

One often refers to the structure given by Lemma [2.45] as a Rokhlin tower
of height n with base B and residual set of size €.

Exercises for Section

Exercise 2.9.1. Show that the inducing construction can be reversed in
the following sense. Let (X, %, u,T) be a measure-preserving system, and
let 7 : X — Ny be a map in L}L. The suspension defined by r is the sys-
tem (X, 20 u(") 7)) where:
X0 ={(z,n) | 0<n < ()}
") is the product o-algebra of Z and the Borel o-algebra on N (which
comprises all subsets);
e 1" is defined by u(" (A x N) = T Tld#u(A) X |N|for A€ % and N CN;
and

° T(T)(x,n) = {

(x,n+1) ifn+1<r(x);
(T(x),0) ifn+1=r(z)’

(a) Verify that this defines a finite measure-preserving system.
(b) Show that the induced map on the set A = {(z,0) | x € X'} is isomorphic
to the original system (X, %, u,T).

Exercise 2.9.2. (39) The hypothesis of ergodicity in Lemma[Z45 can be weak-
ened as follows. An invertible measure-preserving system (X, %, u, T') is called
aperiodic if p ({x € X | T*(z) = z}) = 0 for all k € Z~{0}.

(a) Show that an ergodic transformation on a non-atomic space is aperiodic.
(b) Find an example of an aperiodic transformation on a non-atomic space
that is not ergodic.

(¢) Prove Lemma for an invertible aperiodic transformation on a non-
atomic space.

Exercise 2.9.3. ®7)Show that the Kakutani-Rokhlin lemma (Lemma 245
does not hold for arbitrary sequences of iterates of the map T. Specifi-
cally, show that for an ergodic measure-preserving system (X, B, u,T), se-
quence aq,...,a, of distinct integers, and ¢ > 0 it is not always possible
to find a measurable set A with the properties that T (A),..., T (A) are
disjoint and p (J, 7% (4)) > e.

Exercise 2.9.4. Use Exercise2.9.2to prove the following result of Steele [353].
Let (X, %, 1, T) be an invertible aperiodic measure-preserving system on a
non-atomic space. Then for any € > 0 there is a set A € B with u(A) < e
with the property that for any finite set F' C X there is some j = j(F)
with F C T7I(A).



NOTES TO CHAPTER 2 69

Notes to Chapter 2

(12) (Page22)) A measurable isomorphism is also sometimes called a conjugacy; con-
jugacy is also used to describe an isomorphism between the measure algebras that
implies isomorphism on sufficiently well-behaved probability spaces. This is discussed
in Walters [375] Sect. 2.2] and Royden [321].

(13)(Page 23) The shift maps constructed here are measure-preserving transforma-
tions, but they are also homeomorphisms of a compact metric space in a natural
way. The study of the dynamics of closed shift-invariant subsets of these systems
comprises symbolic dynamics and is a rich theory in itself. A gentle introduction may
be found in the book of Lind and Marcus [230] or Kitchens [197]; further reading in
the collection edited by Berthé, Ferenczi, Mauduit and Siegel [93].

(19 (Page 26)) Poincaré’s formulation in [289] Th. I, p. 69] is as follows:

“Supposons que le point P reste a distance finie, et que le volume

/dxl dxz dxg

soit un invariant intégral; si I’on considére une région ro quelconque, quelque
petite que soite cette région, il y aura des trajectoires qui la traverseront
une infinité de fois. [...] En effet le point P restant & distance finie, ne sortira
jamais d’une région limitée R.”

The modern abstract measure-theoretic statement in Theorem [2I11] appears in a
paper of Carathéodory [49].

(15)(Page 28) The notion of ergodicity predates the ergodic theorems of the 1930s,
in various guises. These include the seminal work of Borel [40], described by Doob
as being

“characterized by convenient neglect of error terms in asymptotics, incorrect
reasoning, and correct results,”

as well as that of Knopp [205]; a striking remark of Novikoff and Barone [274] is that
a result implicit in the work of van Vleck [37I] on non-measurable subsets of [0, 1]
is that any measurable subset of [0, 1] invariant under the map x — 2z (mod 1) has
measure zero or one, a prototypical ergodic statement. The general formulation was
given by Birkhoff and Smith [35].

(16) (Pagel34)) These operators are usually called Koopman operators; Koopman [208]
used the then-recent development of functional analysis and Hilbert space by von
Neumann [267] and Stone [356] to use these operators in the setting of flows arising
in classical Hamiltonian mechanics.

an (Page B3)) Even though this is not necessary here, we assume for simplicity that
Hilbert spaces are separable, and as a result that they have countable orthonormal
bases. As discussed in Section [AZ6] we only need the separable case.

(18) (Page BY) For a recent account of the history of the relationship between the
two results and the account of how they came to be published as and when they did,
see Zund [396]. The issue has also been discussed by Ulam [366] and others. The
note [25] by Bergelson discusses both the history and how the two results relate to
more recent developments.

(19)(Page [0) This result is simply one of many extensions and generalizations of
the mean ergodic theorem (Theorem 227)) to other complete function spaces. It is
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a special instance of the mean ergodic theorem for Banach spaces, due to Kakutani
and Yosida [I71], [392], [393].

(20) (Page @3) The maximal ergodic theorem is due to Wiener [383] and was also
proved by Yosida and Kakutani [393].

(1) (PagedH) Covering lemmas of this sort were introduced by Vitali [370], and later
became important tools in the proof of the Hardy—Littlewood maximal inequality,
and thence of the Lebesgue density and differentiation theorems (Theorems
and [A.25)).

(22)(Page [9) Birkhoff based his proof on a weaker maximal inequality concerning
the set of points on which lim sup,,_, Al > a, and initially formulated his result for
indicator functions in the setting of a closed analytic manifold with a finite invariant
measure. Khinchin [I89] showed that Birkhoff’s result applies to integrable functions
on abstract finite measure spaces, but made clear that the idea of the proof is pre-
cisely that used by Birkhoff. A natural question concerning Theorem [2Z:30] or indeed
any convergence result, is whether anything can be said about the rate of conver-
gence. An important special case is the law of the iterated logarithm due to Hartman
and Wintner [I41]: if ||f|l2 = 1, [ fdu = 0 and the functions f,Urf,UZf,... are
all independent, then

lim sup A/ /v/(2loglog n) /n = 1

n— oo

almost everywhere (and lim inf = —1 by symmetry). It follows that
Al =0 ((% loglogn)1/2)

almost everywhere. However, the hypothesis of independence is essential: Kren-
gel [210] showed that for any ergodic Lebesgue measure-preserving transformation 7’
of [0,1] and sequence (a,) with a, — 0 as n — oo, there is a continuous func-
tion f:[0,1] — R for which

1
lim sup — Ai—/fdm‘zoo
n—oo On
almost everywhere, and
. 1 f
limsup — || Ay, — [ fdm || =00
n—oo Qan P

for 1 < p < co. An extensive treatment of ergodic theorems may be found in the
monograph of Krengel [211].

Despite the absence of any general rate bounds in the ergodic theorem, the
constructive approach to mathematics has produced rate results in a different sense,
which may lead to effective versions of results like the multiple recurrence theorem.
Bishop’s work [36] included a form of ergodic theorem, and Spitters [349], [350]
found constructive characterizations of the ergodic theorem. As an application of
‘proof mining’, Avigad, Gerhardy and Towsner [12] gave bounds on the rate of
convergence that can be explicitly computed in terms of the initial data (7" and f)
under a weak hypotheses, while earlier work of Simic and Avigad [13], [347] showed
that, in general, it is impossible to compute such a bound. An overview of this area
and its potential may be found in the survey [II] by Avigad.
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(23) (Page @) Despite the impressive result in Example 231 the numbers known
to be normal to every base have been constructed to meet the definition of normal-
ity (with the remarkable exception of Chaitin’s constant [53]). Champernowne [54]
showed that the specific number 0.123456789101112131415 ... is normal in base 10,
and Sierpinski [346] constructed a number normal to every base. Sierpinski’s con-
struction was reformulated to be recursive by Becher and Figueira [20], giving a
computable number normal to every base. The irrational numbers arising naturally
in other fields, like m, e, {(3), V2, and so on, are not known to be normal to any base.

(24)(Page [3) There are many proofs of the pointwise ergodic theorem; in addition
to that of Birkhoff [33] there is a more elementary (though intricate) argument due
to Katznelson and Weiss [I86], motivated by a paper of Kamae [I77]. A different
proof is given by Jones [167].

(25) (Page [54)) This conjectured result — the “Rokhlin problem” — has been shown
in important special cases by Host [158], Kalikow [176], King [193], Ryzhikov [329],
del Junco and Yassawi [68], [391] and others, but the general case is open.

(26)(Page [54) The definition used by Koopman and von Neumann is the spectral
one that will be given in Theorem 236(5), and was called by them the absence of
“angle variables”; they also considered flows (measure-preserving actions of R rather
than actions of Z or N). In physical terms, they characterized lack of ergodicity as
barriers that are never passed, and the presence of an angle variable as a clock that
never changes, under the dynamics.

S1p) (Page [55)) Examples of such systems were constructed using Gaussian processes
by Maruyama [255]; Kakutani [I74] gave a direct combinatorial construction of an
example (this example is described in detail in the book of Petersen [283] Sect. 4.5]).
Other examples were found by Chacon [51], [52] and Katok and Stepin [I85]. In-
deed, there is a reasonable way of viewing the collection of all measure-preserving
transformations of a fixed space in which a typical transformation is weak-mixing
but not mixing (see papers of Rokhlin [316] and Halmos [135] or Halmos’ book [138]

(Page B6) This more subtle version of Exercise [Z7.I] appears in a paper of
Halmos [136], and is attributed to Ambrose, Halmos and Kakutani in Petersen’s
book [283].

(29) (Page B8) This is shown in the notes of Halmos [I38]. Ergodicity also makes
sense for transformations preserving an infinite measure; in that setting Kaku-
tani and Parry [I75] used random walk examples of Gillis [II5] to show that for
any k > 1 there is an infinite measure-preserving transformation 7" with T®) er-
godic and TH+D not ergodic.

(30)(Pagem This is also known as exponential or effective rate of mixing or decay
of correlations; see Baladi [15] for an overview of dynamical settings where it is
known.

(31 (Page[B2) A more constructive proof of the difficult step in Theorem 236] (which
may be taken to be (5) = (1)) exploiting properties of almost-periodic functions
on compact groups, and giving more insight into the structure of ergodic measure-
preserving transformations that are not weak-mixing, may be found in Petersen [283]
Sect. 4.1].

(32) (Page [B3)) This is an example of a Hilbert-Schmidt operator [332]; a convenient
source for this material is the book of Rudin [322] or Appendix B.

(33)(Page [64) This way of viewing ergodic theorems lies at the start of a sophisti-
cated investigation of ergodic theorems along arithmetic sets of integers by Bour-
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gain [41]. This exercise already points at a relationship between ergodic theorems
and equidistribution on the circle.

(549 (Page[68]) Notice that the assumption that (X, %, u,T') is invertible also implies
that T is forward measurable, that is T'(A) € £ for any A € . Heinemann and
Schmitt [I46] prove the Rokhlin lemma for an aperiodic measure-preserving trans-
formation on a Borel probability space using Exercise and Poincaré recurrence
instead of a Kakutani tower (aperiodic is defined in Exercise for Borel proba-
bility space see Definition [F.13]). A non-invertible Rokhlin lemma is also developed
by Rosenthal [318] in his work on topological models for measure-preserving sys-
tems and by Hoffman and Rudolph [I55] in their extension of the Bernoulli theory
to non-invertible systems.

(35) (Page B7) This short proof comes from a paper of Wright [390], in which Kac’s
theorem is extended to measurable transformations.

(36) (Page B8)) The extension in Exercise appears in the notes of Halmos [138]
p. 71].

(37) (Page BR) Exercise [Z0.3]is taken from a paper of Keane and Michel [I88]; they
also show that the supremum of p (|JI_, 7%(A)) over sets A for which

TU(A),..., T (A)

are disjoint is a rational number, and show how this can be computed from the
integers ai,...,an.



3

Continued Fractions

The continued fraction decomposition of real numbers grows naturally from
the Euclidean algorithm, and continued fractions have been used in some
form for thousands of years. One goal of this volume is to show how they
relate to a natural action on a homogeneous space. To start there would be
to willfully reverse their historical development: We start instead with their
basic properties®®) from an elementary point of view in Section Bl then
show how continued fractions are related to an explicit measure-preserving
transformation in Section In Chapter [ we will see how the continued
fraction map fits into the more general framework of actions on homogeneous
spaces.

Let us mention one result proved in this chapter. We will show that
for every irrational x € R there is a sequence of ‘best rational approxima-
» 2a(2) @, defined by the continued fraction expansion of z. Moreover,

qn ()
for almost every = we have

tions

7T2

“6log2’

pn(®)
Gn ()

1
lim — log
n—oo N,

T —

which gives a precise description of the expected speed of approximation along
this sequence.

3.1 Elementary Properties

A (simple) continued fraction is a formal expression of the form

1
ap + 1 (31)

ay +

as +

az + ——
gt
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which we will also denote by
[aO;alua27a37 .. ]

with a,, € N for n > 1 and ag € Ny. Also write

[GO; a;,az, ..., an]
for the finite fraction
N 1
a
0 . 1
a
! 1
ag + -+ 1
anp—1 + —
n
Thus, for example
1
[ap;a1,a9,...,a,] =ag + ————.
[a1;as, ..., an]

We will see later that the expression in equation (Bl — when suitably inter-
preted — converges, and therefore defines a real number. The numbers a,, are
the partial quotients of the continued fraction. The following simple lemma is
crucial for many of the basic properties of the continued fraction expansion.

Lemma 3.1. Fiz a sequence (an)n>0 with ag € Ng and a,, € N forn > 1.
Then the rational numbers

p

= = [ag; a1, az, ..., an) (3.2)
qn

for m = 0 with coprime numerator p, > 1 and denominator ¢, > 1 can be

found recursively from the relation

Pn Pn—1 ap 1 a1 an 1
- DR >
(Qn %1) (1 O) (1 O) (1 0) Jorn = 0. (3.3)
In particular, we set p_1 =1,q_1 = 0,po = ag, and qo = 1.

PROOF. Notice first that the sequence (a,)n>0 defines the sequences (pp,)n>—1
and (¢n)n>—1. The claim of the lemma is proved by induction on n. Assume
that equation ([B.3]) holds for 0 < n < k — 1 and p,, ¢, as defined by equa-
tion B2) for any sequence (ag,aq,...). This is clear for n = 0. Thus, on
replacing the first k terms of the sequence (a,)n>o with the first & terms of
the sequence (an)n>1, we have

x
= =lai;azs,...,a;]
Yy
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as a fraction in lowest terms where x and y are defined by

()= (38) - (%h).

Then
ap 1\ (x 2"\ _ (prpr—1) _ (aox +y aor’ +y'
10/ \yvy qr Qr—1 x ! ’
S0
aopr + 1
Z&_u_a0+g_a0+—:[a0;a1,...,ak],
qk x €T [a/l;a/Qa"'aak]

which shows that equation (8:2) holds for n = k also.

75

O

An immediate consequence of Lemma [B1]is a pair of recursive formulas

DPn+1 = Qn41Pn + Pn—1

and
Gn+1 = An+1qn + Gn—1

for any n > 1, since

Pn+1 Pn _ Pn Pn—1 Qn41 1 _ An+1Pn + Pn—1 Pn
dn+1 4n dn 4n—1 10 nt1Gn + Gn-1 Gn )
It follows that

=< <g@p<---

since a,, > 1 for all n > 1; by induction
In > 2(n—2)/2

and similarly

Pn > 2(n—2)/2

for all n > 1. Taking determinants in equation ([B3]) shows that

Pndn—1 — Pn—14n = (_1)n+1
)2 R 1 p2 _pr _ 1 __ 1 1
and hence o 4o + qQqn’ 2 @1 ag 40 + qoq1 q1q2 and

Pn _ Pn-1 + (-1 n+1#
dn dn—1 dn—14n

1 1 1

=ap+—— — 4+ (=)
q0q91  q192 An—19n

for all n > 1 by induction.

(3.4)

(3.5)

(3.6)

(3.7)

(3.8)
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This shows that an infinite continued fraction is not just a formal object,
it in fact converges to a real number. Namely,

u = [ag; a1, as,...] = lim [ag;a,...,a,]
. Pn — (_1)n+1
= lim — =ag+ - 3.10
n—00 ({p n;l qn—14n ( )

is always convergent (indeed, is absolutely convergent) by the inequality ([B.0]).
Moreover, an immediate consequence of equation (BI0) and equation (B.) is
a sequence of inequalities describing how the continued fraction converges:
if a,, € N for n > 1 then
@<12<...<pﬂ<...<u<...<%<...<p_3<&' (311)
do a2 q2n d2m+1 q3 T
We say that [ag; a1, ...] is the continued fraction expansion for uw. The name
suggests that the expansion is (almost) unique and that it always exists. We
will see that in fact any irrational number v has a continued fraction expan-
sion, and that it is unique (Lemmas and B.4]).
The rational numbers 22 are called the convergents of the continued frac-
tion for v and they providenvery rapid rational approximations to u. Indeed,

n 1 1
u—p——(—l)"{ - foe (3.12)
an ndn+1  n+14n+2
so by equation ([F3) we have®?)
n 1
u— o . (3.13)
an Anqn+1
By equation (34 we deduce that
n 1 1
‘u b - < (3.14)
an An+19n an

Recall from Section that we write

t) = min |t —
{t) 1;16% ql

for the distance from ¢ to the nearest integer. The inequality (B.I4]) gives one
explanatiorﬂ for the comment made on p. using the fact that any irrational
has a continued fraction expansion, it follows that for any real number u, there
is a sequence (g,,) with ¢, — oo such that g, {g,u) < 1.

* This can also be seen more directly as a consequence of the Dirichlet principle

(see Exercise B1.3]).
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Lemma 3.2. Let a, € N for all n > 0. Then the limit in equation (3I0) is
irrational.

PROOF. Suppose that u = ¢ € Q. Then, by equation (.14,

b
< —.

~
An+19n qn

lgna — bpy| <

Since ¢, — oo by the inequality (3:6]) and ¢,a — bp,, € Z we see that
gna —bp, =0

and hence u = § = 2= for large enough n. However, by Lemma BTl p, and g,
are coprime, so this contradicts the fact that ¢, — oo as n — oo. Thus u is
irrational. O

The continued fraction convergents to a given irrational not only provide
good rational approximants. In fact, they provide optimal rational approxi-
mants in the following sense (see Exercise BI7).

Proposition 3.3. Let u = [ag;a1,...] € RNQ as in equation BI0). For
any n > 1 and p,q with 0 < q¢ < qp, if% #+ %, then

|Pn — gnu| < |p — qul.

In particular,

Pn
— —u

dn

<‘2—?—u.
q

PRrROOF. Note that |p, — ¢uu| < |p — qu| and 0 < ¢ < g, together imply that

1

q

an

an

q

N
|

pn‘
u

p‘l‘p
u

giving the second statement of the proposition. It is enough therefore to prove
the first inequality. Recall from equation (3I3) that

Dn 1
u— 2
) qndn+1
and )
‘u Y 2 .
n+1 qn+19n+2

By the alternating behavior of the convergents in equation ([B.I1]), each of the
three bracketed expressions in the identity

(u_&> _ (MJE) _ (u_u>
dn dn+1 dn qn+1
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is positive (if n is even) or negative (if n is odd). It follows that

} Pn Pn+1 Pn Pn+1 }
U——|=|———| - |— —u
dn gn+1 Adn gn+1
SO
y_Pn 1 _ n42 —Gn _ Gng2
an dndn+1  4n+14n+2 Andn+14n+2 Andn+2

by equations (34) and BI4). It follows that

< |pn - Qnu| <
qn+2 qn+1

forn>1.
By the inequalities (315,

lgnu — pn| < < |gn—1u — pn_1]

dn+1

(3.15)

so we may assume that ¢,—1 < ¢ < gy, (if not, use downwards induction on n).

If ¢ = gn, then |% — §| > qi, while

1 1
g a9
Anqn+1 2¢n

——u‘<

since ¢n4+1 = 2 for all n > 1. Therefore,

and so |gu — pn| < |qu — p|.
Assume now that ¢,—1 < ¢ < ¢, and write

(o) )= ()

so that a,b € Z by equation [B.8)). Clearly ab # 0 since otherwise ¢ = g,—1
or ¢ = qn. Now q = agyn, + bgn—1 < qn, so ab < 0; by equation (BII) we
also know that p, — ¢,u and p,_1 — gn—1u are of opposite signs. It follows
that a(p, — ¢nu) and b(p,—1 — ¢n—1u) are of the same sign, so the fact that

P —qu = a(p, — ) + b(Pp—1 — qn—1u)

implies that
lp — qu| > [pp—1— gn-1u[ > |pn — gnul

as required.

O

We end this section with the uniqueness of the continued fraction expan-

sion.
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Lemma 3.4. The map that sends the sequence
(ag,a1,...) € Ng x NN
to the limit in equation BI0) is injective.
PROOF. Let u = (ag,a1,...) € Ng x NY be given. Then it is clear that
u = [ag;ay,...]

is positive. Applying this to (a1, az,...) and the inductive relation

1

u=ao+ [a1;az,...]

we see that

u € (ap,ap + a—ll) C (ag,ap + 1).

It follows that w uniquely determines ag. Using the inductive relation again,
we have

1
)
u — ap

[a1;a2,...]=

which by the argument above shows that u uniquely determines a;. Iterat-
ing the procedure shows that all the terms in the continued fraction can be
reconstructed from wu. (]

The argument used in the proof of Lemma [3.4] also suggests a way to find
the continued fraction expansion of a given irrational number v € RNQ. This
will be pursued further in the next section.

Exercises for Section B.1]

Exercise 3.1.1. Show that any positive rational number has exactly two con-
tinued fraction expansions, both of which are finite.

Exercise 3.1.2. Show that a continued fraction in which some of the digits
are allowed to be zero (but that is not allowed to end with infinitely many
zeros) can always be rewritten with digits in N.

Exercise 3.1.3. [Dirichlet principle] For a given u € R and n > 1 consider
the points 0,u,2u,...,nu (mod 1) as elements of the circle T. Show that
for some k, 0 < k < n we have (ku) < %, and deduce that there exists a
sequence ¢, — 0o with g, {g,u) < 1.

Exercise 3.1.4. Extend Proposition in the following way. Given u as in
equation (B.I0), and the nth convergent 2=, the (n + 1)th convergent Z"E
is characterized by being the ratio of the unique pair of positive inte-

gers (Pnt1, gn+1) for which [py 11 —gny1u| < |pn—¢gnu| and for which ¢,+1 > ¢,
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is minimal. Notice that the same cannot be said when using the expres-
u — Bn

n

which case the first approximation is not %

sion

, as becomes clear in the case where u > % is very close to %, in

Exercise 3.1.5. Let u = [ao;ay, . ..] with convergents £=. Show that

1 1
< |pn - Qnu| < .
2qn 11 Gn+1

3.2 The Continued Fraction Map and the Gauss Measure

Let Y = [0,1]NQ, and define a map T : Y — Y by

-1 - |5

T

where |t] denotes the greatest integer less than or equal to ¢. Thus T'(x) is
the fractional part {%} of % The graph of this so-called continued fraction
or Gauss map is shown in Figure Bl

0.8
0.6
0.4

0.2

0.2 0.4 0.6 0.8 1

Fig. 3.1. The Gauss map.

Gauss observed in 1845 that T preserves(*?) the probability measure given

by
1 1
A) = 4
ui4) 1og2/Al+a: “

by showing that the Lebesgue measure of 7~"I converges to u(l) for each
interval I.
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This map will be studied via a geometric model (for its invertible ex-
tension) in Chapter [& in this section we assemble some basic facts from an
elementary point of view, showing that the Gauss measure is T-invariant and
ergodic. Since the measure defined in Lemma is non-atomic, we may ex-
tend the map to include the points 0 and 1 in any way without affecting the
measurable structure of the system.

Lemma 3.5. The continued fraction map T'(z) = {%} on (0,1) preserves the
Gauss measure i given by

1 1
uid) = log2/A 1—|—xdx

for any Borel measurable set A C [0, 1].

A geometric and less formal proof of this will be given on page [07 using
basic properties of the invertible extension of the continued fraction map in
Proposition [3.15]

PROOF OF LEMMA It is sufficient to show that p (7710, s]) = ([0, s])
for every s > 0. Clearly

s+n’ n}

T710,s] = {2 |0 < :|i|[

is a disjoint union. It follows that

1/n

p(T7H0,5]) = Tog2 Z/l/ o) 1+:v d
_ L Z(log(l—l—n) log(1 + S+n))
1

log 2 =
1 «— .
= o2 ngl (log(l +2) —log(1+ n+1)) (3.16)
- /S/" 1
= dz
log 2 ,;1 s/(nt1) L+
=1 ([0,5])

completing the proof. The identity used in equation ([BI0) amounts to

1+§ 1+l

1+

s+n

which may be seen by multiplying numerator and denominator of the left-

hand side by Zii, and the interchange of integral and sum is justified by

absolute convergence. O
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Thus Lemma shows that ([0, 1], Bio,11, u,T) is a measure-preserving
system.

Define for z € Y = [0,1]NQ and n > 1 the sequence of natural num-
bers (a,) = (an(z)) by

1 1
<T" Yz) < —, 3.17
o (@) < (3.17)
or equivalently by
1
o) = | ez | € (3.18)

For any sequence (an)n>1 of natural numbers we define the continued
fraction [aq, as,...] just as in equation (BI) with ag = 0.

Lemma 3.6. For any irrational x € [0,1]NQ the sequence (a,(x)) defined in
equation [BI8)) gives the digits of the continued fraction expansion to x. That
18,

z = lai(z), az(z),...].

PROOF. Define a,, = a,(z) and let u = [a1,as,...]| be the limit as in equa-
tion (BI0) with ap = 0. By equation (BI1) we have

pn o P2ntl

q2n Q2n+1

and by equation ([B.8)) and the inequality (B:6) we have

P+l P2n _ 1 1
@+l Gn @nQen-1 | 22772
We now show by induction that
b2 Pon+1
[al,...,azn]qu—n<x<ﬁ=[a1,...,a2n+1], (319)
n n

which together with the above shows that u = x.
Recall that 22 = 0 and 2* = L 50 equation ([319) holds for n = 0 because
q0 q1 ai
of the definition of a; in equation ([BI8]). Now assume that the inequality (3:19)
holds for a given n and all « € [0,1]. In particular, we may apply it to T'(x)
to get

[CLQ, AR a2n+1] < T(I) < [(1,2, AR a2n+2]-

Since T'(z) = L — a1 we get

1
ai +lag, ..., a2p41] < > < ay + [ag, ..., azm42]

and therefore
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1

ai + [ag, ..., a2, 2]

lat, ..., azn42] = <uz,

1

ar + lag, ..., 2,41

xr < ]:[al,...,a2n+1]

as required. 0

This gives a description of the continued fraction map as a shift map: the
list of digits in the continued fraction expansion of x € [0, 1]NQ defines a
unique element of NV, and the diagram

N 2 . NV

! !

(0,1) — (0,1)

commutes, where o is the left shift and the vertical map sends a sequence of
digits (an)n>1 to the real irrational number defined by the continued fraction
expansion.

In Corollary B8 we will draw some easy consequences*!) of ergodicity for
the Gauss measure 1 in terms of properties of the continued fraction expansion

for almost every real number. Given a continued fraction expansion, recall that
Pn(x)

the convergents are the terms of the sequence of rationals . @ in lowest terms
defined by
po(z) 1
an(2) ar + : 1
ag + 71
az + -+ —

2%

Theorem 3.7. The continued fraction map T(z) = {2} on (0,1) is ergodic
with respect to the Gauss measure (.

Before proving this(*?) we develop some more of the basic identities for
continued fractions. Given a continued fraction expansion u = [ag;aq,...] of
an irrational number u, we write u, = [an;anyt1,...] for the nth tail of the
expansion. By Lemma [B.1] applied twice, we have

Pnt+k) _ [ G0 1 o A4k 1 1
Gntk)  \ 10 1 0/)\o
_ [ Pn Pn—-1 Gn41 1 [ Ontk 1 1
B qn qn—1 1 0 1 0 0/

Writing pg (tn+1) and gg (un+1) for the numerator and denominator of the kth
convergents to u,+1, we can apply Lemma 3] again to deduce that
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(pn-i-k) _ (pn pn—l) (pk—l(un—i-l) pk—2(un+1)> <1)
Gn+k dn n—-1) \Qr—1(tnt1) qe—2(tnt1)) \0)’

SO
Pr—1(Un1)
Pn+k Dn qr—1(un+1) T Pn-1
T Pr—1(unya) ’

which gives
w— DPnlUn4+1 + Pn—1
GnUn+1 + Gn—1
in the limit as k — oo. Notice that the above formulas are derived for a general
positive irrational number u. If u = [a1,...] € (0,1), then u,+1 = (T™(u))~!
so that

(3.20)

w— DPn +pn—1T"(U)
an + qn71T”(u)

PrOOF OF THEOREM [B.7. The description of the continued fraction map as
a shift on the space NY described above suggests the method of proof: the
measure j corresponds to a rather complicated measure on the shift space,
but if we can control the measure of cylinder sets (and their intersections) well
enough then we may prove ergodicity along the lines of the proof of ergodicity
for Bernoulli shifts in Proposition2.15l For two expressions f, g we write f < ¢
to mean that there are absolute constants Cy,Cs > 0 such that

Cif <g<Cof.

(3.21)

Given a vector a = (a1, ...,a,) € N" of length |a| = n, define a set
I(a) = {[z1,22,...] | i = a; for 1 <i < n}

(which may be thought of as an interval in (0, 1), or as a cylinder set in N).
The main step towards the proof of the theorem is to show that

p (T"AN (@) = p(A)p(I(a)) (3.22)

for any measurable set A. Notice that for the proof of equation [B22)) it is
sufficient to show it for any interval A = [d, e]; the case of a general Borel
set then follows by a standard approximation argument (the set of Borel sets
satisfying equation ([B.22]) with a fixed choice of constants is easily seen to be
a monotone class, so Theorem [A4] may be applied.)

Now define £2 = [ay, ..., a,] and z:j = [a1,...,an—1]). Then u € I(a)
if and only if u = [a1,...,an, an+1(u),...], and so uw € I(a) N T "A if and
only if u can be written as in equation B2I), with T™(u) € A = [d,€].
As T™ restricted to I(a) is continuous and monotone (increasing if n is even,
and decreasing if n is odd), it follows that I(a) N T~ "A is an interval with
endpoints given by

Pn +pn—1d
dn + Qn—ld
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and
DPn + Pn-1€
Gn + Gn—1€
Thus the Lebesgue measure of I(a) N T "A,

Pn +Pn—1d  Pn+pp-i€
qn + qn-1d  Gn + qn-1€

)

expands to

‘ (pn +pn—1d)(qn + Qn—le) — (pn +pn—1e)(qn + Qn—ld) ‘
(Qn =+ qnfld)(Qn + anle)
Prin—1€ + Pn—1¢nd — Pngn—1d — Pn—_1Gne
(Qn + Qn—ld)(Qn + Qn—le)
(6 _ d) |ann71 _pnflqn| _ ( _ ) 1
(Qn+Qn—le)(Qn+Qn—lf) (Qn+Qn—le)(Qn+Qn—lf)
by equation (B8]). On the other hand, the Lebesgue measure of I(a) is

Pn_ PntDPnoi| _ [Pagn-1 —Pnadn| _ 1 (3.23)
Gn  Gntqn—1 Gn(Gn + Gn-1) Gn(Gn + Gn-1)
again by equation (B8], which implies that
_ Qn(Qn + qn—l)
m(I(a)NT "A) =m(A)m(I(a
(I(a) ) = m(A)m(I(a)) RS T P—
= m(A)ym(I(a)), (3.24)

where m denotes Lebesgue measure on (0,1). Next notice that

m(B)
log 2

m(B)
< u(B) <
2log?2 H(B)

for any Borel set B C (0, 1), which together with equation ([B.24]) gives equa-

tion ([3.22).
Now assume that A C (0, 1) is a Borel set with T71A = A. For such a set,
the estimate in equation (322 reads as

pANI(@)) = p(A)p(a))

for any interval I(a) defined by a = (a1, ...,a,) € N™ and any n. However,
for a fixed n the intervals I(a) partition (0,1) (as a varies in N™), and by

equation (3:23)
1

dn (Qn + Qn—l)

L oy @),

diam(I(a)) =

<

[\
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so the lengths of the sets in this partition shrink to zero uniformly as n — oc.
Therefore, the intervals I(a) generate the Borel o-algebra, and so

1(ANB) = p(A)u(B)

for any Borel subset B C (0,1) (again by Theorem[A.4]). We apply this to the
set B = (0,1)NA and obtain 0 < p(A)u(B), which shows that either pu(A) =0
or u((0,1)NA) = 0, as needed. O

We will use the ergodicity of the Gauss map in Corollary to deduce
statements about the digits of the continued fraction expansion of a typical
real number. Just as Borel’s normal number theorem (Example [[2) gives
precise statistical information about the decimal expansion of almost every
real number, ergodicity of the Gauss map gives precise statistical information
about the continued fraction digits of almost every real number. Of course
the form of the conclusion is necessarily different. For example, since there
are infinitely many different digits in the continued fraction expansion, they
cannot all occur with equal frequency, and equation (B:28) makes precise the
way in which small digits occur more frequently than large ones. We also
obtain information on the geometric and arithmetic mean of the digits a,
in equations ([B26) and (B27), the growth rate of the denominators g, in
equation ([328), and the rate at which the convergents —: approximate a
typical real number in equation (B.29]).

In particular, equations (328) and ([B29) together say that the digit a,4+1
appearing in the estimate (BI4) does not affect the logarithmic rate of ap-
proximation of an irrational by the continued fraction partial quotients sig-
nificantly.

Corollary 3.8. For almost every real number x = [ay,az,...] € (0,1), the
digit j appears in the continued fraction with density

2log(1 +j) — logj — log(2 + j)

3.25
Tog 2 ; (3.25)
oo loga/ log 2
. n (a+1
nh_}ngo (aras ... 1/ — 1;[ ( @ +; ) , (3.26)
1
lim - (ay +as+ -+ ap,) = o0, (3.27)
. 1 w2
Jim = log gn () = log2’ (3.28)
and (2) )
. 1 Pn{T ™
lim —1 — — . 3.29
noson8|" an () 6log2 (8.29)
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ProoFr. The digit j appears in the first N digits with frequency

1, . . . i
il < Ny = j} = I i < N T € (7, Y

1 /1/3’ 1
— —dy
10g2 1/(j+1) 1+y
~ 2log(1+j) —logj —log(2+ j)
N log 2

which proves equation ([3:23]).
Define a function f on (0,1) by f(z) =loga for = € ( ! %) Then

a+1?
/1f(x)d:v— OOE L loga
0 _a:1 a a+1 &

1
< Z;loga<oo,
a=1

S0 fol fdp < oo also, since the density % = m is bounded on [0, 1]. By

the pointwise ergodic theorem (Theorem 230) we therefore have, for almost
every ,
1 n—1 1 n—1 )
P> togay =1 > (1) — [ fa)d
3=0 3=0
This shows equation (28] since
1 0 1/a
loga 1
fdu= / dz.
/0 ; log2 J1/(14a) L+

Now consider the function g(z) = e/®) (so g(z) = a; is the first digit in the
continued fraction expansion of x). We have

Lt ot = L5 i)
n 1 n—nj g )

Il
=]

but the pointwise ergodic theorem cannot be applied to g since fol gdp = o0
(the result needed is Exercise 2.6.5]2); the argument here shows how to do
this exercise). However, for any fixed N the truncated function

_Jg(@) ifg(z) < N;
gn () = {O if not

is in L}L since
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gy dp = / adx = .
log 2 = J1/(at1) log 2 —a+l
Notice that fol gy dp — oo as N — oo. By the ergodic theorem,
1 n—1 ) 1 n—1 )
liminf =% g(T'e) > lim =% g(T7z)
7=0 7=0
1
= / gn dp — 00
0

as N — oo, showing equation (327).

The proofs of [B.28) and [B.26) were straightforward applications of the
ergodic theorem, and ([B21) only required a simple extension to measurable
functions. Proving (B:28)) and ([3:29) takes a little more effort.

First notice that

D () _ 1
Gn(x) ay + [ag, ..., a]
- 1
- Pn— (T:b)
a1+ T
qn—l(Tx)

 pn-1(Tz) + gno1 (Tx)ar’

80 pp(x) = gn—1(Tx) since the convergents are in lowest terms. Recall that
we always have p; = qo = 1. It follows that

L pulz) i pn—1(Tz) L (T 'z)

an(x) (@) gu1(Tz) (T 'z)’

SO
n—1 :
1 1 pn—'(T]‘T)
—Zloggn(z) == log |22
~logg (z) - ;:O og{ }

Let h(z) =logz (so h € L},). Then

n—1 n—1 .
1 1 ; 1 ' pn—j(17x)
g gn(@) = = S A(T2) == S |log(TVz) — log ( Pr=i ")
020, (0) = % 3 (170) 1 3 [log(ra) — log (=0 )|
7=0 7=0 P
Sn Ry,

gives a splitting of —% log g, (z) into an ergodic average S,, = A} and a re-
mainder term R,,. By the ergodic theorem,

1 2
lim L, — 1 / g qpo ™
n—oo 1, log2 Jy 14z 121og2
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To complete the proof of equation ([B28), we need to show that an — 0
as n — oo. This will follow from the observation that %

approximation to T7x if (n — j) is large enough. Recall from equations (B.7)

and (3.0 that

is a good

Pk = 2(k_2)/27 qk = 2(k_1)/27
s0, by using the inequality (313),

T ’ qk
1l =2k
Pr/qx Dk

1 1

Pk
< 2k—1 :

qk

kakJrl

By using this together with the fact that |logu| < 2|u—1| whenever u € [$, 3]
(which applies in the sum below with j < n — 2), we get

|Rn| < Z

7=0

22

Tix

lo
& on(T92) gy (T7)

1’ T 1g
Pn—j(T7x /qn j(Tz) pi(T"ta)/qu (T 1)

Ty Upn

+ |log

Now

for all n. For the second term, notice that
Uy = |log [(T"'z) a1 (T '2)]],
and by the inequality (3I7) we have
1> (T ') ar (T ) > % >3
since a; (T 'x) > 1. Therefore,
|log [(T" ') ay (T 'z)] | < log2,

which completes the proof that
1
—R, —0
n

as n — oo, and hence shows equation ([B.28]).
Equation [329) follows from equation (B2]), since from the inequali-

ties (313) and BIH) we have

Pn
r— —
n

log gn + 10g gn+1 < — log < loggn +1og qna.
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Exercises for Section

Exercise 3.2.1. Use the idea in the proof of equation [BZ1) to extend the
pointwise ergodic theorem (Theorem 230) to the case of a measurable func-
tion f > 0 with [, fdu = co without the assumption of ergodicity.

Exercise 3.2.2. Show that the map from NY to [0, 1]NQ that sends (a1, az, ... )
to [a1,az,...] is a homeomorphism with respect to the discrete topology on N
and the product topology on NN,

Exercise 3.2.3. Let p = (p1,p2,...) be an infinite probability vector (this
means that p; > 0 for all 4, and ), p; = 1). Show that p gives rise to a o-
invariant and ergodic probability measure p" on NV,

Exercise 3.2.4. Let ¢ : N¥ — (0,1)~Q be the map discussed on page 83} and
let 1 be the Gauss measure on [0, 1]. Show that ¢!y is not of the form p"
for any infinite probability vector p.

3.3 Badly Approximable Numbers

While Corollary gives precise information about the behavior of typical
real numbers, it does not say anything about the behavior of all real numbers.
In this section we discuss a special class of real numbers that behave very
differently to typical real numbers.

Definition 3.9. A real number u = [a1,az,...] € (0,1) is called badly ap-
proximable if there is some bound M with the property that an, < M for
alln>1.

Clearly a badly approximable number cannot satisfy equation (B27). It
follows that the set of all badly approximable numbers in (0,1) is a null
set with respect to the Gauss measure, and hence is a null set with respect
to Lebesgue measure(*?). The next result explains the terminology: badly
approximable numbers cannot be approximated very well by rationals.

Proposition 3.10. A number u € (0,1) is badly approzimable if and only if
there exists some € > 0 with the property that

>€
> —
q2

u—=
q

:
for all rational numbers %.

PRrROOF. If u is badly approximable, then equation ([B4]) shows that

Gny1 < (M +1)q,
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for all n > 0. For any ¢ there is some n with ¢ € (¢,—1, ¢n], and by Proposi-
tion and equation (315 we therefore have

p Pn 1 1
= —u| > | —ul > >
‘ q ‘ qn qndn+2 (M + 1)4q2
as required.
Conversely, if
T
q q

for all rational numbers § then, in particular,

1
dndn+1

)

ayn dn

by equation (BI3). This implies that

1
Gn+19n < Gn+1qn T qn—1 = Gn+1 < EQna

SO Gpt1 < % for all n > 1. O
Ezample 3.11. Notice that \/52_1 = ‘/5;1 € (1,2) and @ -1= @ It
follows that if

ool 1

= lai,as,...
2 1,42,

then a; + [ag,as,...] € (1,2), so a; = 1, and hence

Vh+1 V-1

[ag,a3,...]= B —1= 5 :[al,ag,...].

We deduce by the uniqueness of the continued fraction digits that

—1
\/572[171517"']5

V51
2

SO is badly approximable.

Indeed, the specific number in Example[3I1]is, in a precise sense, the most
badly approximable real number in (0,1). In the next section we generalize
this example to show that all quadratic irrationals are badly approximable.

3.3.1 Lagrange’s Theorem

The periodicity of the continued fraction expansion seen in Example B.11]is a
general property of quadratics. A real number w is called a quadratic irrational
if u ¢ Q and there are integers a, b, ¢ with au® + bu+ ¢ = 0. Notice that u is a
quadratic irrational if and only if Q(u) is a subfield of R of degree 2 over Q.
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Definition 3.12. A continued fraction [ag;aq,...| is eventually periodic if
there are numbers N > 0 and k > 1 with aprr = ay, for alln > N. Such a
continued fraction will be written

[ao;al,...,aN,l,aN,...,aNJrk].

The main result describing the special properties of quadratic irrationals
is Lagrange’s Theorem [218] Sect. 34].

Theorem 3.13 (Lagrange). Let u be an irrational positive real number.
Then the continued fraction expansion of u is eventually periodic if and only
if u is a quadratic irrational.

PROOF. Assume first that « = [ag; ag, .- ., ax) has a strictly periodic continued
fraction expansion, so that ug41 = ug = u. Thus

i + Pr—1
UQk + qr—1

by equation [B20), so
wq +u(ge—1 — pr) — pr—1 =0

and u is a quadratic irrational (u cannot be rational, since it has an infinite
continued fraction; alternatively notice that the quadratic equation satisfied
by u has discriminant (qx—1 — pr)? + 4qpr—1 = (qr—1 + pr)? — 4(—1)’“ by
equation (3:8)), so cannot be a square).

Now assume that

u = [ao;...,(LN_l,aN,...7aN+k].

Then, by equation (3.20),

_ |anTaNy1, - aNyEIPN-1 + DN -2
[@NTaNTT, - aN+R)gN-1 + qN—2
50 Q(u) = Q([an;an+1,---,an+k)), and therefore u is a quadratic irrational.

The converse is more involved**) . Assume now that u is a quadratic irra-
tional, with
fo(u) = agu® + Bou +v0 = 0

for some g, Bp,vo € Z and § = 6(2) — 4ap7yo not a square. We claim that for
each n > 0 there is a polynomial

fn(z) = anxz + Bn +n

with
5721 —dap v, =90
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and with the property that f,(u,) = 0. This claim again follows from the
fact that Q(u) = Q(uy), but we will need specific properties of the num-
bers ay,, By, Yn, s0 we proceed by induction.

Assume such a polynomial exists for some n > 0. Since u,, = a,, + —

)

Un 41

we therefore have )

ugﬂrlfn (an + > =0.

Un+1
The resulting relation for u, 41 may be written in the form
fn-i-l(x) = O‘n-i-l*fc2 + Bn12 + Yyt

where

Unt1 = a?la”l + anﬁn + Vn,

Bni1 = 2anay, + Ba, (3.30)

Ynt1 = Q- (3.31)

It is clear that a1, Bn+1, Ynt1 € Z, and a simple calculation shows that

672;4-1 — 4o 1Yyl = 5721 — 4o Yn,

proving the claim.

Notice that all the polynomials f,, have the same discriminant §, which
is not a square, so «, # 0 for n > 0. If there is some N with «,, > 0
for all n > N, then equation ([B.30) shows that the sequence Oy, Bni1,-.. is
increasing since a,, > 0 for n > 1. Thus for large enough n, by equation (B31)),
all three of a,, B, and 7, are positive. This is impossible, since f,(u,) = 0
and u, > 0. A similar argument shows that there is no N with «,, < 0 for
all n > N. We deduce that «, must change in sign infinitely often, so in
particular there is an infinite set A C N with the property that a,,a,—1 <0
for all n € A. By equation ([B31l), it follows that a,7v, < 0 for all n € A.
Now 32 — 4ay,7y, = 6, so for n € A we must have

| < 36,

|Ba| < V3,

and

It follows that as n runs through the infinite set A there are only finitely many
possibilities for the polynomials f,,, so there must be some ng < n; < no
with fn, = fn, = fn,. Since a quadratic polynomial has only two zeros,
and Uy, Un, , Un, are all zeros of the same polynomial, we see that two of

them coincide so the continued fraction expansion of u is eventually periodic.
O
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Corollary 3.14. Any quadratic irrational is badly approzimable.

PROOF. This is an immediate consequence of Theorem [3.13]and Definition 3.9
O

It is not known if any other algebraic numbers are badly approximable.

Exercises for Section

Exercise 3.3.1. ) Show that Q(v/5) contains infinitely many elements
with a uniform bound on their partial quotients, by checking that the
numbers [15+1,4,2 1% 3] for k > 0 all lie in Q(v/5) (here 1* denotes the
string 1,1,...,1 of length k). Can you find a similar pattern in any real
quadratic field Q(v/d)?

Exercise 3.3.2. A number u € (0, 1) is called very well approximable if there
is some § > 0 with the property that there are infinitely many rational num-

bers % with ged(p, ¢) = 1 for which

P 1
’u_al < 2o

(a) Show that u is very well approximable if and only if there is some € > 0
with the property that a,+1 > ¢ for infinitely many values of n.
(b) Show that for any very well approximable number the convergence in

equation (3:28) fails.

Exercise 3.3.3. Prove Liouville’s Theorem(*9): if v is a real algebraic number
of degree d > 2, then there is some constant ¢(u) > 0 with the property that

for any rational number %.

Exercise 3.3.4. Use Liouville’s Theorem from Exercise to show that
the number
oo
u = Z 10"
n=1
is transcendental (that is, u is not a zero of any integral polynomial)

(a7).

Exercise 3.3.5. Prove that the theorem of Margulis from p.[I2] does not hold
for quadratic forms in 2 variables.
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3.4 Invertible Extension of the Continued Fraction Map

We are interested in finding a geometrically convenient invertible extension
of the non-invertible map T, and in Section [0.6] will re-prove the ergodicity of
the Gauss measure in that context.

Define a set 1

1+ y}
(this set is illustrated in Figure B2)) and a map T : Y — Y by

Y ={(y.2)€[0,1)*|0< 2 <

T(y,z) = (Ty,y(1 - yz)).
The map T will also be called the Gauss map.

Proposition 3.15. The map T : Y — Y is an area-preserving bijection off
a null set. More precisely, there is a countable union N of lines and curves
in' Y with the property that T|WN : YNN — YN s a bijection preserving
the Lebesgue measure.

PROOF. The derivative of the map T is

_y% 0
1—2yz —y? )’

with determinant 1. It follows that T preserves area locally. To see that the
map is a bijection, define regions A,, and B, in Y by

— 1 1
n — s Y| —— —
A {(y,2) € |n 1<y<n}

and

— 1
B, = Z2)EY | —— <2 < and y > 0}.
{(y,2) |n+1+y , Y }

These sets are shown in Figure Both
{4, |n=1,2,...}

and
{Bn|n=1,2,...}

define partitions of Y after removing countably many vertical lines (or curves
in the case of {B,}). Since this is a Lebesgue null set, it is enough to show
that T|a, : A, — B, is a bijection for each n > 1, for then

T|Un>1An : U A, — U B,

n=1 n=1

is also a bijection, and we can take for the null set IV the set of all images and
pre-images of
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Az

B

Ay !
1
B> :
3

Y Y

0 3 3 1 0 1

Fig. 3.2. The Gauss map is a bijection between Y and Y, sending the subset A, CY
to the subset B,, C Y for each n > 1.

Notice that y > 0 and 0 < z < ﬁ implies that

y
0<yr<—2—,
STy
! <1 ) <1
1 s <1,
1+y 4
and y
oy —y2) <y 3.32
T+ y(l1—yz) <y (3.32)

If now (y,z) € A, for some n > 1 then y = #yl for T(y,z) = (y1,21) and
the inequality (8332) becomes
1 Y 1
= <z=y(l—-yz)<y= ,
v Ty vl <y=omm

so that (y1,21) € By, and therefore T(An) C B,,. To see that the restriction
to A, is a bijection, fix (y1,21) € By,. Then y = niyl is uniquely determined,
and the equation z; = y(1 — yz) then determines z uniquely. Clearly

c 1 1
y n+1'n

since y1 € (0, 1), and by reversing the argument above (or by a straightforward
calculation) we see that

Y 1
= <z < =
Tty ntltm  “ntym Y
implies 0 < z < ﬁ so that (y, z) € A4,. O

Lemma gives no indication of where the Gauss measure might have
came from. The invertible extension, which preserves Lebesgue measure, gives
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an alternative proof that the Gauss measure is invariant, and gives one expla-
nation of where it might come from.

SECOND PROOF OF LEMMA Let m: Y — Y be the projection
m(y,2) =y (3.33)
onto Y. The Gauss measure y on Y is the measure defined] by
u(B) = m(z~'B)

where m is the normalized Lebesgue measure on Y. Since T : Y — Y pre-

serves m by Proposition 315 and 7o T = T o, the measure j is T-invariant.
O

The projection map 7 : Y — Y defined in equation ([B.33) shows that T
on Y is an invertible extension of the non-invertible map 7 on Y.

Notes to Chapter 3

(38) (Page[Z3) The material in SectionBIlmay be found in many places; a convenient

source for the path followed here using matrices is a note of van der Poorten [295].
(39) (Page [T8)) In particular, we have Dirichlet’s theorem: for any u € R and @Q € N,
there exists a rational number £ with 0 < ¢ < Q and u — 2| < which can
also be seen via the pigeon-hole principle.

(49) (Page BO) A broad overview of continued fractions from an ergodic perspec-
tive may be found in the monograph of losifescu and Kraaikamp [I61]. Kraaikamp
and others have suggested ways in which Gauss could have arrived at this mea-
sure; see also Keane [I87]. Other approaches to the Gauss measure are described
in the book of Khinchin [191]. The ergodic approach to continued fractions has a
long history. Knopp [205] showed that the Gauss measure is ergodic (in different
language); Kuz'min [217] found results on the rate of mixing of the Gauss mea-
sure; Doeblin [71] showed ergodicity; Ryll-Nardzewski [327] also showed this (that
the Gauss measure is “indecomposable”) and used the ergodic theorem to deduce
results like equation (B3:26]). This had also been shown earlier by Khinchin [190].
Lévy [227] showed equation ([328), an implicitly ergodic result, in 1936 (using the
language of probability rather than ergodic theory).

(41)(Page [B3) These results are indeed easily seen given both the ergodic theorem
and the ergodicity of the Gauss map; their original proofs by other methods are not
easy. For other results on the continued fraction expansion from the ergodic per-
spective, see Cornfeld, Fomin and Sinal [60, Chap. 7] and from a number-theoretic
perspective, see Khinchin [191]. The limit in equation (28], approximately 2.685,
is known as Khinchin’s constant; the problem of estimating it numerically is con-
sidered by Bailey, Borwein and Crandall [14]. Little is known about its arithmetical
properties. The (exponential of the) constant appearing in equation ([3.28)) is usually
called the Khinchin—Lévy constant. Just as in Example [Z31] it is a quite different

_1
q(Q+1)°

* This construction of p from m is called the push-forward of m by .
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problem to exhibit any specific number that satisfies these almost everywhere re-
sults: Adler, Keane and Smorodinsky exhibit a normal number for the continued
fraction map in [2].

(42)(Page|E§I) This is proved here directly, using estimates for conditional measures
on cylinder sets; see Billingsley [31] for example. We will re-prove it in Proposi-
tion on p. BI8] using a geometrical argument.

(43)(Page [O0) Most of this section is devoted to quadratic irrationals, but it is
clear there are uncountably many badly approximable numbers; the survey of Shal-
lit [341] describes some of the many settings in which these numbers appear, gives
other families of such numbers, and has an extensive bibliography on these num-
bers (which are also called numbers of constant type). For example, Kmosek [203]
and Shallit [340] showed that if 2% k2" = [a{®, a$",...] then sup,, {ai?)} = 6
and supn>1{a£bk)} =n+2forn>3

(44)(Page 02) There are many ways to prove this; we follow the argument of
Steinig [354] here.

(45) (Page[@)) This remarkable uniformity in Definition B8 was shown by Woods [389]
for Q(v/5) and by Wilson [385] in general, who showed that any real quadratic
field Q(v/d) contains infinitely many numbers of the form [ar;az, ..., ax] with 1 <
an < My for all n > 1. McMullen lm] has explained these phenomena in terms of
closed geodesics; the connection between continued fractions and closed geodesics
will be developed in Chapter Bl Exercise B.3.1]shows that we may take M5 = 4, and
the question is raised in [259] of whether there is a tighter bound allowing My to be
taken equal to 2 for all d.

(49) (Page[@4)) Liouville’s Theorem [234], [236] (on Diophantine approximation; there
are several important results bearing his name) marked the start of an important
series of advances in Diophantine approximation, attempting to sharpen the lower
bound. These results may be summarized as follows. The statement that for any
algebraic number u of degree d there is a constant c(u) so that for all rationals p/q we
have [u—p/q| > c(u)/q*™ holds: for A(u) = d (Liouville 1844); for any A(u) > 3d+1
(Thue [362], 1909); for any A(u) > 2v/d (Siegel [344], 1921); for any A(u) > v2d
(Dyson [77], 1947); finally, and definitively, for any A(u) > 2 (Roth [320], 1955).

(47) (Page [@4)) This observation of Liouville [235] dates from 1844 and seems to be
the earliest construction of a transcendental number; in 1874 Cantor [47] used set
theory to show that the set of algebraic numbers is countable, deducing that there
are uncountably many transcendental real numbers (as pointed out by Herstein
and Kaplansky [I50] p. 238], and despite what is often taught, Cantor’s proof can
be used to exhibit many explicit transcendental numbers). In a different direction,
many important constants were shown to be transcendental. Examples include: e
(Hermite [149], 1873); 7 (Lindemann [232], 1882); o for a algebraic and not equal
to 0 or 1 and 8 algebraic and irrational (Gelfond [I13] and Schneider [335], 1934).
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Invariant Measures for Continuous Maps

One of the natural ways in which measure-preserving transformations arise
is from continuous maps on compact metric spaces. Let (X, d) be a compact
metric space, and let T': X — X be a continuous map. Recall that the dual
space C(X)* of continuous real functionals on the space C'(X) of continuous
functions X — R can be naturally identified with the space of finite signed
measures on X equipped with the weak*-topology. Our main interest is in
the space .#(X) of Borel probability measures on X. The main properties
of #(X) needed are described in Section [B.5l
Any continuous map 7 : X — X induces a continuous map

T.: M(X)— #(X)
defined by Ty (u)(A) = p(T~1A) for any Borel set A C X. Each point z € X
defines a measure 9, by

lifx € A;
6I(A)_{Oifx¢A.

We claim that T%(d;) = dp(,) for any o € X. To see this, let A C X be any
measurable set, and notice that

(T262) (A) = 6,(T "1 A) = 67z (A).

This suggests that we should think of the space of measures .Z(X) as gen-
eralized points, and the transformation T : #(X) — .#(X) as a natural
extension of the map T from the copy {5 | x € X} of X to the larger
set A (X).For f € C(X) and p € A (X

/deu /fonu,

and this property characterizes T, by equation (B-2) and Lemma

The map T, is continuous and affine, so the set .#7(X) of T-invariant
measures is a closed convex subset of . (X); in the next section*®) we will
see that it is always non-empty.
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4.1 Existence of Invariant Measures

The connection between ergodic theory and the dynamics of continuous maps
on compact metric spaces begins with the next result, which shows that in-
variant measures can always be found.

Theorem 4.1. Let T : X — X be a continuous map of a compact metric
space, and let (v,) be any sequence in A (X). Then any weak*-limit point of
the sequence (u,) defined by p, = %27701 T!v, is a member of 47 (X).

An immediate consequence is the following important general statement,
which shows that measure-preserving transformations are ubiquitous. It is
known as the Kryloff-Bogoliouboff Theorem [214].

Corollary 4.2 (Kryloff-Bogoliouboff). Under the hypotheses of Theo-
rem @I, #7(X) is non-empty.

PROOF. Since . (X)) is weak*-compact, the sequence (i, ) must have a limit
point. O
Write || f|loo = sup{|f(z)| | x € X} as usual.

PrOOF OF THEOREM ATl Let f1,(;) — p be a convergent subsequence of (i)
and let f € C'(X). Then, by applying the definition of Ty, we get

1 . .
‘/fonunu)‘/fd“n(j) () / o (FoT™ = foT') duyg,
i=0
1
= | (e ) ang
2
< @Ilflloo —0

asj — oo, for all f € C(X). It follows that [ foT'du = [ fdu,sopn € .47 (X)
by Lemma [B.121 O

Thus .#7(X) is a non-empty compact convex set, since convex combina-
tions of elements of .Z7 (X) belong to .#7(X). It follows that .#7(X) is an
infinite set unless it comprises a single element. For many maps it is difficult
to describe the space of invariant measures. The next example has very few
ergodic invariant measures, and we shall see later many maps that have only
one invariant measure.

Ezample 4.3 (North—-South map). Define the stereographic projection 7 from
the circle X = {z € C | |z —i] = 1} to the real axis by continuing the line
from 2i through a unique point on X{2i} until it meets the line J(z) = 0

(see Figure A.T]).
The “North—South” map T': X — X is defined by
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m(2)/2 7(2)

Fig. 4.1. The North-South map on the circle; for z # 2i, T"z — 0 as n — oo.

T(z) = {21_1 %fz—2?,
7 Y (n(z)/2) if z#2i
as shown in Figure ] Using Poincaré recurrence (Theorem 2.TT)) it is easy
to show that .#7 (X) comprises the measures pda; + (1 — p)do, p € [0,1] that
are supported on the two points 2i and 0. Only the measures corresponding
to p=0 and p = 1 are ergodic.

It is in general difficult to identify measures with specific properties, but
the ergodic measures are readily characterized in terms of the geometry of the
space of invariant measures.

Theorem 4.4. Let X be a compact metric space and let T : X — X be a
measurable map. The ergodic elements of .47 (X) are exactly the extreme

points of M7 (X).

That is, T is ergodic with respect to an invariant probability measure if
and only if that measure cannot be expressed as a strict convex combination
of two different T-invariant probability measures. For any measurable set A,
define u‘A by u’A(C) = pu(ANC). If T is not assumed to be continuous, then
we do not know that .Z7(X) # @, so without the assumption of continuity
Theorem [£4] may be true but vacuous (see Exercise L.IT).

ProOF OF THEOREM Al Let p € .#7(X) be a non-ergodic measure. Then

there is a measurable set B with u(B) € (0,1) and with T~ B = B. It follows

that
1 1

i) B

),LL|X\B € %T(X)a

SO
1

1= p(B) (ﬁml%;) + n(X>B) (m“|x\3>

expresses [ as a strict convex combination of the invariant probability mea-
sures
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1

HEMB

1

el

which are different since they give different measures to the set B.
Conversely, let © be an ergodic measure and assume that

and

w=sv1+ (1— s

expresses (4 as a strict convex combination of the invariant measures v and vs.
Since s > 0, v; < 4, so there is a positive function f € Lb (f is the Radon—

Nikodym derivative ‘il—’ﬁ; see Theorem [ATH) with the property that

Vl(A):/AfdM (4.1)

for any measurable set A. The set B = {z € X | f(z) < 1} is measurable
since f is measurable, and

[t [ fau=m)
BNT-1B BNT-1B
= (T7'B)

- / Fdut / fdu,
BNT-1B (T-1B)\B

l/ fdu=i/ fdp. (4.2)
B\T-1B (T-1B)B

By definition, f(z) < 1 for x € BN(T~!'B) while f(z) > 1 for # € T"'B\B.
On the other hand,

SO

W(T~ B)NB) = u(T~'B) — u((T~'B) 1 B)
= u(B) = u((T~'B) N B)
— u(B~T'B)
so equation (2] implies that u(B~T~'B) = 0 and u((T~*B)~B) = 0. There-

fore u((T~1B)AB) = 0, so by ergodicity of u we must have u(B) = 0 or 1.
If u(B) =1 then

() = [ fau<u(B) =1
s
which is impossible. So u(B) =0

A similar argument shows that u({z € X | f(z) > 1}) = 0,50 f(z) =1
almost everywhere with respect to u. By equation ([4.1]), this shows that
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V1 = W,

so u is an extreme point in .Z7(X). O

Write &7 (X) for the set of extreme points in .7 (X) — by Theorem 4]
this is the set of ergodic measures for 7.

Example 4.5. Let X = {1,...,7}* and let T : X — X be the left shift map.
In Example we defined for any probability vector p = (p1,...,p) a T-
invariant probability measure y = pp on X, and by Proposition 215 all these
measures are ergodic. Thus for this example the space &7 (X) of ergodic invari-
ant measures is uncountable. This collection of measures is an inconceivably
tiny subset of the set of all ergodic measures — there is no hope of describing
all of them.

Measures 1 and po are called mutually singular if there exist disjoint
measurable sets A and B with AU B = X for which u1(B) = p2(A) = 0 (see

Section [AZ4).

Lemma 4.6. If ju1, 2 € 7(X) and p1 # po then uy and po are mutually
singular.

PROOF. Let f € C(X) be chosen with [ fdus # [ fdus (such a function
exists by Theorem [B.T1]). Then by the ergodic theorem (Theorem 2:30)

M) = [ fdim (4.3)

for py-almost every x € X, and

Al (z) — /fduz

for po-almost every x € X. It follows that the set A = {x € X | (£3) holds}
is measurable and has 11 (A) = 1 but us(A) = 0. O

Some of the problems for this section make use of the topological analog
of Definition 2.7} which will be used later.

Definition 4.7. Let T : X — X and S :' Y — Y be continuous maps of
compact metric spaces (that is, topological dynamical systems). Then a home-
omorphism 6 : X — Y with 0 oT = S o0 is called a topological conjugacy,
and if there such a conjugacy then T and S are topologically conjugate. A
continuous surjective map ¢ : X — Y with poT = So¢ is called a topological
factor map, and in this case S is said to be a factor of T.
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Exercises for Section [4.7]

Exercise 4.1.1. Let X = {0, 1 [ n > 1} with the compact topology inherited
from the reals. Since X is countable, there is a bijection 6 : X — Z. Show
that the map 7' : X — X defined by T'(x) = 6-1(6(z) + 1) is measurable
with respect to the Borel g-algebra on X but has no invariant probability
measures.

Exercise 4.1.2. Show that a weak*-limit of ergodic measures need not be an
ergodic measure by the following steps. Start with a point = in the full 2-
shift o : X — X with the property that any finite block of symbols of length ¢
appears in z with asymptotic frequency 2% (such points certainly exist; indeed
the ergodic theorem says that almost every point with respect to the (1/2,1/2)
Bernoulli measure will do). Write (z1 ...2,0...0)% for the point y € {0,1}%
determined by the two conditions

y|[o,2n_1] =x1...2,0...0

and 02" (y) = y. Now for each n construct an ergodic o-invariant measure i,
supported on the orbit of the periodic point (1 ...z,0...0)> in which there
are n 0 symbols in every cycle of the periodic point under the shift. Show
that s, converges to some limit v and use Theorem [£4] to deduce that v is
not ergodic.

Exercise 4.1.3. For a continuous map 7' : X — X of a compact metric
space (X,d), define the invertible extension 7' : X — X as follows. Let

o X ={xeX?|apy =Taxy forall k € Z};
o (Tx)p =zpy forallk € Z and z € X;

with metric d(z,y) = ez 27 Fld (g, y). Write 7 X — X for the map
sending = to xg. Prove the following.

(1) Tis a homeomorphism of a compact metric space, and 7 : X > Xisa
topological factor map.

(2) If (Y, S) is any homeomorphism of a compact metric space with the prop-
erty that there is a topological factor map (Y,S) — (X, T), then (X,T)
is a topological factor of (Y, .5).

3) et T(X) = . #7(X).

4) 16T (X) = ET(X).

Exercise 4.1.4. Show that the ergodic Bernoulli measures discussed in Ex-
ample do not exhaust all ergodic measures for the full shift as follows.

(1) Show that any periodic orbit supports an ergodic measure which is not a
Bernoulli measure.

(2) Show that there are ergodic measures on the full shift that are neither
Bernoulli nor supported on a periodic orbit.
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Exercise 4.1.5. Give a different proof of Lemma using the Radon-
Nikodym derivative (Theorem [ATH) and the characterization of ergodicity
in terms of invariant functions (Theorem 214)).

Exercise 4.1.6. Give a different proof of Lemma G| using the Lebesgue de-
composition theorem (Theorem [A14]) instead of the pointwise ergodic theo-
rem.

Exercise 4.1.7. Prove that the ergodic measures for the map 15 : x — 2x
(mod 1) are dense in the space of all invariant measures.

4.2 Ergodic Decomposition

An important consequence of the fact that .# 7 (X) is a compact convex set
is that the Choquet representation theorem may be applied®® to it. This
generalizes the simple geometrical fact that in a finite-dimensional convex
simplex, every point is a unique convex combination of the extreme points, to
an infinite-dimensional result. In our setting, this gives a way to decompose
any invariant measure into ergodic components.

Theorem 4.8 (Ergodic decomposition). Let X be a compact metric space
and T : X — X a continuous map. Then for any p € AT (X) there is
a unique probability measure X defined on the Borel subsets of the compact
metric space 4T (X) with the properties that

() MET(X)) =1, and
(2) /deuz/gT(X) (/X fdl/> dA\(v) for any f € C(X).

PrOOF. This follows from Choquet’s theorem [55] (see also the notes of
Phelps [284]). A different proof will be given later (cf. p. [54), and a non-
trivial example may be seen in Example [4.13] O

In fact Choquet’s theorem is more general than we need: in our setting, X is
a compact metric space so C'(X) is separable, and hence .7 (X) is metrizable
(see equation (B3] for an explicit metric on . (X) built from a dense set of
continuous functions). The picture of the space of invariant measures given by
this result is similar to the familiar picture of a finite-dimensional simplex, but
in fact few continuous maps®®®) have a finite-dimensional space of invariant
measures. Indeed, as we have seen in Exercise[.1.2] the set of ergodic measures
is in general not a closed subset of the set of invariant measures.

We will see some non-trivial examples of ergodic decompositions in Sec-
tion The existence of the ergodic decomposition is one of the reasons
that ergodicity is such a powerful tool: any property that is preserved by
the integration in Theorem E§|(2) which holds for ergodic systems holds for
any measure-preserving transformation. A particularly striking case of this



106 4 Invariant Measures for Continuous Maps

general principle will come up in connection with the ergodic proof of Sze-
merédi’s theorem (see Section [.23]). There is no real topological analog of
this decomposition (see Exercises [1.2.3] and [1.2.4]).

Exercises for Section

Exercise 4.2.1. A homeomorphism 7 : X — X of a compact metric space
(a topological dynamical system or cascade) is called minimal if the only non-
empty closed T-invariant subset of X is X itself.

(a) Show that (X, T) is minimal if and only if the orbit of each point in X is
dense.

(b) Show that (X,T) is minimal if and only if |J
non-empty open set O C X.

(¢) Show that any topological dynamical system (X,T) has a minimal set:
that is, a closed T-invariant set A with the property that T : A — A is
minimal.

T"0O = X for every

nez

Exercise 4.2.2. Use Exercise .21fc) to prove Birkhoff’s recurrence theo-
rem®Y): every topological dynamical system (X,T) contains a point z for
which there is a sequence ny — oo with Tz — z as k — 0o. Such a point is
called recurrent under T

Exercise 4.2.3. Show that in general a topological dynamical system is not
a disjoint union of closed minimal subsystems.

Exercise 4.2.4. A homeomorphism 7" : X — X of a compact metric space is
called topologically ergodic if every closed proper T-invariant subset of X has
empty interior. Show that the following properties are equivalent:

e (X,T) is topologically ergodic;
e there is a point in X with a dense orbit;

e for any non-empty open sets O; and Oz in X, there is some n > 0 for
which 01 n TnOQ }é a.

Show that in general a topological dynamical system is not a disjoint union
of closed topologically ergodic subsystems.

Exercise 4.2.5. Let T : X — X be a continuous map on a compact metric
space. Show that the measures in &7 (X) constrain all the ergodic averages in
the following sense. For f € C(X), define

=t ()

M = u d .
(f) MeSgTrgX){/f u}

and
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Prove that

m(f) < lgnian{V(x) < limsup AL (x) < M(f)

N —o00

for any = € X.

4.3 Unique Ergodicity

A natural distinguished class of transformations are those for which there is
only one invariant Borel measure. This measure is automatically ergodic, and
the uniqueness of this measure has several powerful consequences.

Definition 4.9. Let X be a compact metric space and let T : X — X be a
continuous map. Then T is said to be uniquely ergodic if .# 7 (X) comprises
a single measure.

Theorem 4.10. For a continuous map T : X — X on a compact metric
space, the following properties are equivalent.

(1) T is uniquely ergodic.
(2) |ET(X)] =1.
(3) For every [ € C(X),

N—-1

AL =< D (1) — Oy, (4.4)

n=0

where C¢ is a constant independent of x.
(4) For every f € C(X), the convergence [A) is uniform across X.
(5) The convergence @A) holds for every f in a dense subset of C(X).

Under any of these assumptions, the constant Cy in (L) is fX fdu, where p
s the unique invariant measure.

We will make use of Theorem for the equivalence of (1) and (2); the
equivalence between (1) and (3)—(5) is independent of it.

PrROOF OF THEOREM [I0. (1) <= (2): If T is uniquely ergodic and p is
the only T-invariant probability measure on X, then p must be ergodic by
Theorem 4l If there is only one ergodic invariant probability measure on X,
then by Theorem [£.§] it is the only invariant probability measure on X.

(1) = (3): Let p be the unique invariant measure for 7', and apply
Theorem 1] to the constant sequence (0, ). Since there is only one possible
limit point and .# (X)) is compact, we must have

1 N-1
N Z 6T";E e M
n=0
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in the weak*-topology, so for any f € C(X)

N-1

1 mn
sz(T 3:)—>/de,u.

n=0

(3) = (1): Let p € .#7(X). Then by the dominated convergence
theorem, ([A4) implies that

N-1

. 1 ” A
[ fan= [ m 5 3 s an =

n=0

for all f € C(X). It follows that Cy is the integral of f with respect to any
measure in .Z 7 (X), so .#7(X) can only contain a single measure.

Notice that this also shows Cy = [ « Jdu for the unique measure p.

(1) = (4): Let p € .#"(X), and notice that we must have Cy = [ fdu
as above. If the convergence is not uniform, then there is a function g in C(X)
and an ¢ > 0 such that for every Ny there is an N > Ny and a point z; € X
for which

| Nl
N nzzo g(T"z;) — Cy| > .
Let puy = % Zg;ol drna,, SO that
‘/ gduny — Cy| > . (4.5)
X

By weak*-compactness the sequence (p) has a subsequence (MN(k)) with

UNk) —V

as k — o0. Then v € .#7 (X) by Theorem E] and

’/ gdv —Cy
X

by equation ([LEH). However, this shows that p # v, which contradicts (1).
(4) = (5): This is clear.
(5) = (1): If p,v € &T(X) then, just as in the proof that (3) = (1),

| rav=cy= [ ran

for any function f in a dense subset of C'(X), so v = u. O

> €

The equivalence of (1) and (3) in Theorem [.T0 appeared first in the paper
of Kryloff and Bogoliouboff [214] in the context of uniquely ergodic flows.
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Example 4.11. The circle rotation R, : T — T is uniquely ergodic if and only
if a is irrational. The unique invariant measure in this case is the Lebesgue
measure my. This may be proved using property (5) of Theorem[£10 (or using
property (1); see TheoremZI4)). Assume first that « is irrational, so e?™# = 1
only if k = 0. If f(t) = e*™** for some k € Z, then

1 Nl 1 Nl - ) 1 if £k =0;

_ f'(RZt) I 2™l t+no) _ 1 - e2miNka _ | .

N 7;0 N 7;) Ne2 " e2mika _ | if k ;’é 0.
(4.6)

Equation (48] shows that
N-1 .
1 " 1if k= 0;
N;)f(Rat)_’/fme_ {Oifk;éo.

By linearity, the same convergence will hold for any trigonometric polynomial,
and therefore property (5) of Theorem holds. For a curious application
of this result, see Example

If « is rational, then Lebesgue measure is invariant but not ergodic, so
there must be other invariant measures.

Example @T11] may be used to illustrate the ergodic decomposition of a
particularly simple dynamical system.

Ezample 4.12. Let X = {z € C | |z| =1 or 2}, let a be an irrational number,
and define a continuous map 7' : X — X by T(z) = e?™%z. By unique
ergodicity on each circle, any invariant measure u takes the form

p=smy + (1 —s)ma,

where m; and mo denote Lebesgue measures on the two circles comprising X.
Thus #7(X) = {sm1+ (1 —s)ma2 | s € [0, 1]}, with the two ergodic measures
given by the extreme points s = 0 and s = 1. The decomposition of u is
described by the measure v = $6,,, + (1 — 5)0s,,. A convenient notation for

this is p = f///T(X) mdv(m).

Ezxample 4.13. A more sophisticated version of Example is a rotation on
the disk. Let D = {z € C | |z| < 1}, let « be an irrational number, and
define a continuous map 7' : D — D by T(z) = e*™®z. For each r € (0, 1],
let m, denote the normalized Lebesgue measure on the circle {z € C | |z| = r}
and let mg = dp (these are the ergodic measures). Then the decomposition
of u € #7(X) is a measure v on {m,. | r € [0,1]}, and

w(A) = //ﬂ(x) m,(A)dv(m,).

Both Proposition 216l and Example [.11] are special cases of the following
more general result about unique ergodicity for rotations on compact groups.
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Theorem 4.14. Let X be a compact metrizable group and Ry(x) = gz the
rotation by a fized element g € X. Then the following are equivalent.

(1) Ry is uniquely ergodic (with the unique invariant measure being mx, the
Haar measure on X ).

(2) Ry is ergodic with respect to mx.

(3) The subgroup {g"™}nez generated by g is dense in X.

(4) X is abelian, and x(g) # 1 for any non-trivial character x € X.

PROOF. (1) = (2): This is clear.
(2) = (3): Let Y denote the closure of the subgroup generated by g.
If Y # X then there is a continuous non-constant function on X that is
constant on each coset of Y: in fact if d is a bi-invariant metric on X giving
the topology, then
dy () = min{d(z,y) |y € Y}

defines such a function (an invariant metric exists by Lemma [C.2)). Such a
function is invariant under R,, showing that R, is not ergodic.

(3) = (1): If Y = X then X is abelian (since it contains a dense abelian
subgroup), and any probability measure p invariant under R, is invariant
under translation by a dense subgroup. This implies that p is invariant under
translation by any y € X by the following argument. Let f € C(X) be
any continuous function, and fix € > 0. Then for every § > 0 there is some n
with d(y, g™) < 6, so by an appropriate choice of § we have |f(¢"x)—f(yx)| < €

for all z € X. Since
/ f(x) dp( / f(g"z) dp(x
it follows that
[ 1) aute) - [ ) ant

for all € > 0, so R, preserves j. Since this holds for all y € X, ;1 must be the
Haar measure. It follows that R, is uniquely ergodic.
(4) = (2): Assume now that X is abelian and x(g) # 1 for every non-

trivial character y € X. If f € L2(X) is invariant under R, then the Fourier

series
= E CXX

xG)A(

\ [ ) = 5(5)) duto)| <<

satisfies
f=Urf=>_ cxx(g)x
xG)A(
and so f is constant as required. R
(2) = (4): By (3) it follows that X is abelian. If now y € X is a
character with x(g) = 1, then
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X(Ryr) = x(9)x(z) = x(x)

is invariant, which by (2) implies that x is itself a constant almost everywhere
and so is trivial. O

Corollary 4.15. Let X = T, and let g = (a1, 9,...,a¢) € RE. Then the
toral rotation Ry : T¢ — T given by R,(z) = x + g is uniquely ergodic if and
only if 1,aq,...,ap are linearly independent over Q.

Theorems 219 and [£14] have been generalized to give characterizations of
ergodicity for affine maps on compact abelian groups by Hahn and Parry [I31]
and Parry [279], and on non-abelian groups by Chu [57].

Exercises for Section

Exercise 4.3.1. Prove that (3) = (1) in Theorem [{.14] using Pontryagin
duality.

Exercise 4.3.2. Show that a surjective homomorphism 7 : X — X of a
compact group X is uniquely ergodic if and only if | X| = 1.

Exercise 4.3.3. Extend Theorem [L14] by using the quotient space Y\ X of a
compact group X to classify the probability measures on X invariant under
the rotation Ry when Y # X.

Exercise 4.3.4. Show that for any Riemann-integrable function f: T — R
and ¢ > 0 there are trigonometric polynomials p~ and p™ such that

p (1) < f(t) <p™(t)

for all t € T, and fo —p~(t))dt < e. Use this to show that if o is
irrational then for any Rlemann—lntegrable function f: T — R,
| M-t
¥ 2 )~ [ am:
n=0
forallt € T.

Exercise 4.3.5. Prove Corollary [4.15]

(a) using Theorem T4
(b) using Theorem [AT0(5).

Exercise 4.3.6. ®? Let X be a compact metric space, and let T : X — X
be a continuous map. Assume that u € &7(X), and that for every z € X
there exists a constant C' = C(z) such that for every f € C(X), f >0,

hmsup—ZfT" C/fdu

N —o0

Show that 7" is uniquely ergodic.
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4.4 Measure Rigidity and Equidistribution

A natural question in number theory concerns how a sequence of real numbers
is distributed when reduced modulo 1. When the terms of the sequence are
generated by some dynamical process, then the expressions resemble ergodic
averages, and it is natural to expect that ergodic theory will have something
to offer.

4.4.1 Equidistribution on the Interval

Ergodic theorems give conditions under which all or most orbits in a dy-
namical system spend a proportion of time in a given set proportional to
the measure of the set. In this section we consider a more abstract notion of
equidistribution®®®) in the specific setting of Lebesgue measure on the unit
interval.

Definition 4.16. A sequence (x,) with x, € [0,1] for all n is said to be
equidistributed or uniformly distributed if

n—oo n

.1" *1:173:
lm—;ﬂm—4ﬂ>d (4.7)

for any f € C(]0,1]).

A more intuitive formulation (developed in Lemma [LT7T) of equidistribu-
tion requires that the terms of the sequence fall in an interval with the correct
frequency, just as the pointwise ergodic theorem (Theorem 230) says that
almost every orbit under an ergodic transformation falls in a measurable set
with the correct frequency.

Lemma 4.17. ®Y For a sequence (x,) of elements of [0,1], the following
properties are equivalent.

(1) The sequence () is equidistributed.
(2) For any k # 0,

1\~ o
li - 2mikx; _ )
Jim 72 e =0
Jj=1
(3) For any numbers a,b with 0 < a < b < 1,

1, . )
~[iIt<i<na; €fab]l — (b-a)

as n — oQ.
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PROOF. (1) <= (3): Assume (1) and fix a,b with 0 < a < b < 1. Given

a sufficiently small € > 0, define continuous functions that approximate the
indicator function x4 by
if a <x < b
e if max{0,a —e} <z < qa;
€

—(a—9))/
if b <z <min{b+e,1};

1
e
@)=Y (b4 0) - a))
0

for other x,
and
1 ifate<ax<b—rg;
F(2) = (x—a)/e Hfa<z<a+e
(b—=x)/e ifb—e<ax<b
0 for other x.

Notice that f~(z) < Xja(z) < fT(2) for all 2 € [0,1], and

/0 (ST (@) = f~(2)) dz < 2e.

For small € and 0 < a < b < 1, these functions are illustrated in Figure

, X[a,b] PY
1 \ N
I N ‘f
] : !
I : !
I : '
I : !
1 : !
; \
I .
Ly \
| : \
. N
\y T T N\ I
b—eb b+e

a—ca ate
Fig. 4.2. The function y[,) and the approximations f~ (dots) and f* (dashes).

It follows that

N zxw ;) Zf* ).

j=1

By equidistribution, this implies that
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1 1 n
b—a—2e< /0 frdz < li,figéf - _Z;X[a,b](ﬂ?j)
J:

1 « !
§limsupﬁZX[a)b](xj)§/o frde <b—a+2e.

Thus
RN . 1<
liminf — Z Xla,b] (xj) = hgljolip - Z Xla,b] (zj)=b—a

n—oo n
j=1 =1
as required.
Conversely, if (3) holds then (1) holds since any continuous function may
be approximated uniformly by a finite linear combination of indicators of

intervalsﬁ.

(1) <= (2): In one direction this is clear; to see that (2) implies (1) it is
enough to notice that finite trigonometric polynomials are dense in C([0, 1])
in the uniform metric. O

Notice that equidistribution of (z,) does not imply that equation (7]
holds for measurable functions (but see Exercise LZ.7]).

Ezample 4.18. ®% A consequence of Theorem and Example EIT] is
that for any irrational number «, and any initial point x € T, the or-
bit x, Rox, R2x, ... under the circle rotation is an equidistributed sequence.
Notice that this is proved in Example[LITlby using property (2) of LemmaLI1

4.4.2 Equidistribution and Generic Points

Definition 4.19. If X is a compact metric space, and p is a Borel probability
measure on X, then a sequence (x,) of elements of X is equidistributed with
respect to p if for any f € C(X),

LG a
i 232 1e5) = [ Slo)duto

Equivalently, (x,,) is equidistributed if

% Z‘sz‘ —H
j=1

in the weak*-topology.

* We note that the two implications (3) = (1) and (2) = (1) rely on the same
argument, which will be explained in detail in the proof of Corollary
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For a continuous transformation 7" : X — X and an invariant measure
we say that x € X is generic (with respect to pand T') if the sequence of points
along the orbit (Tz) is equidistributed with respect to u. Notice that if x is
generic with respect to one invariant probability measure for 7', then x cannot
be generic with respect to any other invariant probability measure for 7'. The
following is an easy consequence of the ergodic theorem (Theorem [Z30).

Corollary 4.20. Let X be a compact metric space, let T : X — X be a con-
tinuous map, and let p be a T-invariant ergodic probability measure. Then ji-
almost every point in X 1is generic with respect to T and .

PROOF. Recall that C(X) is a separable metric space with respect to the
uniform norm

[flloo = sup{[f ()| | x € X}

by Lemma[B8 Let (f,)n>1 be a dense sequence in C(X). By applying Theo-
rem [2.30] to each of these functions we obtain one set X’ C X of full measure
with the property that

N-1

1 oy [,
¥ 2 S — [ pau

n=0

foralli > 1 and 2 € X’'. Now let f € C(X) be any function and fix £ > 0. By
the uniform density of the sequence, we may find an i € N for which

|f(z) = fi(z)| <e
for all x € X. Then

N-1 N-1
.1 " . 1 n
/fdu—2€<lgn_glofﬁg f(T"x) <h§f§fﬁ§ f(T"x) </fd/i+257

showing convergence of the ergodic averages for f at any x € X’. The limit
must be [ fdusince | [ fdu— [ fidp| < e, so z is a generic point. O

4.4.3 Equidistribution for Irrational Polynomials

Example may be thought of as a statement in number theory: for an
irrational «, the values of the polynomial p(n) = x + an, when reduced
modulo 1, form an equidistributed sequence for any value of 2. Weyl [382]
generalized this to more general polynomials, and Furstenberg [98] found that
this result could also be understood using ergodic theory. We recall the state-
ment of Weyl’s polynomial equidistribution Theorem (Theorem [[4] on p. [@)):
Let p(n) = agn® + --- + ag be a real polynomial with at least one coeffi-
cient among a1, . .., ay irrational. Then the sequence (p(n)) is equidistributed
modulo 1.
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As indicated in Example I8 the unique ergodicity of irrational circle
rotations proves Theorem [[.4] for k£ = 1. More generally, Theorem shows
that the orbits of any transformation of the circle for which the Lebesgue mea-
sure is the unique invariant measure are equidistributed. In order to apply this
to the case of polynomials, we turn to a structural result of Furstenberg [99]
that allows more complicated transformations to be built up from simpler
ones while preserving a dynamical property (in Chapter [1 a similar approach
will be used for another application of ergodic theory).

Notice that by Theorem .10, orbits of a uniquely ergodic transformation
are equidistributed with respect to the unique invariant measure.

Theorem 4.21 (Furstenberg). Let T : X — X be a uniquely ergodic home-
omorphism of a compact metric space with unique invariant measure . Let G
be a compact groug with Haar measure meg, and let ¢ : X — G be a contin-
wous map. Define the skew-product map S on'Y = X x G by

S(z,g) = (T(x),c(z)g).

If S is ergodic with respect to p X me, then it is uniquely ergodic.

PROOF. To see that S preserves p X mg, let f € C(Y). Then, by Fubini’s
theorem,

/foSduxmc //foc 9) dma(g) du(x)
- / / f(Tz, g) dma(g) du(z)

= [ | g dmete)dnte) = [ 1 xm).

Assume that S is ergodic. Let
E ={(x,9) | (x,g) is generic w.r.t. 4 X mg}.

By Corollary 200 p x ma(FE) = 1. We claim that F is invariant under the
map (x,g) — (z, gh). To see this, notice that (x,g) € E means that

1 N—-1
~ 2 f(8"(@,9) — [ fdlpxmea)
N nz:% g / n X mag

for all f € C(X x G). Writing f(-,g) = f(-, gh), it follows that

* The reader may replace G by a torus T* with group operation written additively,
together with Lebesgue measure mqx. Notice that in any case the Haar measure
is invariant under multiplication on the right or the left since G is compact (see

Section [C2)).
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1 N-1 1 N—-1
n=0 n=0

— [ dtuxma) = [ 5 xme)

since m¢ is invariant under multiplication on the right, so (z,gh) € E also.
It follows that £ = E; x G for some set £y C X, u(E;) = 1. Now assume
that v is an S-invariant ergodic measure on Y. Write 7 : ¥ — X for the
projection m(x,g) = 2. Then m,v is a T-invariant measure, so by unique
ergodicity m.v = p. In particular, v(F) = v(E; x G) = pu(F;) = 1. By
Corollary .20, v-almost every point is generic with respect to v. Thus there
must be a point (x,g) € E generic with respect to v. By definition of E, it
follows that v = u X mq. O

Corollary 4.22. Let a be an irrational number. Then the map S : TF — T*
defined by

T r1 +«a

T2 T + 21
S - . —

Tk Tk + Tk—1

is uniquely ergodic.

PROOF. Notice that the transformation S is built up from the irrational circle
map by taking (k — 1) skew-product extensions as in Theorem .21l By The-
orem [£.27] it is sufficient to prove that S is ergodic with respect to Lebesgue
measure on T*. Let f € L?(T*) be an S-invariant function, and write

f(X) _ Z Cl’1627rin-x

nezk

for the Fourier expansion of f. Then, since f(x) = f(Sx), we have

. B el
E cne%rln-Sx _ E Cne2ﬂ'm1ae2ﬂ'1$ n-x

nezk nezZk
where
ny ni +ng
na ng +ns
S’ : —
Nk—1 Ng—1 + Nk
Nk Nk

is an automorphism of Z*. By the uniqueness of Fourier coefficients,

2mwian

CS'm = € Cn, (48)
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and in particular |cgim| = |ca| for all n. Thus for each n € ZF we either
have n, S'n, (S")?n, ... all distinct (in which case ¢ = 0 since >~ |en]? < 00)
or (§")Pn = (5")n for some p > ¢, 80 ng =ng=---=n; =0 (by downward
induction on k, for example). Now for n = (nq,0,...,0), equation (L) sim-
plifies to ¢y = €2™™ %, so n; = 0 or ¢, = 0. We deduce that f is constant,
so S is ergodic. O

PrOOF OF THEOREM [LL.4l Assume that Theorem L4l holds for all polynomials
of degree strictly less than k. If aj is rational, then qay, € Z for some integer q.
Then the quantities p(¢gn+7) modulo 1 for varying n and fixed j =0, ...,g—1,
coincide with the values of polynomials of degree strictly less than k satisfying
the hypothesis of the theorem. It follows that the values of each of those
polynomials are equidistributed, so the values of the original polynomial are
equidistributed modulo 1 by induction. Therefore, we may assume without
loss of generality that the leading coefficient ay, is irrational.

A convenient description of the transformation S in Corollary E22] comes
from viewing T* as {a} x T* with a map defined by

1 « «
11 T T+«
11 To | — T2 + T
11 Tk Tk + Tp—1

Iterating this map gives

n

1 « 1 «
11 T n 1 T1
11 xo | _ (72’) n 1 o
11 Tk (Z) ) n 1 Tk

Q@
no—+ 1

n
_ (2)a + nry 4+ a2
n n i
(k)o‘ + (kfl)xl T NTp-1 + T
Now define o« = klay, and choose points x1, ...,z so that

n n
p(n) = (k)oz—i- <k_1)x1+--~+n:1:k1+xk.

Then by Corollary B22] the orbits of this map are equidistributed on T*, so
the same holds for its last component, which coincides with the sequence of
values of p(n) reduced modulo 1 in T. O
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An alternative approach in the quadratic case will be described in Exer-
cise [(.4.2]

Exercises for Section [4.4]

Exercise 4.4.1. Consider the circle-doubling map 75 : « + 2z (mod 1) on T
with Lebesgue measure mr.

(a) Construct a point that is generic for mr.

(b) Construct a point that is generic for a Th-invariant ergodic measure other
than mr.

(c) Construct a point that is generic for a non-ergodic Th-invariant measure.
(d) Construct a point that is not generic for any Th-invariant measure.

Exercise 4.4.2. Extend Lemma [LT1 to show that equation (£7) holds for
Riemann-integrable functions (cf. Exercise E334]). Could it hold for Lebesgue-
integrable functions?

Exercise 4.4.3. Use Exercise 134 to show that the fractional parts of the
sequence (na) are uniformly distributed in [0, 1]. That is,

Hn|0<n< N,na—|nal €la,b)}
- ~ (b-a)

as N — oo, forany 0 < a <b< 1.

Exercise 4.4.4. Carry out the procedure used in the proof of Theorem 4]
to prove that the sequence (z,) defined by x,, = <§;1:2> is equidistributed
in T? if and only if oy, as ¢ Q.

Exercise 4.4.5. A number « is called a Liouville number if there is an infinite

sequence (Z—”)n>1 of rationals with the property that

Pn

<&
Qn Qn

for all n > 1. Notice that Exercise [3.3.3 shows that algebraic numbers are not
Liouville numbers.

(a) Assuming that « is not a Liouville number, prove the following error rate
in the equidistribution of the sequence (z +na),,; modulo 1:

N-1

%Zf(x—l—na)—/o f(z)dx

n=0

1

< S(avf)ﬁa

for f € C°°(T) and some constant S(«, f) depending on « and f.
(b) Formulate and prove a generalization to rotations of T¢.
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Exercise 4.4.6. Use the ideas from Exercise [Z.84] to prove a mean ergodic
theorem along the squares: for a measure-preserving system (X, %, u,T)
and f € Lﬁ, show that

1 =,
N Urf
n=0

converges in Li. Under the assumption that T is totally ergodic (see Exer-
cise [25.6]), show that the limit is [ f dp.

Exercise 4.4.7. Let X be a compact metric space, and assume that v, — p
in the weak*-topology on .# (X ). Show that for a Borel set B with u(0B) = 0,

lim v,(B) = u(B).

n—oo

Notes to Chapter 4

(48) (Page @) The fact that .27 (X) is non-empty may also be seen as a result of
various fixed-point theorems that generalize the Brouwer fixed point theorem to an
infinite-dimensional setting; the argument used in Section F]is attractive because
it is elementary and is connected directly to the dynamics.

(49)(Page [[05) A convenient source for the Choquet representation theorem is
the updated lecture notes by Phelps [284]; the original papers are those of Cho-
quet [55], [56].

(50) (Page [[05) Notice that the space of invariant measures for a given contin-
uous map is a topological attribute rather than a measurable one: measurably
isomorphic systems may have entirely different spaces of invariant measures. In
particular, the Jewett—Krieger theorem shows that any ergodic measure-preserving
system (X, %, u,T) on a Lebesgue space is measurably isomorphic to a minimal,
uniquely ergodic homeomorphism on a compact metric space (a continuous map on
a compact metric space is called minimal if every point has a dense orbit; see Exer-
cise EZT]). This deep result was found by Jewett [I66] for weakly-mixing transfor-
mations, and was extended to ergodic systems by Krieger [213] using his proof of the
existence of generators [212]. Thus having a model (up to measurable isomorphism)
as a uniquely ergodic map on a compact metric space carries no information about
a given measurable dynamical system. Among the many extensions and modifica-
tions of this important result, Bellow and Furstenberg [22], Hansel and Raoult [140]
and Denker [69] gave different proofs; Jakobs [I64] and Denker and Eberlein [70]
extended the result to flows; Lind and Thouvenot [231] showed that any finite en-
tropy ergodic transformation is isomorphic to a homeomorphism of the torus T2
preserving Lebesgue measure; Lehrer [222] showed that the homeomorphism can
always be chosen to be topologically mixing (a homeomorphism S : Y — Y of a
compact metric space is topologically mixing if for any open sets U,V C Y, there
isan N = N(U,V) with UNS™V # & for n > N); Weiss [380] extended to certain
group actions and to diagrams of measure-preserving systems; Rosenthal [318] re-
moved the assumption of invertibility. In a different direction, Downarowicz [74] has
shown that every possible Choquet simplex arises as the space of invariant measures
of a map even in a highly restricted class of continuous maps.
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(51)(Page [[06) Birkhoff’s recurrence theorem may be thought of as a topological
analog of Poincaré recurrence (Theorem 2.17]), with the essential hypothesis of finite
measure replaced by compactness. Furstenberg and Weiss [109] showed that there is
also a topological analog of the ergodic multiple recurrence theorem (Theorem [4):
if (X,T) is minimal and U C X is open and non-empty, then for any k£ > 1 there is
some n > 1 with

UnT'un---nT*E "YU £ o.

(52) (Page [[TT)) This characterization is due to Pjateckii-Sapiro [286], who showed it
as a property characterizing normality for orbits under the map = +— ax (mod 1).

(53) (Page[MI2)) The theory of equidistribution from the viewpoint of number theory
is a large and sophisticated one. Extensive overviews of this theory in three dif-
ferent decades may be found in the monographs of Kuipers and Niederreiter |[215],
Hlawka [154], and Drmota and Tichy [75].

(54) (Page MIZ) The formulation in (2) is the Weyl criterion for equidistribution; it
appears in his paper [382]. Weyl really established the principle that equidistribution
can be shown using a sufficiently rich set of test functions; in particular on a compact
group it is sufficient to use an appropriate orthonormal basis of L?. Thus a more
general formulation of the Weyl criterion is as follows. Let G be a compact metrizable
group and let G* denote the set of conjugacy classes in G. Then a sequence (gn) of
elements of G¥ is equidistributed with respect to Haar measure if and only if

> tr ((gy) = o(n)

as n — oo, for any non-trivial irreducible unitary representation 7 : G — GLg(C).
For more about equidistribution in the number-theoretic context, see the monograph
of Iwaniec and Kowalski [162] Ch. 21].

(55)(Page [[14) This equidistribution result was proved independently by several
people, including Weyl [381], Bohl [39] and Sierpiriski [345].
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Conditional Measures and Algebras

In this chapter we provide some more background in measure theory, which
will be used frequently in the rest of the book. One of the most fundamental
notions of averaging (in the sense of probability rather than ergodic theory)
is afforded by the notion of conditional expectation. Recall that in proba-
bility the possible events are the measurable sets A, B,C,... in a measure
space (X, A, i) with u(X) = 1. The probability of the event A is u(A), and
the conditional probability of A given that an event B with p(B) > 0 has
occurred, u(A‘B), is given by “L’?g?). It is useful to extend this notion to
sub-o-algebras of #. This turns out to provide a flexible tool for dealing with
probabilities (measures) conditioned on events (measurable sets) that are al-
lowed to be very unlikely. In fact, with some care, we will allow conditioning
on events corresponding to null sets.

5.1 Conditional Expectation

Theorem 5.1. Let (X, 2, ) be a probability space, and let o C B be a
sub-o-algebra. Then there is a map

E(|JZ{) : Ll(X,%,‘u) - Ll(Xa"Q{nUJ)a
called the conditional expectation, that satisfies the following properties.

(1) For f € L'(X, %, ), the image function E(f|) is characterized almost
everywhere by the two properties
o E(f|«) is o -measurable;
o forany Ac o, [, E(flo)dp= [, fdu.
(2) E(-| ) is a linear operator of norm 1. Moreover, E(-| &) is positive (that
is, B(f| &) = 0 almost everywhere whenever f € L*(X, %, 1) has f > 0).
(3) For f € LY (X, %,11) and g € L>®(X, o, i),

E(gf| ) = gE(f|o)
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almost everywhere.

(4) If &' C o is a sub-o-algebra, then
E(B(f|@)") = E(f| ")

almost everywhere.
(5) If f € LY(X, o/, ) then E(f|o/) = f almost everywhere.
(6) For any f € L"(X, %, 1), |E(f| )| < E(|f||«/) almost everywhere.

For a collection of sets {A, | v € I'}, denote by o ({Ay | v € I'}) the o-
algebra generated by the collection (that is, the smallest o-algebra containing
all the sets A,). A partition £ of a measure space X is a finite or countable
set of disjoint measurable sets whose union is X.

Ezample 5.2. 1If o/ = o(§) is the finite o-algebra generated by a finite parti-
tion £ = {A1,...,A,} of X, then
1
E(f|«)(x) = —/ fdu
( | )( ) ,U(Ai) A;

if x € A;. The o-algebra being conditioned on is illustrated in Figure 5] for a
partition into n = 8 sets; E(f| &) is then a function constant on each element

of the partition &.

Fig. 5.1. A partition of X into 8 sets.

Ezample 5.3. Let X = [0,1]? with two-dimensional Lebesgue measure, and
let o = B x{2,[0,1]} be the o-algebra comprising sets of the form B x [0, 1]
for B a measurable subset of [0,1]. Then

1
E(f| o) (21, 22) = /O Fant)dt.

Notice that every value of E(f ‘ &f) is obtained by averaging over a set that is
null with respect to the original measure (see Figure 52).
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~——
Fig. 5.2. Conditior%ng on the o-algebra 7.

Theorem 5 has two different assertions, which we will organize as follows.
The first step is existence, and we will give two different proofs that there is a
map E(|4z7 ) with the properties stated in (1). Once existence is established,
we will turn to proving that £ (| /) is the unique function with the properties
in (1), and that it satisfies the properties (2)—(6).

PROOF OF EXISTENCE WITH (1) IN THEOREM [5.I] VIA MEASURE THEORY.
Suppose first that f > 0. Then the measure defined by

pp(B) = / fdu
B
is a finite, absolutely continuous measure on (X, %). Then py| , is absolutely

continuous with respect to u’ o S0 there is a Radon-Nikodym derivative g
in LY(X, o, i) (see Section [A4]) characterized by

pg(A) = /Agdu,

/Afdu=/Agdu

for any A € o/. The general case follows by decomposing real functions into
positive and negative parts and complex functions into real and imaginary
parts. [l

SO

PROOF OF EXISTENCE WITH (1) IN THEOREM [5.1] VIA FUNCTIONAL ANALY-
S1S. Let
V= LX, o p) CH = LX, B, ).

Then ¥ is a closed subspace of the Hilbert space J# (closed since ¥ is itself
complete), so there is an orthogonal projection P : ¢ — ¥, with the property
that
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/Afdu:/XAfdu:/XAPfdu:/APfdu (5.1)

for A € o/. We claim that the projection P : 5 — ¥ has a continuous
extension to a map

LNX,%,1) — LNX, o, ),

and that this extension is the conditional expectation. To see this, first assume
that all functions are real-valued. Notice that L? C L' is dense, and that
for f € L? (and hence in L'), the sets

{r e X | Pf(z) >0}

and
{r e X | Pf(x) <0}

lie in o7, so by equation (G.1I),

1Pl < £l

For complex-valued functions, taking real and imaginary parts and applying
the same argument to each gives

[Pl <20 £l (5.2)

Equation (5.0]) only involves functionals that are continuous in L', so there is
a continuous extension to all of L' that still satisfies equation (5.1]). O

PROOF OF THEOREM [5.I1 We claim first that the two properties in (1) char-
acterize the conditional expectation of a given function uniquely up to sets of
measure zero. In fact if g; and g, satisfy both properties then

A={z]g(2) <gal)} € &

/g1du:/fdu:/gzdu
A A A

and so p(A) = 0. Similarly,

n({z | g1(z) > g2(x)}) =0

and so g1 = g2 almost everywhere.
That E (|.;zf ) is linear follows easily from uniqueness. For positivity, let f
be a non-negative function in L'(X, %, i), and let

has

A={ze X |E(f|«) <0}

Then
< = of
o< [ rau= [ Bisler)an
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implies that p(A) = 0.

Property (3) clearly holds for any indicator function x4 with A € <.
Any g € L>=(X, &, 1) can be approximated by simple functions, so the general
case follows from continuity of the conditional expectation operator, which is
in turn a consequence of the inequality (B.2).

Now let A be a set in 7’. Then

| B@®G) ) du= [ B du= [ fan

so property (4) follows by uniqueness.
Property (5) is an easy consequence of (1).
Given f € LY(X,%,1) we may find g € L®(X, &, ) with |g(z)] = 1
for x € X satisfying
|E(f| )| =g E(f|).
Then by (3),
|E(f| )| = E(gf| ),

so, for any A € &7,

/IE(fW)Idu:/E(ng)du
A A

=/Agfdu

< /A l9f|du = /A E(fl| ) dg,

proving (6). Finally, by integrating (6) we see that || E(-| #)||operator < 1; con-
sidering .o/-measurable functions shows that ||E (’.127 )||operator = 1, showing
the remaining assertion in (2). O

5.2 Martingales

This section®® provides the basic convergence results for conditional expec-
tations with respect to increasing or decreasing sequences of o-algebras. These
results are related both in their statements and in their proofs to ergodic theo-
rems(®”): Martingale theorems and the Lebesgue density theorem use analogs
of maximal inequalities and the method of subtracting the image under a
projection. The increasing martingale theorem (Theorem [B]) and Lebesgue
density theorems involve averaging less and less, so are in some sense opposite
to the ergodic theorems; nonetheless, both are useful in ergodic theory.

Ezample 5.4. Consider the partition

& ={[0,57) 3 = )s-- -, 1 — 5=, 1)}
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of [0,1), with associated finite o-algebra 7, = o (&,) comprising all unions of
elements of &,. It is clear that

and that the Borel o-algebra generated by all of these is the Borel o-algebra &
of [0,1). In what sense does E(f|,) approximate f = E(f|%)?

If the measure is Lebesgue, then this can be answered using the Lebesgue
density theorem (Theorem [A24). For other measures a different approach is
needed.

The next result, a form of Doob’s martingale theorem [72], will be used
frequently in the sequel to understand limits of o-algebras.

Theorem 5.5 (Increasing martingale theorem). Let (X, %, 1) be a prob-
ability space. Suppose that <, ,/ & is an increasing sequence of sub-o-
algebras of A (the notation , means that <, C pyq for all n > 1

and of = o (Un>1 szn)) Then, for any f € LY(X, B, ),
E(f| o) — E(f| <)
almost everywhere and in Li.

Notice that for f € LY(X, 8, u),

MHMEmwmwwngﬁm

To see this, let E = {z | E(f|/)(z) > ¢}. Then E € « and exg < E(f| ),
$0

mm<éEmw

=/f<Mh
E

as required. The next lemma will be a very useful generalization of this simple
observation, which is an analog of a maximal inequality (Theorem [Z24]).

Lemma 5.6 (Doob’s inequality). Let f € L' (X, %3, ), let
N CalpC-CalnCH
be an increasing list of o-algebras, and fix X > 0. Let

E={x| max E(f|)> \}.

Then
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p(B) < 51

If (), is an increasing (or decreasmg) sequence of o-algebras then the
same conclusion holds for the set

E={z|suwpE (f|a) > A}.
i>1

PROOF. Assume that f > 0 (if necessary replacing f by |f|, which makes p(F)
no smaller). Let

E, ={z | E(f|4,) > Abut E(f|) < Afor 1 <i<n—1}.

Then F = F; U---U EN and E,, € &, since @A, s, ..., 91 C o,. (In
the decreasing case of finitely many o-algebras we may reverse the order of
the o-algebras, since the statement we wish to prove is independent of the
order.) It follows that

N
||f||1>/Efdu:Z [ rau
n=1 n

N
=% [ B e

> A\u(En) = u(E).

=1

Taking N — oo shows the final remark. O

Proor oF THEOREM [EHl Using Theorem [51)(4), we may replace the func-
tion f by E(f’,cf) without changing E(f’ﬁ/n)

The theorem holds for all f € L'(X, 7, u), n = 1. Now U, L'(X, #,, )
is dense in L'(X, .7, 1). To see this, notice that

{B € & | for every € > 0 there exist m > 1, A € o, with u(AAB) < ¢}

is a o-algebra by Theorem [A7l Given any f € L'(X, ./, ) and € > 0, find m
and g € LY (X, oy, p) with || f — g|l1 < e, so that

IE(f] ) = fll < IE(f| ) = E(g] @)l + 1 E(g| ) — gl +llg— fll1 < 2¢
—_——

=0 for n>m

for n > m. It follows that
u({z | limsup [E(f| ) — f] > Ve )
= pu({x| 1i7rfljolip!E(f—g!%n) - (f-9)|>Ve})
<u({e [sup|BU = gl)| > 38} ) +u (o] 1f ~ol > 3vE))

< Zlf =gl + ZNf — gl <4vE
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by Lemma (5.6 so
limsup |E(f|e%,) — f| =0

almost everywhere, showing the almost everywhere convergence. 0

A similar result holds for decreasing sequences of o-algebras as follows.
The notation 7, \, @, used below means that «%,,1 C 7, for alln > 1 and

Aoy = ﬂ .

n>=1
Ezample 5.7. Let A denote the Borel o-algebra on [0, 1] and let
o, ={B€EPB|B+ 5 =B (mod1)}

so that @, \, /" = {&, X} modulo m (meaning that 1,5, %, = {2, X},

where m denotes Lebesgue measure on [0,1]). As before, what is the connec-
tion between the convergence of o-algebras and the convergence of E(f ‘ “p,)?

As mentioned at the start of this section, the kind of convergence sought
here resembles an ergodic theorem(®®). Indeed, the proof is similar in some
ways to the proofs of the ergodic theorems (Theorems 221] and 2:301) The
usual proof of the decreasing martingale theorem is somewhat opaque because
it takes place in L' rather than in L2, forcing us to replace the geometric
methods available in Hilbert space with more flexible methods from functional
analysis. To illuminate the different approaches — and the more geometrical
approach that working in L? allows — we give two different arguments for the
first part of the proof. Of course the theorem itself is an assertion about L'
convergence, so at some point we must work in L',

Theorem 5.8 (Decreasing martingale theorem). Let (X, %, 1) be a
probability space. If of, \, oo is a decreasing sequence of sub-o-algebras
of # then

E(f|en) — E(f| )

almost everywhere and in L', for any f € L*(X, %, ).

FIRST PART OF PROOF OF THEOREM [5.8] USING L2. Recall from the proof
of Theorem [0 that in L?(X,%,u) the conditional expectation with re-
spect to @, (or &/s,) is precisely the orthogonal projection to L?(X, .7, j1)
(resp. L*(X, oo, ). Let V;, = L*(X, o, p) = and let Vi = J,,5 Vi Notice
that for f € L?(X, @s0, it) + Vi the theorem holds trivially because

E(f|) = E(f| )
for sufficiently large n. We claim that

V = LQ(Xa"Q{OOa:u) +V*
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is dense in L*(X, %, ) with respect to the L” norm. To see this, we may

use the Riesz representation theorem (see Section [BA). If V' is not dense
in L?(X, %, j1), then there is a continuous non-zero linear functional

£ [ s

defined by some h € L?(X, %, 1) such that

/fﬁdu:O

for all f € V, and this leads to a contradiction as follows. Clearly
h—E (h|a,) € V,, C Vi,

SO

/ (h— E(h] /) hdu = 0.

Since f — E(f‘.;zfn) is the orthogonal projection, we also have

/ (h — E(h|2,)) E(h| ) dp = 0,
which implies that
/ | — E(h|)|” dp=0
and so h = E(h|,) € L*(X, o/, 1) for all n > 1. We conclude that
he L3(X, oo, 1) CV,

and [ hhdyp = 0, so h = 0. This contradiction shows that V is dense
in L?(X, %, 1) with respect to the LZ norm.

Now || - ||1 < || - |]2 and L*(X, %, u) C L*(X, %, ) is dense with respect
to the L}, norm. It follows that V" is also dense in L' (X, %, j1) with respect to
the L, norm. O

It might seem unsatisfactory to use L? arguments in this way to avoid the
more complicated theory of the space L' and its dual L>. To give an example
of how it is sometimes possible to decompose functions in a way that mimics
the orthogonal decomposition available in Hilbert space, we now do the same
part of the proof avoiding L2.

FIRST PART OF PROOF OF THEOREM [5.8], USING L' DIRECTLY. Let
Vo ={fe€LNX,B.p) | E(f|a) =0}

formn>1,s0 V3 CV, C--- is an increasing sequence of subspaces of Ll(X).
We claim that Vi = (J,,5, Vy, is L'-dense in
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Voo = {f € L'(X, %, 1) | E (f] ) = 0}

This claim will be crucial for the proof, since it will allow us to split any
function f into two parts for which the result will be easier to prove.

By the Hahn-Banach theorem (Theorem [B)), V. is dense in V, if any
continuous linear functional A : L}(X) — R with Vi C ker A has V., C ker A.
Any continuous linear functional on L'(X) has the form

An(f) = /X fhdu

for some h € L*°(X), and h is uniquely determined by Aj. So suppose
that V,, C ker Ay, for all n > 1; it follows that

[ =Bl sphan=o

for all f € L*(X) and n > 1. In particular, we may take f = h (since L>°(X)
is a subset of L'(X)), so

/(h — E(h| )k dp = 0.

On the other hand, by Theorem [(.1{(3),

/E(h|,efn)E(h\,efn)du: /E(E(hwn)h\,efn) dp = /E(h|,c%n)hdu

SO

/(h — E(h|a#,))E(h| ) dp = 0.
Now
(h — E(h| )b — (h— E(h| ) E(h| ) = (h— E(h| )’

and therefore

/ (h— E(h| ) du=0.

It follows that h = E(h|},) € L®(X, @, ), and so h € L>(X, &, ).
Thus
E(f| ) =0

implies that

[ than= [ Bl ety an= [nE(f| o) dn=o,

showing that ker A, O V., whenever ker A, O V. as required.
Clearly the theorem holds for functions in the space
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V= Ll(X,JZ{OO,,u) + Vi,

which is L'-dense in L*(X) (to see that this space is dense, write any f € L’
as f=F (f‘.;zfoo) + (f - F (f’%oo)) where the second term belongs to V).
O

The remainder of the proof of Theorem of necessity takes place
in LY(X, B, 11).

SECOND PART OF PROOF OF THEOREM B8 Given f € L'(X) and ¢ > 0,
find g € V with

1f =gl <e.
Then

[1EG ) = BG|)] du< [|B (7 =9l o) - B (1 = 9 toc)]
+/\E<giﬁfn>—E<g\Mm>\ dy

< 2/|f — g du+ [ |E(g| ) — E(g]| #s)| dps,

timsup [ [E(f] ) ~ B(f| )] du<2 [ 1 gl du< 22,

n—oo

which shows the convergence in L!.
To see the almost everywhere convergence, notice that

p({z | hﬂsolip‘E(fW") — E(f| )| > Ve})

<u({z [ limsup |E((f = g)[ ) = E((f - 9)| )|
t+limsup |E (g|7) — B (9] )| > Ve )

<p({z| fg;\E ((f = 9)| ) — E((f — 9)| )| > VE})

<u({w|igr;}E((f—g)}dn)! > 3VE)
o ({e [sup [E((f —9)| )| > 3vE} )

< 27—l + 217 - gl < 4VE

by Doob’s inequality (Lemma F8), so

lim sup \E(f| ) — E(f|#0)| = 0

almost everywhere. 0
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Exercises for Section

Exercise 5.2.1. Use the increasing martingale theorem (Theorem [E1)) to
prove the following version of the Borel-Cantelli lemma (Theorem [A.9)). Sup-
pose that (X, %, u) is a probability space and (An)7121 is a completely in-
dependent sequence of measurable sets (that is, for any finite sequence of
indices i1 < --- < ip we have p (A;, N---NA;,) =p(Aiy) - pu(4;,)). If addi-

tionally
> (A =
n=1

then almost every x is contained in infinitely many of the sets A,,; equivalently
o0 o0
(N a) -
N=1n=N

Exercise 5.2.2. Use the martingale theorems to prove the following analog
of the Lebesgue density theorem (Theorem [A-24]). Let m be Lebesgue measure
on the cube C' = [0, 1]%. For n > 1 define the partition &, of C into boxes

d
e 9
1+z)” ’ (1+1
i=1
for 0 < ji < (1+1i)" 1<4i<d. Forany z € C, let B,(z) denote the atom
of &, contammg x, and notice that m (B, (x)) = Hi:l(l + 1)~ ". Prove that
for any measurable set A C C,

as n — oo for almost every z € A.

5.3 Conditional Measures

Section [5.J] introduced the conditional expectation as a function
[ E(f|),

and all of its properties as well as the examples we have seen, suggest that the
quantity E(f } o/ )(z) should be an average of the function f over a part of the
measure space, where the part used in the averaging depends on z. For well-
behaved measure spaces — and in particular for the kind of measure spaces we
deal with — this property is reflected in the existence of a measure p with
the property that

E(f|#)(@) = / fdu?
for all f € L,,.
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Ezample 5.9. Let £ be a countable partition of (X, %, u), with & = o(&) the
smallest o-algebra containing £. Then

1

of

Py = —75 M
N(P) |P

for x € P € o/ defines such a measure for almost every z; if u(P) = 0 then p
is not defined for z € P.

Ezample 5.10. Let o/ = By 1 x {2,[0,1]} € Bjp,1)2. Then

N”(Qihm) = 0zy X mio1]»

where as usual m denotes Lebesgue (or Haar) measure (see Figure 5.2)).

As in the last example, a particular difficulty that arises in discussing
conditional expectation and conditional measures is that in most non-trivial
situations null sets with respect to the original measure become more trou-
blesome, since the conditional measures will often be singular with respect to
the original measure pu.

Thus we need to pay more attention to null sets — and in particular we will
need to specify in a more concrete way with respect to which measure a given
set has measure zero. When we say N is a null set we mean that u(N) = 0;
in contrast for x € X we will say N is a p&-null set if 4 (N) = 0. Similarly,
we will need to make a distinction between the notion of “almost everywhere”
(true off a p-null set) and “uZ-almost everywhere”. From now on we will
also distinguish more carefully between the space ZP(X, %, u) of genuine
functions and the more familiar space LP(X, %, u) of equivalence classes of
functions; in particular £ (X, %) denotes the space of bounded measurable
functions and will be written £ if the underlying measure space is clear.

We next formalize our prevailing assumption about the measure spaces we
deal with. A probability space is any triple (X, %, u) where p is a measure
on the o-algebra % with pu(X) = 1. It turns out that this definition is too
permissive for some — but by no means all — of the natural developments in
ergodic theory.

Example 5.11. Let X = {0,1}¥, with the product topology and the o-algebra
of Borel sets. The product measure  of the (4, 1) measure on each of the
sets {0,1} makes X into a probability space with the property that there
is an uncountable collection {A }scr of measurable sets with the property
that yu(As) = § for each s € R and the sets are all mutually independent:

/L(Aa m"'mAsn) = an
for any n distinct reals si,...,s,. The next definition gives a collection of
probability spaces that precludes the possibility of uncountably many inde-
pendent sets.
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Definition 5.12. Let X be a Borel subset of a compact metric space with the
restriction of the Borel o-algebra B to X. Then the pair (X, %) is a Borel
space.

Definition 5.13. Let X be a dense Borel subset of a compact metric space X,
with a probability measure p defined on the restriction of the Borel o-algebra
to X. The resulting probability space (X, B, 1) is a Borel probability space.

For a compact metric space X, the space .# (X) of Borel probability mea-
sures on X itself carries the structure of a compact metric space with respect to
the weak*-topology. In particular, we can define the Borel o-algebra % 4 (x)
on the space .Z(X) in the usual way. If X is a Borel subset of a compact
metric space X, then we define

M(X) ={p € #(X)| p(X>X) =0},

and we will see in Lemma that .#(X) is a Borel subset of . (X).

We are now in a position to state and prove the main result of this chapter.
A set is called conull if it is the complement of a null set. For o-algebras %, %"
the relation

¢ C¢
o
means that for any A € € there is a set A’ € ¢’ with u (AAA") = 0. We also
define
¢ =%
o

to mean that ¥ C ¢’ and ¢’ C ¥.

A o-algebra Z% on X is c%untably-genemted if there exists a countable
set {Aq, Aa, ...} of subsets of X with the property that & = o ({A1, Az2,...})
is the smallest o-algebra (that is, the intersection of every) o-algebra contain-
ing the sets Ay, As, . ...

Theorem 5.14. Let (X, B, i) be a Borel probability space, and o C %B a o-
algebra. Then there exists an </ -measurable conull set X' C X and a sys-
tem {u | x € X'} of measures on X, referred to as conditional measures,
with the following properties.

(1) p is a probability measure on X with

E(f| ) (@) = / f(w) dp () (5.3)

almost everywhere for all f € LY (X, B, u). In other words, for any func-
tiol f € LYX, B, ) we have that [ f(y)du (y) exists for all x belong-
ing to a conull set in <f , that on this set

* Notice that we are forced to work with genuine functions in .Z* in order that
the right-hand side of equation (53] is defined. As we said before, 1 may be
singular to pu.
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ma/ﬂwmg<>

depends 7 -measurably on x, and that

[ [ s waue) = [ ra
for all A€ of.
(2) If o is countably-generated, then s ([r]o) =1 for all x € X', where

N A

reAcd

is the atom of &7 containing x; moreover u = ,u;j{ for z,y € X' when-
ever (2] g = [y]w -

(3) Property (1) uniquely determines u for a.e. x € X. In fact, property (1)
for a dense countable set of functions in C(X) uniquely determines i
for a.e. x € X. N

(4) If & is any o-algebra with < =~ o, then u = u?

2 almost everywhere.

Remark 5.15. Theorem [5.14] is rather technical but quite powerful, so we as-
semble here some comments that will be useful both in the proof and in
situations where the results are applied.

(a) For a countably generated o-algebra 7 = o ({A1, Ag, ... }) the atom in (2)
is given by
[l‘]m = m A; N ﬂ XNA; (54)
TEA; ¢ A,
and hence is o/-measurable (see Exercise[.3.1]). In fact [x] o is the smallest
element of 7 containing x.

(b) If N C X is a null set for p, then & (N) = 0 almost everywhere. In other
words, for a p-null set N, the set N is also a u-null set for p-almost
every x. This follows from property (1) applied to the function f = yn.
In many interesting cases, the atoms [z] are null sets with respect to pu,
and so 7 is singular to p.

(¢) The conditional measures constructed in Theorem[B.I4are sometimes said
to give a disintegration of the measure p.

(d) Notice that the uniqueness in property (3) (and similarly for (4)) may
require Switching to smaller conull sets. That is, if uf forze X' C X
and 17 for x € X’ C X are two systems of measures as in (1), then the
claim is that there exists a conull subset X” C X' N X’ with p? = i
for all x € X”.

(e) We only ever talk about atoms for countably generated o-algebras. The
first reason for this is that for a general o-algebra the expression defined
in Theorem [.14[2) by an uncountable intersection may not be measur-
able (let alone </-measurable). Moreover, even in those cases where the
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expression happens to be «/-measurable, the definition cannot be used to
prove the stated assertions. We also note that it is not true that any sub-o-
algebra of a countably-generated o-algebra is countably generated (but see
Lemma [E.TT for a more positive statement). For example, the o-algebra of
null sets in T with respect to Lebesgue measure is not countably-generated
(but there are more interesting examples, see Exercise [B.12)).

Example 5.16. Let X = [0,1]? and o/ = % x {@,0,1]} as in Example 5.3 In
this case Theorem [5.14] claims that any Borel probability measure p on X can
be decomposed into “vertical components”: the conditional measures ufihm)
are defined on the vertical line segments {x;} x [0,1], and these sets are

precisely the atoms of 7. Moreover,

n(B) = Xﬂfil,m)(B) dp(a1, z2). (5.5)

of

In this example .

) = Va, does not depend on 3, so equation (E3) may
be written as

u(B) = [ v (B)dnla) (56)
[0,1]
where Tt = . is the measure on [0, 1] obtained by the projection

7:[0,1)* — [0,1]

(z1,29) — 1.

While equation ([5.6]) looks simpler than equation (55, in order to arrive at it a
quotient space and a quotient measure has to be constructed (see Section [5.4]).
For simplicity we will often work with expressions like equation (55]) in the
general context.

Once p is known explicitly, the measures /’(Qil,m
For example, if u is defined by

/fd,u—%/f(s,s)ds—k/ol/o\/gf(s,t)dtds,

1
o _ 1
ey ,@0) = VT + 1/3511 X (55951 +m[0x\/ﬂ])'

) can often be computed.

then

To see that this equation holds, the reader should use Theorem [5.14(3). How-
ever, the real force of Theorem [5.14]lies in the fact that it allows an unknown
measure to be decomposed into components which are often easier to work
with.

ProoF oF THEOREM [LT4l By assumption, X is contained in a compact
metric space X, which is automatically separable. We note that the statement
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of the theorem for the ambient compact metric space X implies the theorem
for X by Remark EI5(b). Hence we may assume that X = X is itself a
compact metric space.

Suppose first that {p, } and {v, } are families of measures defined for almost
every x that both satisfy equation (53] for a countable dense subset { fy, }nen

in C(X). Then for each n > 1 and almost every z,

/fn dpe = E(fn| ) :/fn dv,. (5.7)

So there is a common null set N with the property that equation (&) holds
for all n > 1 and « ¢ N. By uniform approximation and the dominated
convergence theorem (Theorem [A18)), this easily extends to show that

[rao.= [ rav.

for all f € C(X) and = ¢ N. Hence p, = v, for x ¢ N, which shows that the
conditional measures — if they exist — must be unique as claimed in (3).
Now let .
o =
w

and write <7 for the smallest o-algebra containing both o and /. Then for
any f € C(X), g = E(f|«) (or E(f}ﬁffv)) satisfies the characterizing proper-
ties of E(f } /), so they are equal almost everywhere. Noting this for a count-
able dense subset of C(X) shows (as in the proof of uniqueness) that y = u;‘j;

almost everywhere, showing (4).
Turning to existence, let

y:{foEl,fl,fg,...}gC(X)

be a vector space over Q that is densd] in C(X). For every i > 1, choose
an o/-measurable functior[l g; € f; with g; representing F( fl‘ /). Define g
to be the constant function 1. Then

gi(z) > 0 almost everywhere if f; > 0;

lgi(z)| < | fillo almost everywhere;

if fi = af; + Bfr with o, 8 € Q, then g;(z) = ag;(z) + Bgx(x) for almost
all z.

*

Since X is separable we may find a set {ho = 1, h1, h2, ... } that is dense in C'(X).
The vector space over Q spanned by this set is dense and countable, and may be
written in the form {fo =1, f1, fo,... }.
 Notice that this is a genuine function rather than an equivalence class of functions,
so there is a choice involved despite Theorem [EI[(1).
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Let N € & be the union of all the null sets on the complement of which the
properties above hold; since this is a countable union, N is a null set.

For © ¢ N, define A;(f;) to be g;(z). Then by the properties above A,
is a Q-linear map from .# to R with ||A,]| < 1. It follows that A, extends
uniquely to a continuous positive linear functional

Ay C(X) =R

By the Riesz representation theorem, there is a measure i on X character-
ized by the property that

a(h) = [ rau?

for all f € C(X); moreover A,(1) =1, so i is a probability measure.
By our choice of the set .7, for any f € C(X) there is a sequence (f,)
with f,, — f uniformly. We have already established that

I'_)/fmdluf

is «7/-measurable (by Theorem [EI4(1)), and that

[ [ fantanta) = [ oo

for all A € &/. So, by the dominated convergence theorem (Theorem [A1S]),

/ o, A — / fdug (5.8)

is o/-measurable as a function of z, and

/A [ anz dnto) = /A fdu (5.9)

for all A € o/ For any open set O there is a sequence (f,,) with f,, ./ xo, so
by the monotone convergence theorem equations (8] and (&.9) hold for xo.
Thus we have (B.8)) and ([B3)) for the indicator function of any closed A C X,
by taking complements. Similarly, these equations extend to any Gs-set G
and any F,-set F'. Define

M ={B e AB| = xp satisfies equations (58] and (59)}.

By the monotone convergence theorem (Theorem [AT6), if By, Bs,... € A
with
B C By C---

)

then Un>1 B, € A and if C1,Cs, ... € A with
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Ci2C 2,

then (5, C, € .#. Thus .# is a monotone class (see Definition [A.3] and
Theorem [A4). Define

R = {UOiﬂAi | O; C X is open and A; C X is closed}
i=1

for n € N. We claim that £ is an algebra (that is, Z is closed under comple-
ments, finite intersections and finite unions). To see this, notice that the o-
algebra ¢ generated by finitely many open and closed sets has the property
that every element of % is a disjoint union of atoms of the partition generated
by the same open and closed sets, all of which are precisely of the form O N A.

Since any set O N A is a Gs-set and equations (58] and ([B9) are linear
conditions, it follows that equations (5.8) and (59) also hold for functions of
the form

n
XR = Z X0;NA;
i=1
for all
n
R=||OinA;ez.
i=1
By the monotone class theorem (Theorem [A4)), = o (#) C .#. In other
words, for any Borel measurable set B € %, the characteristic function xp
satisfies equations (B.8) and (). By considering simple functions and ap-
plying the monotone convergence theorem, it follows that equations (G5.8])
and ([3.9) also hold for any #-measurable function f > 0. Finally, given any %-

measurable integrable function f, we may write f = f — f~ with f*, f~
non-negative, measurable and integrable. Then, by equation (.9)),

[ [ an? <o

almost everywhere. In particular, f is 4 -integrable for almost every z, and
where it is 2/ -integrable, [f du? is an &7-measurable function of x. Finally,
equation (B9) holds, proving (1).

Suppose now that &/ = o ({41, Az, ...}) is countably-generated. Then

E(xa,|)(x) = xa,(z)
= Mf(Ai)

almost everywhere, for any ¢ > 1. Collecting all the null sets arising into a
single null set N gives

Hf(Ai) =

1 ifx e AN,
0 1f£L'EX\(AlUN)
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Since ;7 is a measure, it follows by equation (5.4) that
4
py ([2]er) =1

if © ¢ N. Writing X’ for X N, recall that the map
X' sz /fduf

is @/-measurable for any f € C(X). Thus

[ranz = [ raug

if x,y € X’ and [z]y = [y], so that

(1] = Yo = nZ = .

O

One of the many desirable properties of Borel probability spaces is that
there is a constraint on the complexity of their sub-o-algebras.

Lemma 5.17. If (X, %, u) is a Borel probability space and o/ C A is a o-
algebra then there is a countably-generated o-algebra </ with o/ = < .
n

PROOF. Recall that C(X) is separable for any compact metric space X
(see Lemma [B.8). Since C'(X) is mapped continuously to a dense subspace
of LY(X, %, 11), the same holds for L'(X, %, u). Since subsets of a separable
space are separable, it follows that the space

{xalAed}CLNX, o/, pn) C LY(X, 5, 1)

is separable. Thus there is a set {A1, Aa,...} C &7 such that for any £ > 0
and A € o/ there is some n with

p(ADAL) = [Ixa = xa,l1 <e.
Let o = o ({41, Aa,...}), so that o C of and {xalAce€ JZ?} is dense in
{xalAed}

with respect to the L}L norm. Given A € &7, we can find a sequence (ny) for
which

1
|WA_XMJM<E

for & > 1. Then the sequence (x4, ) is Cauchy in L'(X, o) C LNX, o, 1),
so has a limit f € L(X, JZ;: 1). We must have f = x 4 almost everywhere since
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the limit is unique, so there is some A € o with I (AAE) = 0. It follows
that o = o as required. O
n

In the remainder of this section we give extensions and reformulations of
Theorem B.14

Lemma 5.18. Let (X, %, 1) be a Borel probability space and let o/ C B be a
countably-generated o-algebra. If [ € L (X, AB) is constant on atoms of <,
then f|x: is o/ -measurable, where X' is as in Theorem [5.14]

A set B (or a function f) is o/ -measurable modulo p if, after removing a -
null set, B (or f) becomes .o7-measurable. Thus the conclusion of Lemma [5.18
is that f is &/-measurable modulo pu.

PROOF OF LEMMA By Theorem B.14(2), on X’ we have
[ ra = s

since 1 ([z].r) = 1 and, by assumption, f is constant (and equal to f(z)) on
the set [2]q. By Theorem [5.14(1) we know that f|x/ is &/-measurable. [

In Theorem [5.14] the conditional measure was characterized in terms of the
conditional expectation. The following proposition gives a more geometrical
characterization.

Proposition 5.19. Let (X, %, 1) be a Borel probability space and let o be a
countably-generated sub-c-algebra of A. Suppose that there is a set X' € B
with w(X') = 1, and a collection {v, | © € X'} of probability measures with
the property that

e 1z — v, is measurable, that is for any f € £ we have that x — [ fdu,
is measurable,
Ve = vy for [t = [yl and z,y € X',
vy ([2]er) =1, and

o u:/uw dp(z) in the sense that/f du://f dv, du(z) for all f € L.

Then vy, = u for a.e. x. The same is true if the properties hold for a dense
countable set of functions in C(X).

PROOF. First notice that we may assume that 1/ and v, are defined on a com-
mon conull set X”. Moreover, we may replace X by X" and simultaneously
replace & by o |x» = {ANX" | A € &/}. After this replacement, Lemma 518
says that any function f which is constant on .&/-atoms is /-measurable. In
order to apply Theorem [B.14(3) we need to check that

/fdyz:E(f’sz) (x) (5.10)
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almost everywhere, for all f in a countable dense subset of C'(X).

That z — [ fdv, is measurable is the first assumption on the family of
measures in the proposition. Together with Lemma [5.18 the second property
shows that z — [ f dv, is actually &7-measurable. This is the first requirement
in the direction of showing that equation (BI0) holds.

To show equation (B.I0), we also need to calculate [, [ fdv, du(z) for
any A € &, as in Theorem [5T[(1). We know that x4 (z) is constant v,-almost
everywhere for any A € &, by the third property. In fact y(z) equals 1 v,-
almost everywhere if € A and equals 0 otherwise. Therefore, by the fourth
property applied to the function x4 f, we get

[ [10an@ane = [ xaw) m]df(z)dyz(z)dﬂ(x)

//XA z) dvg(2) dp(z)

= [ aue) = [ fa

as required. By Theorem FI4(3) it follows that v, = u almost everywhere.

It remains to prove the last claim of the proposition. So suppose we only
assume the first and fourth properties for all functions in a dense countable
subset of C(X). Using dominated convergence, monotone convergence, and
the monotone class theorem (Theorems [A8] [A16] and [A4]) just as in the
proof of Theorem[E.I4 on p.[I39 we can extend the first and fourth properties
in turn to all f € C(X), all f = yp for B any open set, any closed set, any G's,
any F,, any Borel set, and finally to any f € L>(X). This implies the last
claim. (]

Proposition 5.20. Let (X, %, 1) be a Borel probability space, and let
o' Cd CA

be countably-generated sub-c-algebras. Then (2] C [2])a for z € X, and for
almost every z € X the conditional measures for the measure ,uzd wzth respect
to o/ are given for p -almost every x € [2] by (u ) = p .

The proof of this result will reveal that it is a reformulation of Theo-
rem [5T(4).
PROOF OF PROPOSITION (200 We will show that the map z +— 2 satisfies
all the assumptions in Pr0p051t10n 9 with respect to the measure u”‘” for
almost every z € X. Let 4 be defined on X', € &/ and let 1 be defined
on X!, € .127 with all the properties in Theorem [£.141 By Remark B.TH(b),
we have p& ( 1 for p-almost every z. Now fix some z € X!,
with 52 (X;)

) =
= 1. For 2,y € X!, we know that u& —uy if [2]r = [Y]w
and that p?([z]w) =

1 by Theorem BI4(2). Also, if f € £, we know
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that [ fdus is measurable by Theorem [I4(1). Thus we have shown the
first three assumptions of Proposition [5.19 on the complement of a single 1% -
null set.

It remains to check that

pe = /u;‘f du” () (5.11)
for almost every z. Let f € C(X). By Theorem E.I4(1), for almost every z,

/ fdue dp? (z) = / B(f| /) (@) dus” (z) = E (E(f| )| ") (=),

which by Theorem [5I[(1) is equal to
B(f| o)) = [ 1au?

for almost every z. Using a dense subset {f, f2,...} € C(X), and collecting
the countably many null sets arising in these two statements for each n into
a single null set, we obtain equality in equation (EIT]) on a conull set Z. In
other words, we have checked all the requirements of Proposition [5.19] for the
family of measures v, = 2 (and therefore they are equal almost everywhere
to ) and for the measure u" for z € Z N X', with p (X!,) = 1. O

Theorem [£14Y(3) and the more geometric discussion above highlights the
significance of the countably-generated hypothesis on the o-algebra o7, for in
that case the conditional measures ;7 can be related to the atoms [z].. In
a Borel probability space it is safe to assume that o-algebras are countably-
generated by Lemma B.17

By combining the increasing and decreasing martingale theorems (Theo-
rems and [0.8) with the characterizing properties of the conditional mea-

sures we get the following corollary (see Exercise (.3.5)).

Corollary 5.21. If <, /' o or o, \, & then u& — p in the weak*-
topology for p-almost every x.

This gives an alternative construction of ;7 for a countably-generated o-
algebra. More concretely, if & = o ({A1, A2,...}) and o, =0 ({A1,..., An})
is the finite o-algebra generated by the first n generators of &7, then pu&» is
readily defined, and p&» — p.

Exercises for Section

Exercise 5.3.1. Prove the equality claimed in equation (G4)).
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Exercise 5.3.2. ® Let (X, %, 11) be an aperiodic measure-preserving trans-
formation on a Borel probability space (see Exercise for the definition
of aperiodic). Prove that for any k& > 1 there is a set A € & with u(A) > 0
and p(T~F(A)NA) =0.

Exercise 5.3.3. Using the definition from p. 130, show that if (X, %, u) is a

Borel probability space, then for countably-generated o-algebras 7, &/ C %
there is a null set IV with the property that

4 ’X\N = ‘X\N
if and only if &/ = &7,
"
Exercise 5.3.4. In the notation of Example .16 find a precise criterion in

terms of ugl ) characterizing the property that p is a product g X pe of
measures fu, 2 defined on [0, 1].

Exercise 5.3.5. Prove Corollary B.21] starting with a countable dense set of
functions in C(X) and using the appropriate martingale theorem.

5.4 Algebras and Maps

Let X and Y be Borel subsets of compact metric spaces X and Y. For a
measurable map
¢p: X =Y,

write ¢, : A (X) — #(Y) for the map induced on the space of probability

measures by
(6« (1)) (A) = (™1 (A4))

for A C Y measurable. In this notation, for any integrable function f : Y — R

and B € Ay,
/ fo¢>du:/ Fdéun.
6-'B B

In particular, amap ¢ : (X, %, u) — (Y, By, v) between two Borel probability
spaces is measure-preserving if and only if ¢, u = v.
Any measurable function ¢ : X — Y as above defines a o-algebra

o = ¢~ (By)

on X. The next results, corollaries of Theorem [B.14] show that essentially
all o-algebras on X arise this way.
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Corollary 5.22. Let (X, %, 1) be a Borel probability space, and let &7 C B
be a countably-generated o-algebra. Then there is a conull set X' = XN
in &, a compact metric space together with its Borel o-algebra (Y, By ), and
a measurable map ¢ : X' — 'Y such that

M|X/:¢71<%y.
Moreover,
[2]er = 97 (6(2))

for x ¢ N, and p& = Vg(x) for some measurable map y — v, defined on

a ¢upu-conull subset of Y. In fact we can take Y = #(X), ¢(v) = u,

and vy =y.

This will be proved later; the conclusion described in Corollary £.27] is
depicted in Figure

X

Fig. 5.3. Each y € Y determines an atom ¢~ *(y) and its conditional measure v,.

Lemma 5.23. If X is a compact metric space, and f € £>(X), then the
map

///(X)Bw—»/fdu

is Borel measurable. In particular, for a Borel subset X of X, we have
that 4 (X) is a Borel subset of .#(X). Moreover, if ¢ : X — Y is a Borel
measurable map between Borel subsets of compact metric spaces, then the in-

duced map ¢y M (X) — A (Y) is Borel measurable.
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PROOF. Starting with continuous functions, we know that [ fdv depends
continuously on v (by definition of the weak*-topology on .Z(X)). Arguing
just as we did on p. [[40 this can be extended to show that [ fdv depends
measurably on v for all indicator functions of open sets, and thence to show
that it does so for indicator functions of Borel measurable sets, and finally for
any f € .2°°. By definition and the argument above, it follows that

M(X) = {p e #(X) | p(XX) = 0}

is Borel measurable. Now let ¢ : X — Y be measurable and fix r € R, ¢ > 0
and f € C(Y). Then

Opre={ne )| |[ fdu—r|[<e}
is an open set in .Z(Y), and clearly
0o Opre = {v e M(X)||[ foddv—r| <e}

is measurable in .#(X). Since any open set in .#(Y) can be written as a
countable union of finite intersections of sets of the form Oy, . with f chosen
from a dense countable subset of C(X), r € Q and ¢ € Q, the lemma follows.

O

PROOF OF COROLLARY 022l Let & = o ({A41,As2,...}) be countably-
generated. Taking Y = .#(X) (with the weak*-topology, so that Y is a com-
pact metric space) and ¢(z) = p we can set v, = y and hence vy, = pgf
follows at once. Let X’ be a p-conull set on which all the statements in The-
orem [.T4] hold. We claim first that (perhaps after enlarging the complement
of X’ by null sets countably often), & = ¢~ 1%y . By Theorem B.I14(2),

X (@) = pg (Aq) (5.12)

for almost every x, and we may assume that this holds for all z € X'.
Since {v | ¥(4;) = 1} € By, equation (G.12) shows that A; N X' € ¢~ 1By
and therefore o7 |x: C ¢~ ' By

For the reverse direction ¢~ 1%y C o/ |x-, it is sufficient to check this on
sets of the form Oy, . since these generate the weak*-topology in a countable
manner, and by Theorem [5.T4[(1) the set

o (I fdv—rl<e}) ={z||[fdp? —r] <e}
is «/-measurable for any f € C(X), r € R and € > 0. Hence &|x' = ¢~ 1 Z.

Since ¢ : X' — Y satisfies &|x/ = ¢~ 1%y, and the Borel o-algebra %y
of Y separates points, [z]o = ¢~ (¢(x)) follows. O

Corollary 5.24. Let ¢ : (X,%Bx,u) — (Y,PBy,v) be a measure-preserving
map between Borel probability spaces, and let of C By be a sub-o-algebra.
Then o

¢*Mi = I/ﬁz)

for p-almost every x € X.
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PROOF. First notice that for any f € L*(Y, By,v), E,(f|«) o ¢ is ¢~ -

measurable and

/ El,(f],;z{)qudu:/E,,(f]%)du
¢~ 1A A

:/Afdu

_/(blAfogbd,u.

E,(f|#) o ¢ =Eu(fog|¢™ ).
Thus for f € Z>(Y, By),

It follows that

[ avgie, = Bulr)) (6(0)
— Bu(f o 8]67 /) (@)
— [rooau

— [ ra(ons)

(all almost everywhere). Using a dense countable subset of C'(X) completes

the proof.

O

In the next result we will work with measurability on Borel subsets of

compact metric spaces, without reference to a particular measure.

Lemma 5.25. Let X, Y and Z be Borel subsets of compact metric spaces X, Y
and Z respectively, and let ¢ : X — Z and ¢y : X — Y be measurable
maps. Suppose that ¢z is qS;l(%y)-measumble. Then there is a measurable
map Y — Z with ¢z(x) = o ¢y (x) on X, as illustrated in Figure B4l

X
N
Y s 1’/] ............ -7

Fig. 5.4. The map constructed in Lemma (.25

This is related to Corollary 5.22] in that it allows us to draw the same
conclusion that we can write the conditional measure ;2 as a measurable

function v, on the image space Y whenever &/ = o1 By .
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PROOF OF LEMMA 525 Define o7 = ¢ (%y ), which is countably-generated
since Ay is. Since the Borel o-algebra %y of Y separates points,

(2] = 63" (¢ ()

for z € X. By assumption, ¢z is &/-measurable, and hence ¢z (x) = ¢z (2')
whenever [z], = [2], or equivalently whenever ¢y (z) = ¢y (z'). So we
could define
V(y) = ¢z (x)

whenever y = ¢y (z) for some z € X, and use some fixed zg € Z to de-
fine ¥(y) = 2o for y € Y~¢y(X). However, it is not clear why this should
define a measurable function, so instead we will define ¢ : Y — Z by a lim-
iting process. In order to do this we will cut the target space Z into small
metric balls, and ensure that at each finite stage everything is appropriately
measurable. For this we start with the additional assumption that Z = Z is a
compact metric space, and later show that this requirement can be removed.

Since Z is compact, there is a sequence (&,) of finite Borel measurable
partitions of Z with the property that

o(&n) C 0 (&nt1)

for n > 1, and for which every element of &, has diameter less than %

We will define related partitions £X and £Y of X and Y. The first of these
is defined by taking pre-images as follows. Since ¢y is <7-measurable we get,
for any P € &, a set

PY=¢,(P) e,
and hence a finite partition X = {PX | P € ¢,} C & of X. This is illustrated
in Figure [5.5

We next define the partition ¢Y. Note that in the construction of &Y
care needs to be taken, since the set ¢y (X) is not assumed to be mea-
surable. Since & = (;5{,1%3/, we can choose for every PX € &X a set PY
in By with PX = gb;,lPY. Since the various sets PX € &X are disjoint, we
can require the same disjointness for the sets PY. Indeed if sets P and Q
in &, are different, PX = ¢§1P = (b{,lP, and Q¥ = ¢§1Q = ¢;,1QY
with QY,PY € %y not disjoint, then replacing QY by Q¥ ~PY will not
change its properties but will ensure disjointness from PY. Moreover, using
a similar argument inductively we can also insist that PY,; C PY when-
ever PX | C PX and PX, € &5, PX € &Y. The sets PY € By for P € &,
together with their common complement Q,, € %y, form a partition £ of Y.
By construction, ¢~1Q, = @ and Q,,+1 2 Q,, for all n > 1. Write

Q= U Qm
m>1

and define 1 (y) to be some fixed element zy € Z for any y € Q. We define v
on Y@ as the limit of the sequence of functions v, : YQ — Z defined as fol-
lows. For every PY € ¢ we choose some zp € P € &, and define 9" (y) = zp
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&y on Z

L

Fig. 5.5. The partitions &, on .Z(X) and & on X.

for y € PY~\Q. Clearly 9" : Y\Q — Z is measurable, since the partition &Y
is measurable by construction. By construction of the partitions &,, the di-
ameters of the partition elements P € &, go to zero, so the function ¢ defined
by
P(y) = lim ¢n(y)
n—oo
exists for all y € Y\Q); since it is a pointwise limit of a sequence of measur-

able functions, the map 1 is also measurable. If y = ¢y (x) for some z € X,
then ¢z(z) and ,(y) will belong to the same element of &, for all n,
s0 ¢z(x) = ¥ (py (x)) as required.

Assume now that Z is only a Borel subset of a compact metric space Z.
The construction above can be used to define a measurable map ¢ : Y — Z

with ¢z =1 o ¢y . Since
15 1 (1 =
o=07' (2n2) =0y (V' (2>2))
we may replace ¢ by the measurable map

Y(y) = {E(y) if P(y) € Z, and

zo € Z if not,

for some fixed element zy € Z without affecting the fact that ¢z =1 o ¢y. O

Notes to Chapter 5
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(56) (Page [I2T) The origins of the terminology martingale lie in gambling, where it is
related to the so-called St. Petersburg paradox arising from the method of gambling
where the stake is doubled after each loss; the etymology is discussed by Mansuy [243]
and Mayhew [258]. Lévy [228] introduced their study in probability, and their central
importance in probability was developed most significantly by Doob [73]. For the
material in this section on martingales we have followed Parry [280, Chap. 2] closely.

(57) (Page [[27) This was pointed out by Kakutani [I73]; a survey of the con-
nections between ergodic and martingale theorems is given by Rao [299] and
by Kachurovskii [169]. Jerison [165] showed that ergodic averages for a measure-
preserving transformation on a probability space can be represented using mar-
tingales in a o-finite measure space. Jacobs [163] and Neveu [271] gave proofs of
martingale theorems using the method of proof of ergodic theorems.

(58)(Page [[30) The decreasing martingale theorem may be interpreted as a rather
general pointwise ergodic theorem. For example, Theorem [B.8lapplied to Example[5.7]
gives a pointwise ergodic theorem for the action of the Z[%]/Z by translations on T,
where the ergodic averages are taken over sets of the form {2% | n < N}. Indeed,
Theorem may be interpreted in this way as a pointwise ergodic theorem for
measure-preserving actions of any group that can be written as a countable increas-
ing union of compact open subgroups.

(59) (Page [[46)) This lemma is used by Heinemann and Schmitt [146] in developing a
Rokhlin lemma without the assumption of invertibility (see note to Section

on p.[2).
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Factors and Joinings

A central question in ergodic theory is the natural classification one: When
are two measure-preserving systems measurably isomorphic? A more refined
approach is to ask what kind of internal structures two measure-preserving
systems might share. One approach is to look at their factors, another more
fruitful approach(®® to this problem is to look for their joinings, which will
be defined and studied in this chapter. In order to discuss these two notions
further, we apply some of the measure-theoretic machinery from Chapter [l to
the setting of measure-preserving systems.

6.1 The Ergodic Theorem and Decomposition Revisited

We start this chapter by using the results from Chapter [l to prove the exis-
tence of the ergodic decomposition.

Let (X, %, 1, T) be a measuring-preserving system on a Borel probability
space. Write & = {B € # | T"'B = B (mod p)} for the o-algebra of (al-
most) T-invariant sets. Ergodicity of T is equivalent to the triviality of &, that
is to the property that & consists only of null and co-null sets. Comparing the
pointwise ergodic theorem (Theorem 2:30]) with the definition of conditional
expectation with respect to & gives the following reformulation.

Theorem 6.1. Let (X, B, 1, T) be a measure-preserving system and f € Lb.

Then
] M-l

i > foT"—E(f|#)

n=0
almost everywhere and in L', where & = {B € % | T~'B = B}. In particular,
o
if T is invertible, then
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almost everywhere.

The final conclusion of Theorem means that the future and the past

of typical points are similar (see Exercise for a similar conclusion in
topological dynamics).
Proor or THEOREM [B.1l By Theorem the sequence converges to
some f* € L' both pointwise and in L'. Now f* is &-measurable since f*
is T-invariant. Moreover, for any set A € & with positive measure, we may
apply Theorem to the restricted measure-preserving system

1
A7 P Ay = H|A, T)
(410,
to deduce that [, f*dp = [, fdu. Thus f* satisfies the two characterizing
properties in Theorem [1(1), so f* = E( f‘éa ) almost everywhere. The final
assertion follows from the observation that & can be defined using the map T’

or the map T~ if T is invertible.
0

The ergodic decomposition result (Theorem on p. [[07]) was seen for a
continuous map 71" as a consequence of Choquet’s theorem. We now show how
to deduce this important result from properties of conditional measures for
any measurable map 7.

Theorem 6.2. Let T : (X, %A, u) — (X, B, 1) be a measure-preserving map
of a Borel probability space. Then there is a Borel probability space (Y, By ,v)
and a measurable map y — p,, for which

o 1y is a T-invariant ergodic probability measure on X for almost every vy,
and

o = [y pydv(y).

Moreover, we can require that the map y — p, is injective, or alternatively
set
(K%Y7V) = (Xu'%aﬂ)

and pip = pé.
PROOF. Choose (by Lemma [BI7) a countably-generated o-algebra EC&
with & = & and write
o
Cg):U({El,E27...}).
Let

N' = G T7'EAE; = | | T7'EAE,
i=1 Eeé
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and let N” be a null set off which the conclusions of Theorem B4 (with
the choices & = & and &/ = & in the notation of Theorem [5.14(4)) and
Corollaries 522 (for o = &) and 524 (for & = & and ¢ = T') hold. Let

N=[JT™(N'UN");
n=0

then N is a null set containing N’ and N” with T-'N C N.
For x ¢ N, T~'& = & and Corollary [5.24] together show that
o

Top = iy

Since Tz ¢ N, [z]z = [Tx]z, so puf, = pé by Theorem EI4 Thus pf is T-
invariant for any = ¢ N. To prove the ergodicity of ué we will use the following
general criterion for ergodicity.

Lemma 6.3. Let (X, Bx,v,T) be a measure-preserving system on a Borel
probability space, and let {f1, fa,...} be dense in C(X). Then v is ergodic if
and only if

] M-l
=3 Rty — /fi dv (6.1)
n=0
for v-almost every y and all i > 1.

Proor. Ergodicity clearly implies the stated property. For the converse, recall

that
M—1

1
17 > foT" — Prf,
n=0 v

where Pr denotes the projection operator onto the space of Up-invariant
functions in L2 by Theorem 221} Tt follows that if equation (GII) holds, we
have Pr(f) = [ fdv for a dense subset of functions f € L2, and therefore Pp
must be the projection onto the constant functions, which is equivalent to
ergodicity. O

Turning to the proof of the convergence (G.I)), let {f1, f2,...} be dense
in C(X), and enlarge the set N to ensure that

1 M—1

1 X H() — B )@ = [ fiaud

n=0
for x ¢ N, for each i > 1, by Theorem [6.1l Theorem [E.14] implies that
Ny =NU{z|pug(N) >0}

has measure zero (see Remark B.I5(b)). If [z]z = [y]z for x ¢ Ny,y ¢ N
then pf = uf, SO
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M—1

1 n )
Vi ;fi(T y)—’/fidﬂfa

which shows the convergence (G.1]) for the measure v = u¢, since pé (N) = 0.
We deduce that p¢ is ergodic.

Finally, by Corollary 5.22] there is a map ¢ : X — Y and a measure-valued
measurable function v, € .Z(X) for y € Y with pu = vy(,); define v = ¢, p.
The theorem follows since

p= [ anw) = [ v duto) = [ v, a0,

Exercises for Section

Exercise 6.1.1. Let T : X — X be a homeomorphism of a compact metric
space, and let u be a T-invariant Borel probability measure on X. Prove that
for p-almost every x € X the forward and backward orbits of « have the same
closures, that is

{Trz |n>21}y={T""z|n>1}
for almost every z, and that the orbit closure contains z.

Exercise 6.1.2. Let T : X — X be a measurable transformation on a com-
pact metric space. Assume that there exists a T-invariant ergodic probability
measure on X without atoms. Let & = {B : T~1B = B} be the o-algebra of
(strictly) invariant sets. Prove that & is not countably-generated. This shows
that in general the switch from & to & in the proof of Theorem [6.2]is necessary
in order to talk about atoms (see Remark BT5(e)).

6.2 Invariant Algebras and Factor Maps

The main result in this section is that a measurable factor of a measure-
preserving system determines uniquely, and is uniquely determined by, an
invariant sub-c-algebra (an invariant sub-o-algebra in a measure-preserving
system (X, %, 1, T) is a sub-o-algebra &7 C %x with T~1o/ = &/ modulo p).
It is important not to confuse the notion of an invariant sub-o-algebra <7 with
the specific sub-o-algebra of invariant sets &.

In one direction the relationship is clear: Given a factor map, it is easy to
construct an invariant o-algebra, and we will do this in Lemma [6.4] (the proof
of this is Exercise [[.2.1]). With a little more effort, it is possible to build a
factor from an invariant o-algebra. This idea really bears fruit when structural
questions are asked: Given a system and a dynamical property, does it make
sense to ask for the largest factor with that property?
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Lemma 6.4. Let (X, %x,u,T) and (Y, PBy,v,S) be invertible systems, and
let ¢ : X — Y be a factor map. Then o = ¢~ DBy C Bx is an invariant
sub-o-algebra in the sense that T~ 1o/ = o .

"

Theorem 6.5. Let (X, Bx,u) be a Borel probability space, and let T be a
measure-preserving transformation on X. Assume furthermore that there is
a T-invariant sub-c-algebra o/ C PBx. Then there is a measure-preserving
system (Y, By ,v,S) on a Borel probability space and a factor map ¢ : X =Y
with o/ = ¢~ By (mod p). If T is invertible then S may be chosen to be
invertible.

PrOOF. We are going to apply Corollary with the choice Y = .Z(X)
appearing in the proof. Let S : Y — Y be the map defined by Sv = T,v
for any v € Y. By Lemma [5.23] S is measurable. Define a map ¢ : X — Y
by ¢(x) = pZ, and set v = ¢.u; ¢ is measurable by Theorem G14(1). By
Corollary [£.24]

T*,UTA% = U?‘{z

x

almost everywhere, and T~ '/ = &/ implies that
"

almost everywhere, so ¢ is a factor map and S preserves v. Corollary [£.22]
shows that
o = ¢71%y.
o

If T is invertible, then S = (T71) , so S is invertible. O

Ezample 6.6. Let (X, %, 1) be a Borel probability space, and let T : X — X
be a measure-preserving transformation. The factor corresponding to the o-
algebra & of invariant sets is the largest factor on which the induced trans-
formation acts trivially (that is, as the identity) in the sense that any other
factor with this property is a factor of this one.

Exercises for Section

Exercise 6.2.1. Prove Lemma

Exercise 6.2.2. Give the details of the proof that the map S constructed in
the proof of Theorem is measurable.

Exercise 6.2.3. Prove the statement in Example
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6.3 The Set of Joinings

In discussing joinings, it will be useful to emphasize systems instead of trans-
formations, so we will sometimes denote (X, Zx,u, T) by X and (Y, By, v, S)
by Y.

For Borel spaces (X, Zx) and (Y, By ), denote by

(X XY, Bx (X%%y)

the product Borel space; Bx @ Ay is the smallest o-algebra containing all
the measurable rectangles A x B for A € #x and B € By

Definition 6.7. Let (X, %x,u,T) and (Y, PBy,v,S) be measure-preserving
systems on Borel probability spaces. A measure p on (X XY, Bx @ By) is a
joining of the two systems if

e p is invariant under T x S;
e the projections of p onto the X andY coordinates are p and v resepectively.

The second property means that
p(AXY) = p(4)
for all A € $Bx, and
p(X x B) = v(B)

for all B € Ay, or equivalently that (wx), (p) = p and (7y), (p) = v
where mx and my denote the projections onto X and Y.

Denote the set of joinings of X = (X, %Bx,u,T) and Y = (Y, By, v, 5)
by J(X,Y). Notice that the trivial joining p x v is always a member of J(X,Y),
so the set of joinings is never empty. The ergodic components of any joining
of ergodic systems are almost always ergodic, as shown in the next lemma. An
alternative proof of the existence of ergodic joinings is given in Exercise [5.3.11

Lemma 6.8. Let X and Y be ergodic systems with p € J(X,Y). Then almost
every ergodic component of p is an ergodic joining of X and Y.

Notice that even though Chapter @ dealt with continuous transformations,
the statement and proof of Theorem 4] deal with the setting of measure-
preserving transformations, so we may use it here.

PROOF OF LEMMA Suppose that

p:/sz dr(2)

is the ergodic decomposition of p from Theorem [6.2] for some probability
space (Z, Az, 7). Recall that mx : X XY — X denotes the projection onto X.
Then
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p=(mx)p= [ (nx). pedr(e) (6.2)

is a decomposition of u. The second equality in equation (62)) is a consequence
of the definitions

j(B) = p(B xY) = / p-(B x V) dr(z) = / (mx)op(B) dr(2).

By ergodicity and Theorem [£4] it follows that u = (7x), p» for almost ev-
ery z € Z. By symmetry the same property holds for Y, which proves the
lemma. O

In Section 6.5 we will show that the study of joinings is at least as general
as the study of factor maps: Every common factor of two systems X and Y
gives rise to an element of J(X,Y) (see also Exercise [6.3.3]).

Exercises for Section

Exercise 6.3.1. Emulate the proof of Theorem I to show that J(X,Y) is
a convex set, and that the extreme points are ergodic measures for 7' x S.
Deduce that there is always an ergodic joining of two ergodic systems. Give
an example in which an ergodic joining cannot be a product of invariant
measures on the two systems.

Exercise 6.3.2. Suppose X is ergodic and p € J(X,Y). Show that p is the
trivial joining if and only if p is invariant under T'x I : X xY — X x Y
where (T x I)(z,y) = (Tz,y).

Exercise 6.3.3. Show that if Y is a factor of X, then there is a joining of X
and Y which gives measure one to the graph of the factor map.

6.4 Kronecker Systems

Replacing the word “trivially” in Example with other more interesting
dynamical properties, and finding the corresponding o-algebra, encompasses
many of the deepest structural problems in ergodic theory. The first step
in this program describes the largest factor on which a measure-preserving
system behaves like a rotation of a compact group.

Lemma 6.9. If (X, %, u,T) is ergodic then every eigenvalue of Ur is simple,
and the set of all eigenvalues of Ur is a subgroup of S*.

PROOF. If Upf = Af then

<f’f>:<UTfaUTf>:)\X<f’f>
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so A\ = 1. If f is an eigenfunction corresponding to the eigenvalue A, then

Urlf| = Urfl = |Afl = |f],

so by ergodicity |f] is a non-zero constant almost everywhere.

Thus if Urfi = A f1 and Ur fa = Ao fo then Ur(fi/f2) = (Ai/X2)(f1/ f2),
0 f1/f2 is also an eigenfunction with eigenvalue A; /2. It follows that the set
of eigenvalues is a subgroup of S. Finally, if \; = Ao then, by ergodicity, fi/f2
is a constant so each eigenvalue is simple. O

Theorem 6.10 (Kronecker factors). Let (X, %, u,T) be an invertible er-
godic measure-preserving system on a Borel probability space, and let <7/ be
the smallest o-algebra with respect to which all Li eigenfunctions of Ur are
measurable. Then the corresponding factor (Y, By ,v,S) is the largest factor
of (X, %, u,T) which is isomorphic to a rotation R,(y) = y + a on some
compact abelian group Y.

It will transpire that the compact group Y is monothetic — that is, it is the
closure of the subgroup generated by a single element — and indeed Y is the
closure of the subgroup {a” | n € Z} for some a in the multiplicative infinite
torus (S')N. In particular, Y is automatically a metrizable group, so (Y, By, )
is a Borel probability space.

PROOF OF THEOREM [BI0 Let {x; | i € N} C L? be an enumeratiorf] of
the eigenfunctions of Ur normalized so that |x;| = 1 almost everywhere, and
let Urx; = A\ixi. Define a map ¢ : X — SN by

¢(x) = (xa (), x2(2), - ),

and let @ = (A1, A2,...). Then it is clear that

Rog(z) = ¢(Tx)

almost everywhere, so v = ¢.u is R,-invariant and ergodic (because it is a
factor of an ergodic transformation; see Exercise Z3.4)). Tt follows that v is
the Haar measure for the subgroup Y = (a®) < SN (see also Theorem EI4).
It is clear that the resulting factor is the largest with the required property,
since it corresponds to the smallest sub-o-algebra with the required prop-
erty, and any ergodic rotation factor will be generated by eigenfunctions.

O

Theorem [6.10] suggests that dynamical systems of the sort exhibited —
rotations of compact groups — have many special properties. In this section
we show that they have a very prescribed measurable structure.

* By Lemma[B.8] the space Cc(X) is separable, and hence Li is separable since the
inclusion C¢(X) — Li is continuous with dense image. It follows that the set of
eigenvalues for Ur must be countable, since it is an orthonormal set.
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Definition 6.11. A measure-preserving system (X, Bx, p, T) with the prop-
erty that the linear span of the eigenfunctions of Ur in Li is dense in Li 18
said to have discrete spectrum.

We have seen in Lemma that the eigenvalues of the unitary operator
associated to an ergodic measure-preserving transformation form a subgroup
of S'. The next lemma shows the converse.

Lemma 6.12. Given any countable subgroup K < S' there is an ergodic
measure-preserving system (X, Bx,u,T) on a Borel probability space with
the property that K is the group of eigenvalues of Ur.

PRrOOF. Give K the discrete topology, so that the dual group X = Kisa
compact metric abelian group; write g = mx for the normalized Haar measure
on X. The map 0 : K — S! defined by (k) = & is a character on K, hence 6
is an element of X. Define T : X — X to be the rotation T'(z) = 0 -
and let #Bx be the Borel o-algebra on X. Then (X, Bx,u,T) is a measure-
preserving system, and we claim that it is ergodic (compare this argument
with the proof of Proposition on p.BI) and that the eigenvalues of Ur
comprise K.
By Pontryagin’s theorem (Theorem [C12) the map & +— f,; defined by

for k € K, z € X, is an isomorphism from K to X.
For any character f, € X and z € X,

(Urfe) () = fu(0- ) = fu(0) fu(z),

so f. is an eigenfunction of Ur with eigenvalue f,.(0). Now f.(0) = 0(r) = &,

so K is a subgroup of the group of eigenvalues of Ur. The set X is a complete
orthonormal basis for L? (by Theorem [CII), so any eigenfunction f of Ur

with eigenvalue A can be written f= Z ¢ [ for Fourier coefficients ¢, € C.
rEK
Then (all equalities are in Li)

Urf)@) = Y enfu0-2)

KREK

Z Cnfn(e)fﬁ(‘r)

KREK

= Z crkfr()

KEK
= Af(x) (since Upf = A\f)

= Z )\Cnfn(x)a

KREK
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S0 cxk = A¢i for all k € K. This implies that ¢, = 0 unless kK = A\, so we
must have f = ¢y fr. Thus each eigenfunction of Ur is a scalar multiple of a
character of X. Moreover, each eigenvalue is simple, so T is ergodic. O

The following theorem, due to Halmos and von Neumann [I39], is the
simplest classification theorem for a class of measure-preserving systems; also
see Exercise The argument presented here is due to Lemanczyk [225]
(see also the article by Thouvenot [361]).

Theorem 6.13. Suppose that (X, Bx,u,T) and (Y, By ,v,S) are two ergodic
measure-preserving systems with discrete spectrum. Then T and S are mea-
surably isomorphic if and only if they have the same group of eigenvalues.

PROOF. If T and S are measurably isomorphic then they have the same eigen-
values.

Conversely, let K denote the group of eigenvalues of Ur, and assume this
is also the group of eigenvalues of Ugs. We wish to show that any ergodic
joining is actually a joining supported on the graph of an isomorphism. By
Lemma we may choose an ergodic joining A € J(X,Y). For each k € K
there are functions f € LZ(X) and g € L2(Y) with Urf = kf and Usg = kg.
Write f = f ® 1 for the function on X x Y defined by f(x,y) = f(z) (and
similarly define g = 1 ® g). Then Urxsf = kf and Urxsg = kg, so f and §
are eigenfunctions for the ergodic system (X x YT x S,\) with the same
eigenvalue. It follows by Lemma that there is some ¢ € C with f = 3
modulo \. Since the eigenfunctions span a dense set in L? and in L7, this
implies that

LZ@CTC@)ngLi. (6.3)

By equation (3] there is a set G C X x Y of full A-measure with the property
that
{2, X}® «@Y)’G =(ABx ® {Q,Y})}G.

We claim that G is the graph of an isomorphism between X and Y. To see
this, consider the projection map

Ty : X XY =Y,

which is {@, X} ® By-measurable. Now 7y |¢ is 7' (Zx) = Bx @ {9,V }-
measurable, so by Lemma there exists a measurable map ¢ : X — Y
such that ¢ o mx|e¢ = 7y |q, or equivalently with G C {(z,¢(x)) | z € X} (as
illustrated in Figure [G.1]).

The argument is symmetrical with respect to X and Y, so there is also
a measurable map ¢ : Y — X such that G C {(¥(v),y) | v € Y}. The
set {x € X | ¥(¢(x)) = x} is clearly measurable, and the pre-image of this set
under 7x contains G and so has full g-measure (since G' has full A\-measure
and (mx)«A = p). Similarly, it follows that ¢ o ¢ (y) = y almost everywhere
and that ¢oT = So ¢ almost everywhere. Thus ¢ is an isomorphism between
the measure-preserving systems X and Y. 0
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(X XY, Bx ®93y7)\)
/ \

Fig. 6.1. Constructing the measurable map ¢.

Exercises for Section

Exercise 6.4.1. Prove that a rotation on a compact abelian group has dis-
crete spectrum.

Exercise 6.4.2. Prove Theorem [6.13] by using the method in the proof of
Theorem [6.10] simultaneously for the two systems.

Exercise 6.4.3. Finish the proof of Theorem [6.13] by showing more carefully
that ¢ is an isomorphism between the measure-preserving systems X and Y.

6.5 Constructing Joinings

One extreme possibility is that a pair of systems may have no joinings apart
from the one that always has to exist.

Definition 6.14. Measure-preserving systems X and Y are disjoint if
JOX,Y) = {px v}
In this case we write X LY.

In particular, if X LY then L3(X) is orthogonal to L3(Y’) as subsets of the
Hilbert space LZ(X x Y, p) for any joining p (as g x v is the only joining this
is easy to check). Moreover, the sets of eigenvalues of X and of Y are disjoint
(apart from the trivial eigenvalue 1 corresponding to the constant functions).
This follows from the results of this section: if A € SI\{1} is an eigenvalue of
both X and of Y, then X and Y have a non-trivial common factor given by the
map = — Az on the closed compact group {\" | n € Z} (see Exercise [6.5.3)).

If there is a measurable isomorphism ¢ : X — Y between X and Y then
the graph of the isomorphism supports a joining p, which is characterized by
the property that

p(B) = p({z € X | (z,¢6(x)) € B})
=v({yeY | (¢ (y),y) € B})
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for all B € Bx Q@ By .

A more subtle construction of a joining of two systems is the relatively
independent joining over a common factor. This interpolates between two ex-
tremes: the product joining, which is always there and says nothing about
any shared measurable structures between the two systems, and at the other
extreme the joining induced by the isomorphism between one system and
an isomorphic system, which reflects the common structure. The next def-
inition shows how to construct the relatively independent joining, which is
illustrated(®) in Figure

For a factor map ¢x : X — Z and the o-algebra &/x = qS;(l Bz, we will use
the convenient notation pig () = ,ufx using Lemma [5.28] (and the comment
after that lemma).

XxY
Yy X
Y X
e

A

Fig. 6.2. The relatively independent joining X xz Y with projections 7x and 7y .

Definition 6.15. Let X = (X, Bx,u, T) and Y = (Y, By, v, S) be invertible
measure-preserving systems on Borel probability spaces, and assume that X
and Y have a common non-trivial measurable factor Z = (Z, Bz, \, R). Then
the relatively independent joining, denoted p xx v or X xz Y is the joining
constructed as follows.

Denote the factor maps by ¢x : X — Z and ¢y : Y — Z, write

dx = ¢ By, Sy =y Bz.
Then o/x C Bx and oy C By are invariant o-algebras; write

-
P ™ = Mo (x)
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and
o
vy = Vy (y)

for the corresponding conditional measures. Define a measure p on X XY by

p:/,uz X vy dA(2).
z

It is straightforward to check that p € J(X,Y) (cf. Corollaries
and [0.24)): for example, if B € Bx then

p(BxY) = [1(B) 10rE) = [ (B)du(a) = u(B),
and if A € Bx, B € By then
(T x §)~1(A x B)) = / 1o (T~ A x S~1B)dA(2)

:/MZ(T’lA)vz(S’lB)dA(Z)

Fig. 6.3. The union of the rectangles {(z,v) | ¢x(x) = ¢y (y) = z} for z € Z.

The basic properties of the relatively independent joining are as follows.

Proposition 6.16. Let p be the relatively independent joining of the invert-
ible systems X and Y over a common factor Z as above. Then the following
properties hold.

(1) The relatively independent joining is concentrated on the measurable
set & ={(x,y) | dx(x) = oy (y)}. That is, p(®) =1 (cf. Figurel63).

(2) If Z is non-trivial (that is, there is no zo € Z with A({zo}) = 1), then p
is not the trivial joining p X v.
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[I]«rlsa’z

[I]arlgaz

Fig. 6.4. The relatively independent joining when X =Y and ¢x = ¢y.

(3) Given functions f € L°°(X,u) and g € L=(Y,v), the conditional expec-
tations E(f|(¢x) "' %Bz) and E(g|(¢y) ' Bz) can be viewed as functions
on Z by Lemmal5.28. In this sense,

/f y)dp(x,y) = /Ef}cbx ) B2)E(g|(¢y) " Bz)dA
(4) We have
= (¢xmx)"" (@Z) (pymy) ™" Bz,
the conditional measures for € are given by

Plogy = WP P2 x P TE2 (for ace. (a,y) € B)

=p, xXv, (forae z)

= ox(x) = ov(y) € Z

and the atoms for € (after restriction to ®) are (px)~1(z) x (¢py)71(2)
(¢f. Figures[6.3l and [6.4).

If X and Y are metric spaces and ¢x, ¢y are continuous maps, then the
set @ in Proposition [6.16(1) is closed, and so p has support in @. In order to
follow the proof of Proposition [6.16], the simplified form

X xY

Y
A
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of Figure may be helpful. This diagram clearly commutes if one replaces
the set X x Y by @, which is of full p-measure. Hence it can be viewed as a
commutative diagram between the corresponding probability spaces.

PROOF OF PROPOSITION [6.16l Property (1) follows easily by substitution:
p@) = [ x (@) aN:) =1

since 11 ((px)7*(2)) = v ((¢y)*(2)) = 1 for almost every z € Z.
To see (2), let C' € Bz be a set with 0 < A(C') < 1. Then

B = (¢x)"H(C) x (y) H(Z2~C)
has p(B) = 0 by (1) but p x v(B) = AC) - (1 = A(C)) > 0, so p is not the
trivial joining.
The equation in (3) may be found by integrating f(x)g(y) against the
measure

p:/uz X v, dA(z)

and interpreting the integral [ fdu. (vesp. [gdv.) as E (f|(¢x) ' %z)
(resp. E (g|(¢y)*#z)). Here we use Lemma B.28 in the form

E(fl(¢x) " B2)(-)

Z

in order to interpret f fdu,.
Finally, the equation

(px7x) " Bz = (pymy) ' Bz
follows from (1): if
Bx ={(z,y) € X xY | ¢x(z) € C} € (px7x) ' Bz
for some C € %5, then Bx N ® = By N &, where
By ={(z,y) € X xY | ¢y (y) € C}.
Write € = ((bXﬂ'X)_l By. It is clear that

[(z,9))l¢ = ¢x ¢x(2) x ¥

and that
[(z,9)]e NP = ¢ (2) x ¢y (2)
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whenever (z,y) € @ and ¢x(x) = ¢y (y) = 2.

To see that pr.y) = fex (@) X Voy(y) fOr (z,y) € @ defines a choice of
the conditional measures of p with respect to € we use Proposition
First notice that the map (x,y) = fg, (2) X Vey(y) is measurable, constant
on %-atoms, and is supported on the atom [(x,y)]«; moreover

/%x(w) X Vo (y) dp(z, y) = /:u¢x(w) X Uy (y) A(pz X v2)(2,y) dA(2)
= /uz x v, dA(z) = p,

by the definition of p. This proves the theorem. O

Exercises for Section

Exercise 6.5.1. Describe the set of joinings between two circle rotations.
When are they disjoint?

Exercise 6.5.2. Prove that any ergodic system is disjoint from any identity
map.

Exercise 6.5.3. Show that if two measure-preserving systems have a common
non-trivial eigenvalue, then they have a non-trivial common factor.

Exercise 6.5.4. Prove that if X = (X, %x,u,T) is a weak-mixing system
and Y = (Y, By, v, S) is a Kronecker system, then X L Y.

Exercise 6.5.5. Under the hypotheses of Exercise [6.5.4] show that if x is a
generic point for T'in X, then any point (z,y) with y € Y is a generic point
in X xY.

Exercise 6.5.6. Use Exercise [6.5.5] to show a Wiener—-Wintner ergodic theo-
rem(%?) for weak-mixing systems: if (X, %, u, T) is a weak-mixing system then,
for f € L}L and for p-almost every z,

1 N—-1
N Z e27ru9nf(Tnx)
n=0

converges for every 6.

Notes to Chapter 6
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(69) (Page [M53) Joinings — and the associated ways of thinking about shared
structures between measurable dynamical systems — were introduced by Fursten-
berg [100]. They were used by Rudolph [324] to produce dramatic examples of new
phenomena in measurable dynamics, and they have played a central role ever since.
The book of Rudolph [325] develops the theory of joinings, describes many of the
important examples that can be constructed using them, and gives proofs of the
Krieger generator theorem and the isomorphism theorem for Bernoulli shifts in the
language of joinings. Glasner’s monograph [I16] is an attractive treatment of ergodic
theory delivered in the language of joinings.

(61)(Page [[64) The illustration Figure of how the fiber measure on the square
indicated in bold is the direct product is taken from Rudolph [325] Chap. 6].

(62)(Page [I6])) This theorem was shown for ergodic systems by Wiener and Wint-
ner [384]; what makes it a highly non-trivial extension of the pointwise ergodic
theorem (Theorem [2330) is that the null set is independent of 6.
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Furstenberg’s Proof of Szemerédi’s Theorem

In 1927 van der Waerden proved(®®) with the help of Artin and Schreier, a
conjecture usually attributed to Baudet (or to Schur): if the natural numbers
are written as a disjoint union of finitely many sets,

N=C,udl,u---ucC,,

then there must be one set C; that contains arbitrarily long arithmetic pro-
gressions. That is, there is some j € {1,...,7} such that for any k > 1 there
are a > 1 and n > 1 with

a,a+n,a+2n,...,a+knecCj. (7.1)

The original proof appears in van der Waerden’s paper [372], and there is a
discussion of how he found the proof in [373]. We give an elementary inductive
proof in Section [Tl
A set A C N is said to have positive upper Banach density if
= 1

dp(A) = J\lfi{n}\/[sup N

{aeA|M<a<N}‘>O.

Erdds and Turdn [85] conjectured the stronger statement that any subset
of N with positive upper Banach density must contain arbitrary long arith-
metic progressions. This statement was shown for arithmetic progressions of
length 3 (the case k = 2) by Roth [319] in 1952, then for length 4 (k = 3)
by Szemerédi [358] in 1969. The general result (Theorem on p. [[0) was
eventually proved(®) by Szemerédi [359] in 1975, in a lengthy and difficult ar-
gument. Furstenberg saw that Szemerédi’s theorem would follow from a deep
extension of Poincaré recurrence and proved that extension [I02] (see also the
article of Furstenberg, Katznelson and Ornstein [I07]). In this chapter we will
discuss the latter proof of Szemerédi’s theorem, and some related results.
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7.1 Van der Waerden

We begin by giving a short proof of van der Waerden’s theorem following the
presentation of Graham and Rothschild [124]. This is not necessary for the
proof of Szemerédi’s theorem, but does provide an easier alternative proof of
one step in the proof of Szemerédi’s theorem (see Section [[.9.1]). The formu-
lation we prove is a finite version of the result (see Exercise [[.T.T]).

Theorem 7.1. Given {,r > 1 there is some N({,r) with the property that
if N> N(,r) and
(1,2,...,N}=CyU---LUC,,

then for some j the set C; contains an arithmetic progression of length £ as
in equation (T1J).

In the proof, it will be convenient to write {a,a+1,...,b} as [a,b] and to
define a coloring of a set [1, N] into r colors as a map C : [1, N] — {1,...,r}.
We define two integer vectors

(xlv e ,.’,Em), (y17 e 7ym) € [Oag]m
to be equivalent up to ¢, denoted

(Ila-“axm) ~e (y1;--~;ym)

if either z;,y; < £ for all : = 1,...,m, or if for some j < m we have x; = y;
for each ¢ € [1, j] with z; = y; = £ and x;,y; < £ for all i € [j+ 1, m]. In other
words the ~g-equivalence classes are [0, £/—1]™ and, for every j = 1,...,m and

every (ai,...,aj_1) € (0,07, the set {(a1,...,aj_1,0)}x[0,—1]™"J. These
equivalence classes may be thought of as the index space for multi-dimensional
arithmetic progressions.

The proof proceeds by an induction on a more general statement involving
two parameters.

The statement V' (¢,m) is defined as follows: For any r > 1 there is
some N(£,;m,r) € N with the property that for any coloring

C:[1,N(,m,r)] —{1,...,r}

there exist a,di, ..., dm € N with a+ ;" td; < N(¢,m,r) and such that the
function (z1,...,2m) — Cla+ 221 x;d;) is constant on each ~g-equivalence
class in [0,€)™.

Notice that V'(¢,1) implies that for any coloring of [1, N(¢,1,r)] into r
colors there is a monochromatic arithmetic progression of length ¢ (corre-
sponding to the ~-equivalence class [0,¢ — 1]), and so V(¢,1) for all £ > 1
implies Theorem [Tl In particular, it is certainly enough to prove V' (¢, m) for
all £,m > 1.

Lemma 7.2. V(¢,1) and V (£, m) for some m > 1 together imply V (¢, m + 1).
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PROOF. Fix r and choose M = N({,m,r) and M’ = N(¢,1,7M) using prop-
erties V(¢,m) and V(¢,1). Let C' : [I, MM'] — {1,...,r} be any coloring
of [1, MM'], and define a coloring

Cu: [1,M]—{1,...,7M}

with the property that Cs (k) = Cpr(K') if and only if C(EM —j5) = C(K'M —j)
for all j, 0 < j < M. In other words, C; is the coloring of [1, M'] obtained
by treating successive blocks of colors in C' of length M as one color in Cjy.

By the choice of M’ (which relied on the assumption V' (¢,1)) there
are a’,d" > 0 such that o’ + ¢d’ < M’ and Cp(a’ 4+ xd’) is constant as x
varies in [0,¢ — 1] (which in the coloring C gives repetitions of a rather big
block). Applying V' (¢, m) to the shifted interval [(a’ —1)M+1, o’ M| shows (by
the choice of M) that there exists a, dy, ..., dy, > 0 for whicha > (¢/—1)M +1
and a+>_", d; < o’ M and for which C(a—l—zzl:l x;d;) is constant on all ~-
equivalence classes of [0, ¢]"™. We define d,,+; = d’M. This gives

m—+1
a+ Z 0d; < a' M+ d'M < M'M
=1

as required. Moreover, we claim that C(a + Z;f{l x;d;) is constant on all ~-

equivalence classes on [0, /]! which will give V' (¢, m + 1). For this, notice
first that for any b € [1, M] we have

C((a" =1)M + b+ zpy1dmi1) = C((a" —1)M + )

for all @y,41 € [0,¢ — 1] (by our definition of Cjs and the choice of o', d’).
Hence we obtain for (z1,...,Zmy1) € [0,£ — 1]+ that

m—+1 m
C <a—|— Z ZCidi) =C (a—i— indl) = C(a),
i=1 i=1

where the latter equation holds by the choice of a,dy, ..., d,,. This deals with
the first equivalence class. The argument for the classes of the form

{(al, ey aj_l,f)} X [0,f — 1]m+17j
for j < m is similar. This leaves the equivalence classes of the form

{(a1,...,am,0)},

but as those are singletons there is nothing to show for them. 0

Lemma 7.3. V(¢{,m) for all m > 1 implies V(£ + 1,1).
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PROOF. Fixr,andlet C : [1,2N(¢,r,r)] — {1,...,r} be given, where N (¢,r, )
is as in V' (¢, 7). Then there exist a,d,...,d, > 0 such that

a—l—z&li <N, rr)
i=1

and with the property that C(a+ Y ._, z;d;) is constant on ~ classes for x;
in [0, ¢].

By the pigeon-hole principle there must be some u,v € [0,r] with u < v
such that C(a+ Y ;_, ¢d;) = Cla+ >_;_, 4d;), so

C<<a+§;édi> ‘o <Zd>>

is constant as x varies in [0, ¢]. Finally, we also have

a+ (0+1) Z d; <2N(C,r,r),
1=u+1

as required. This proves V(£ 4 1,1). O

PrROOF OF THEOREM [I.Il The statement V' (1,1) is clear, so Lemmas
and[[3show V' (£, m) for all ,m > 1. As mentioned above, V' (¢,1) forall £ > 1
gives the theorem. 0

Exercises for Section [7.1]

Exercise 7.1.1. Prove that van der Waerden’s theorem as formulated in
equation () follows from Theorem [T]

Exercise 7.1.2. Show that in Theorem [[I] we may take N(2,7) = r 4 1 for
any r > 1, and try to find a value that we may take for N(3,2).

Exercise 7.1.3. Assume that N = Cy LI --- U C,., and say that a set A C N
is monochrome if there is some j = j(A) with A C C;. Prove that the set
of n € N with the property that there is some a € Z for which the k-term
arithmetic progression {a,a + n,...,a + (k — 1)n} is monochrome is itself
syndetic in N for any k (see Exercise on p. @] for the definition of
syndetic).

Exercise 7.1.4. Let S = {a1,a2,...} C N with (ap+1 — a,) a positive
bounded sequence. Show that for any & > 1 there is a k-step arithmetic
progression in S. Find an example to show that such a set S need not contain
an infinite arithmetic progression.
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7.2 Multiple Recurrence

Furstenberg saw that Szemerédi’s theorem would be a consequence of a (then
unknown) multiple recurrence result in ergodic theory, and went on to prove
this recurrence property, opening up a significant new chapter in the conver-
sation between ergodic theory and combinatorial number theory.

Theorem 7.4 (Furstenberg). For any system (X, #,u,T) and set A € B
with w(A) > 0, and for any k € N,

N
C— 1 —n —2n —kn
%ﬂgNE:uMmT ANT™"An---nT7FA4) >0.  (72)

n=1
In fact Furstenberg proved that

N-1
S u(ANT"ANT 2" AN---NTFA) >0,
n=M

lim inf
lenl\ljgoo N-M
but the inequality (T.2)) is sufficient for Szemerédi’s theorem. An immediate

consequence of Theorem [[4]is the following generalization of Poincaré recur-
rence.

Theorem 7.5 (Furstenberg). For any system (X, #,u,T) and set A € B
with u(A) > 0, and for any k € N there is some n > 1 with

p(ANT"ANT"An---nT " 4) > 0. (7.3)

We shall see in the next section that Theorem implie Szemerédi’s
theorem. Theorem [[4lis quite straightforward for certain measure-preserving
systems.

Ezample 7.6. 1t T = R, is an ergodic rotation, then the inequality (Z3)) is
clear: If 0, na, 2na, ..., kna (mod 1) are all very close together (which may
be arranged for @ ¢ Q and any k > 1 by choice of n), then the functions

XA XA—nas -+ XA—kna

will be close together in L2, for any interval (indeed, for any Borel set) A, so

the intersection
ANR;"AN---NR*™A

will have measure close to that of A. More generally, an ergodic rotation on
a compact abelian group satisfies the stronger statement (Z.2)) (see Proposi-

tion [C12).

* Theorem [(.4] gives more information about the set of possible differences n in
arithmetic progressions inside a set of positive density than Theorem does;
see Exercise [7.3.2]
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Ezample 7.7. 1t T is a Bernoulli shift (cf. Example [29) then the inequal-
ity (C2) is clear by the argument used in Proposition the fact that a
Bernoulli shift is mixing of order (k4 1) means that for any measurable set A,
if n is large enough then A, T-"A,..., T~*"A are almost independent sets,
so their intersection has measure approximately u(A)¥*! > 0. In Proposi-
tion we will show that this generalizes non-trivially to all weak-mixing
systems.

We have seen that ergodic group rotations and Bernoulli shifts are at
opposite extremes with respect to their mixing and spectral properties. The
fact that Theorem holds for two such opposite classes of systems, and for
two completely complementary reasons (rotations because they do not move
nearby points apart, Bernoulli shifts because they mix collections of sets up so
thoroughly as to become asymptotically independent), could be interpreted
as a hint that this multiple recurrence is a rather general phenomenon. On the
other hand, the fact that multiple recurrence is visible in a circle rotation only
along special values of n, while in a Bernoulli shift it is seen for all large n,
already suggests that it is a very subtle phenomenon. Thus Theorem [ 4] holds
for two extreme behaviors: discrete spectrum and weak-mixing. The strategy
of Furstenberg’s proof is to show that an arbitrary system is built up (in a
manner to be described below) from these two classes, and the way in which
the system is built up preserves the property expressed by the inequality ([T2)).

Definition 7.8. A measure-preserving system (X, B, u,T) (or a factor sys-
tem, represented by a T-invariant sub-o-algebra o C AB) is said to be SZ

if
1
C— —n —2n —kn
I%&fﬁnilu(AﬂT ANT2"AN...NT A)>O

for allk and A € B (A € o respectively) with (A) > 0.

Three immediate simplifications can be made in proving that all measure-
preserving systems are SZ; the first two are somewhat technical in that neither
is needed for the setting in which Theorem is used to prove Szemerédi’s
theorem (Theorem [[H). The third is essential, and illustrates once again that
the ergodic decomposition makes ergodicity a rather benign hypothesis.

7.2.1 Reduction to an Invertible System

The SZ property is preserved by taking the invertible extension of a measure-
preserving system. Recall that if X = (X, %, u, T) is any measure-preserving
system, then the system X = (X, B, 1, T) defined by

o X ={zeX%|apys =Tay forall k € Z};
o (Tx)y =xp4q forall k€ Z and x € X;
o ({re X |xzpe A}) = p(A) for any A € B, and i is invariant under T’
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e % is the smallest T-invariant o-algebra for which the map z — x,, from X
to X is measurable for all n € Z;

is called the invertible extension of X. Then X has property SZ if and only if X
has property SZ (see Exercise [[L2.5).

7.2.2 Reduction to Borel Probability Spaces

Property SZ holds for all measure-preserving systems if it holds for all
measure-preserving systems on Borel probability spaces. To see this, let X
be any invertible measure-preserving system and fix A € # with u(A) > 0.
Then the factor map ¢ : X — {0, 1}Z defined by ¢(x) = (xa(T"x)) gives rise
to a Borel probability system, and property SZ for each such factor shows
property SZ for X.

7.2.3 Reduction to an Ergodic System

Below, and in the rest of this chapter, we will use conditional measures %
for invariant sub-o-algebras & and their properties as developed in Sec-
tions 5.3 B4l and Chapter [6 By Section [[.2.2], we may assume that (X, %, u)
is a Borel probability space so that these results apply. In particular, we may
apply Theorem[G.2]to show that it suffices to prove the SZ property for ergodic
systems as follows. Assume that every ergodic system on a Borel probability
space has property SZ, and let (X, %, u, T) be any measure-preserving system
on a Borel probability space. By Theorem [6.2] the measure p decomposes into
ergodic components p&. Then for any set A € % with u(A) > 0,

u({x € X | pf(4) > 0)) >0, (7.4)

so (by Fatou’s Lemma)

N
| n —kn
l}&&fﬁn§:1u(AﬂT Aﬂ~~ﬂTkA)

P 1 Al —-n —kn
_hmlnf/ﬁguf(AQT An--nT7 " A) du(z)

N—o0

N
s 1 & —n —kn
2/1}\%&fﬁ Eﬁlum (ANT"An---NT " A) dp(z)

> 0 on the set of positive measure in (Z4)
>0

by the SZ property for ergodic systems.
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Exercises for Section

Exercise 7.2.1. Assuming Szemerédi’s theorem (Theorem [LH), prove the fol-
lowing finite version of Szemerédi’s theorem: For every k > 1 and € > 0 there is
some N with the property that any subset of {1,..., N} with more than [eN |
elements contains an arithmetic progression of length k.

Exercise 7.2.2. (%) Prove the following topological analog of multiple recur-
rence, due to Furstenberg and Weiss, generalizing Birkhoff’s recurrence theo-
rem in Exercise Let (X,d) be a compact metric space and T : X — X
a continuous map. Prove that for any £ € N and € > 0 there is a point z € X
and an n € N for which

diam ({z,T"(z), T*"(z),...,T""(2)}) <e.
Exercise 7.2.3. Show directly that an ergodic circle rotation is an SZ system.

Exercise 7.2.4. Show that if X is an invertible measure-preserving system,
then X (the invertible extension) is isomorphic to X (see Exercise 2Z.T.7).

Exercise 7.2.5. For each of the properties ergodicity, weak-mixing, mixing,
and SZ, prove that a measure-preserving system has the property if and only
if its invertible extension does (see Exercise 2Z.1.7]).

7.3 Furstenberg Correspondence Principle

In this short section we show how Szemerédi’s theorem (Theorem [[H) fol-
lows from the multiple recurrence result in Theorem [[.5l This correspondence
between multiple recurrence results in ergodic theory and statements in com-
binatorial number theory holds in great generality; we merely prove it for the
case at hand. More general formulations may be found in Bergelson’s notes [26]
and Furstenberg’s monograph [103].

PROOF OF THEOREM ASSUMING THEOREM [(.0l Let S C Z be a set of
positive upper Banach density, and let k& > 1 be given. We claim that there
exist integers a and n > 1 with {a,a+n,...,a+kn} C S.

Let Xo = {0,1}% be the full shift on two symbols, given the compact
product topology from the discrete topology on {0, 1}, with shift map oyp.
Define a point xg in Xy by

Lif £ € 5
xS(K)‘{mfus.

Now let X denote the smallest closedﬂ subset of X that is invariant under o
and contains the point xzg. Write ox for the shift g restricted to X.

* This set is usually called the orbit closure of xs; carrying out this construction
for carefully chosen initial points allows for the construction of many important
examples in ergodic theory. Notice that an element x € Xy lies in X if and only
if there is a sequence (n;) of integers with o7 (xs) — x; equivalently, = € Xo lies
in X if and only if for every j > 0 the block x[_; ;) is seen somewhere in xs.
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Let A denote the cylinder set {x € X | 2(0) = 1}, which is both closed
and open (clopen) in X. Then

ok (15) € A= (0% (25)),=as(l) =1 <= L€ S. (7.5)

The upper Banach density of the set S is positive, so there is a sequence of
intervals [aq, b1], [a2, b2], ... with b; —a; — 00 as j — oo for which
SNlaj,b; —
| [a‘Ja J]| —>dB(S)>O

bj—aj

as j — oo. It follows that the measure p; on X defined by

1
Hi = . Z Oo (v5) (7.6)

has p;(A) — dg(S) >0 as j — oo.
By Theorem [T there is a sequence j,, — oo with g, — p in the weak™
topology as m — oo, the measure p is invariant under ox, and

,LL(A) = HB(S) > 0.
Apply Theorem[THlto the set A in the system (X, u, 0x): there exists n > 1

such that i
m (ﬂ a—i"(A)> > 0. (7.7)
i=0

Now for any clopen measurable set B, u(B) > 0 implies by equation (7.1
that there is an a € Z for which 0% (zs) € B. Thus equation (7.7]) shows there
is an a € Z for which

k
o (xs) € [ ox"(A),
i=0
s0 .
o (zs) € A

for all 4, 0 < i < k, and hence {a,a+n,...,a+kn} C S by equation (ZH), as
required. 0

Exercises for Section

Exercise 7.3.1. Prove Theorem assuming Theorem [L.5]

Exercise 7.3.2. Extend Theorem in the following way (assuming Theo-
rem [4]). Let S C Z be a set of positive upper Banach density. Prove that
for any k > 1 the set of n € N with the property that there is an arithmetic
progression of length £ in S with common difference n is itself a set of positive
upper density.
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7.4 An Instance of Polynomial Recurrence

To motivatd] the deeper results, we begin with a result proved independently
by Sérkozy [330] and Furstenberg (see [102, Prop. 1.3] or [103, Th. 3.16]).

Theorem 7.9. Let E C N be a set with positive upper Banach density, and
let p be a polynomial with integer coefficients with p(0) = 0. Then there ex-
ist x,y € E and ann > 1 with v —y = p(n).

That is, the set of differences of a set with positive upper density is such a
rich set that it must intersect the range of any polynomial p with p(0) = 0(66),

Just as in Section [7.3] the Furstenberg correspondence principle may be
applied to show that Theorem [[.9]is a consequence of the following dynamical
result due(®”) to Furstenberg.

Theorem 7.10. If p € Z[t] is a polynomial with p(0) = 0 then, for any
measure-preserving system (X, B, u, T) and set A € B with u(A) > 0, there
is ann > 1 with (AN T PMA) > 0.

As we indicated in Section [7.2] many of the deeper recurrence results rely
on different arguments for orderly systems (Kronecker systems, for example)
and more chaotic systems (multiply mixing systems, for example). To obtain
a full proof for any system we need to find a way to decompose a general
measure-preserving system into orderly and chaotic parts. The details of how
this is done depends on the result considered. For Theorem this will
not be too complicated, but the proof for Theorem [T.4] will need more work
(see Sections [[LTOHZ.TT]). Just as in Section [2] we may assume that T is an
ergodic, invertible, transformation of a Borel probability space.

PROOF OF THEOREM [[. 10} SPLITTING INTO CHAOTIC AND ORDERLY PARTS.
Write L2 = Li, and for each a > 1 define

Ho={f €L’ |ULf = f}
and

1N—l
”//a:{feL2|HNZU{,E"fHQ—»OasN—»oo}.
n=0

The decomposition of L? into the space of invariant functions and its ortho-
complement in Theorem [Z2T] may be applied to U%, giving

L>=# Y,

* This section (with the exception of Theorem [[IT]) as well as the following Sec-
tions and are logically not needed for the proof of Theorem [l but we
believe the arguments presented here help to understand the proof of Theorem [T.4]
better.
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for each a > 1. Notice that the space .74, detects non-ergodicity of the ath
iterate of T' (5, D C, with equality if and only if T* is ergodic). The measure-
preserving transformation 7 is called totally ergodic if T is ergodic for all a >
1 (see Exercise [[.41]). Define

Har = {f € L2 | USf = f for some a > 1},

the rational spectrum component and
| V-1
%:{f€L2|H N;U%"f H2—>OasN—>ooforalla>1},

the totally ergodic component. It may be readily checked that

° Uf%’; is dense in %, and ﬂ Vo = Vi

a=1 a=1
A = Vs
L2 = %a‘c 3 7/*

Let x4 = f + ¢ be the unique decomposition with f € £, and g € ¥;
similarly write f, for the orthogonal projection of y 4 onto the subspace 7.
Since x4 is a non-negative function with positive integral and .7,; contains
the constants, we have

/fdu=/fadu=u(x4)>0.

Moreover, since f, = FE (XA’G)@Q) and x4 > 0, we have f, > 0, where &, is
the o-algebra of T%-invariant sets (cf. Theorem [6.1]). Finally, f > 0 since fq
converges to f by the increasing martingale theorem (Theorem[5.H) as a — oc.
As in the case of multiple recurrence, we prove a stronger statement, namely

that
N-1

1
m — (n)
lim I Zu(AﬂTp" A)
n=0
exists and is positive. Since the orthogonal decomposition ya = f + ¢ is
preserved by Urp,

p(ANTH™ A) Z/(f + UL (f + ) dps =/ FUR™ f du +/9U§(")g dp,

(7.8)
so it is enough to consider the two components separately. 0

PRrROOF OF THEOREM [.10} ORDERLY PART. Consider the rational spectrum
component f € J.;, where we claim that

N—

1
A p(n)
Jim < 2)/fUT fdu>0. (7.9)
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If f € ., then the sequence of functions (U™ f) is periodic (since the
sequence (p(n)) when reduced modulo a is periodic), showing that the limit
in equation ([L9) exists for functions f in a dense subset of %, and hence
(by approximation and the Cauchy—Schwartz inequality) for any f € 4.

We must now exclude the possibility that the limit is zero. Choose a > 1
with [|f = fall2 < € = 2u(A)%. For n > 1, p(an) is divisible by a since p(0) = 0,
and so U;(a") fa = fa. Tt follows that

/faUc?(a")fadu= /fo dp > (/fa : 1du>2 = u(4)?

by the Cauchy—Schwartz inequality. Hence

[ s pan = (r.055)

= {fan b+ (£ VR = U2 1Y 4 (f = 1o, VR 1)
> p(A)? — 26 = $u(A)? > 0.

Recall that f > 0 so U:','i(n)f > 0, which implies that

N—-1
S (n)
im0 [ 1025 = (a2 >

O

We complete the proof of Theorem [[L10l by using the Spectral Theorem
(Theorem [B4)) for the chaotic component.

PROOF OF THEOREM [LI(0} CHAOTIC PART USING THE SPECTRAL THEOREM.
Consider now the totally ergodic component g € %,.. We claim that

N—-1

lim % 3 <U;<">g,g> —0. (7.10)

This, together with equation (7Z.9)) and equation (Z8]), will complete the proof
of Theorem [Z.10 By equation (B, the claim in equation (Z.I0) is equivalent
to the statement that

N-1
. 1 n
lim /51 N ngzo M dpy(z) — 0 (7.11)

N—o0

as N — oo (see Section for the notation). We will prove equation (Z.IT)
using Weyl’s equidistribution theorem (Theorem [[4] proved in Section LZ.3)).
If z € S! is not a root of unity, then 2™ = 2™ for some § € RNQ and so
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N-1

. | Nl 1
= Sp(n) e2mifp(n) __, / 2™ g =0
N Z N ngo 0

by Theorem [I4] It is therefore enough to show that uy({z0}) = 0 for any root
of unity 2o € S, for then the dominated convergence theorem (Theorem [A18)
implies the claim.

Assume therefore that p, ({20}) > 0 with zy = e*%/ for some a, b inte-
gral, a > 0. It follows that Lﬁg (S') contains the non-zero vector

5 (2) = {1 %fz = 20;

0 if not,
which is fixed under multiplication by z¢, as
290, = 2002, = 0z,-

However, by Theorem[B.4)(2), Lig (S') is unitarily isomorphic to the cyclic sub-
representation of Li generated by g under the unitary map Ur. Moreover, by
the same theorem this isomorphism conjugates Ur to multiplication by z. It
follows that there exists some h € L2 which is fixed by Uf., with

<gvh>Li = <176Z0>L,2w = /1’(1({20}) >0
since the constant function 1 € Li is mapped to g € L2 under the unitary
isomorphism in Theorem [B.4](2). Since h € I, C Hia, thls contradicts the
fact that g € ¥, = J£Z by construction. O

rat

7.4.1 The van der Corput Lemma

In the more complex situation needed for Szemerédi’s theorem, we will not
be able to use spectral theory (as in the proof above). Instead we will rely
on repeated application of the following quite simple argument to handle the
chaotic part of the systems arising. This is a version of the van der Corput
Lemma.

Theorem 7.11. Let (uy,) be a bounded sequence in a Hilbert space 7. Define
a sequence (sp) of real numbers by

sp = limsup |—
N—o0

N
1
§ unJrh; un
n:l

If

P}PM—Z%—O
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then

lim
N—oco

1 N
N2t

PROOF. Fix € > 0 and find Hy such that for H > Hy,

T

-1

1
sp < €. (7.12)

H

>
Il
o

Then for N much larger than H (depending on ¢), the sums % Zg 1 Un
and N 7 Zn 1 hH 01 Unp, differ only in the first few and last few terms, so

N H-—
Zun_NEZZ Un+h

This allows us to switch attention and consider the double average instead
of the single average. For this double average, notice that by the triangle
inequality we have

N
%% Z Un+h

<e. (7.13)

N—o0

1 N
N Z <Un+h7 Un+h’>

(7.14)

where the sum has been rearranged and the triangle inequality has been used
to give the last line. Notice that for a fixed pair h, I/,
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N
lim sup N E (Unths Unsn)| = S|h—h'|

N—o0 n—1

so the expression in equation (Z.I4]) is bounded above by
=
ﬁ Z S|h—h/| .
h,h/=0

We will split this double average into three terms as indicated in Figure [Z1]

(0, H —1) (H—-1,H-1)
111

11
(h’ h,) = (07 0) (H — 1, O)

Fig. 7.1. Decomposing the double average. The lower left corner of the square 111
has the coordinates (H — Ho, H — Hp).

Indeed,
1 H-1 1 H—-Hj 1 H-1
m Z S|h7h’| = E Z E Z Sh!—h (part I)
h,h’/=0 h=0 h'=h
1 H—Hj 1 H-1
+— Z =7 Z Sh—h' (part II)
H h'=0 H h=h'+1
1 H-1
+ﬁ Z S|h—h’| (pal‘t III)

h,h/=H—Hoy+1

The first two averages I and II are taken over averages that satisfy the in-
equality in equation ((CI2)), so are less than . By initially choosing H much
larger than Hy (and using the assumption that (u,) is bounded), the third
term IIT is bounded by ¢ as well. Together with equation (Z.I3)), this gives

1 N
N2t

< 4e
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as desired. O

This gives an alternative approach to the chaotic part of Theorem [.10

PrOOF OF THEOREM [(.I(} CHAOTIC PART USING VAN DER CORPUT. Con-
sider again the totally ergodic component g € #,. We claim that

lim —Z/ Ug("gdu—o

N—oco N

In fact, we claim that

lim H — Y uEy H2 -0 (7.15)

N —o00

holds for any non-constant polynomial p without any condition on p(0). First
notice that since 7, C ;. for all a > 1, we must have g L 57, and so by
the mean ergodic theorem (Theorem 22])) itself,

N—-1

J\}EnooHN OUTgHQZO

if a # 0, showing equation (T.IH]) when p is a linear polynomial with p(0) = 0.
Also notice that equation (ZIH) for a polynomial p is equivalent to equa-
tion (CIH) for the polynomial p — p(0). The key idea is to use the van
der Corput lemma in an inductive argument to extend equation (TIH) to
polynomials of higher degree. Assume therefore that degree(p) = k and we
have proved equation ([I3) for all polynomials p’ with 1 < degree(p’) < k.

Write u,, = Ug g for n > 1 and notice that

n+h n n+h)—p(n
(Unths tn) = <U;’$( g, U )g> = <U;’F( R )g,g>~
For any given h,
degree (p(n + h) — p(n)) < degree (p(n))

By the inductive hypothesis and the fact that strong convergence in a Hilbert
space implies weak convergence, we therefore have for any h # 0 that

=0.

= lim |Z UTn+h) p(")g g>

Theorem [C.TTl may be applied to deduce equation (ZI5]), which clearly implies
our claim. O
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Exercises for Section [7.4]

Exercise 7.4.1. Let (X, %, u, T) be a measure-preserving system. Show that
an iterate T is not ergodic for some a > 1 if and only if the operator U has
an ath root of unity as an eigenvalue.

Exercise 7.4.2. Re-prove the equidistribution of {n?a} in T for irrational
(or, more generally, fractional parts of polynomials with an irrational non-
constant coefficient as in Theorem [[4) using u,, = ¢2™"°® and Theorem [Z.11}

Exercise 7.4.3. Adapt the proof of the Furstenberg correspondence from Sec-
tion to prove Theorem assuming Theorem [7.10)

7.5 Two Special Cases of Multiple Recurrence

The proof of Theorem [74] proceeds by building up a general system from
simpler constituents, a process illustrated in Figure As suggested by Fig-
ure [[.2] there are three parts to establishing the SZ property for a general
measure-preserving system. Firstﬁ, it must be shown for certain special sys-
tems (Kronecker systems). Second, it must be shown to be preserved by vari-
ous extensions. Third, the property must be shown to survive taking limits in
a sense described later. We will refer to this chain of factors frequently, and
will need to establish both the existence of these factors and the fact that all
of them have the SZ property. In Section all the steps used in proving
Theorem [T.4] will be summarized in the argument that completes the proof.

relatively weak-mixing extension

limits of limits of ... of compact extensions

\

compact extension

limit of compact extensions

\

compact extension
Kronecker factor

trivial factor

Fig. 7.2. Building up a measure-preserving system.

* We could also start with the trivial factor and let the inductive step handle the
case of a Kronecker system, but the extra case handled here will show more.
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7.5.1 Kronecker Systems

In this section we prove the statement needed to start the induction in Fig-
ure[[.2] by showing that any Kronecker system has the SZ property.

Proposition 7.12. Any Kronecker system has the SZ property.

That is, if G is a compact abelian metrizable group with Borel o-algebra %
(cf. Theorem [6.T0), then an ergodic rotation R : G — G defined by R(g) = ag
for a fixed a € G has the property that

l}\Ifnlnf—ZmG (ANRT"ANR™™AN---NR*A) >0 (7.16)
forall k > 1 and A € # with mg(A) > 0.
PrOOF OF PROPOSITION [L.12] For any function f on G and g € G write

FOh) = f(gh).

We claim first that for any f € L77_ the map g — 9 is a continuous
map G — L,lnc with respect to the metric d on G. To see this, fix ¢ > 0,
choose f € C(G) with ||f — f|l1 < e and (by compactness) choose § > 0 with
the property that d(g1,g2) < § implies |f(g1h) — f(g2h)| < € for all h € G.
Then for d(g1,g2) < 6,

|79 — £2)|| || F9) — Fln||y 4 || F90) — flo2)||y 4 || fl92) — flo2)||; < 3e.

Now fix f € LmG; we know that each map g — f(gi) is continuous from G

to L}nG for 0 < ¢ < k. We claim that the map

g / () f(gh) - F(g*h) dma(h)
G

is continuous. Indeed, for any e > 0 there exists a é > 0 such that d(g1,92) < 9
implies that || f1) — < k; thus

/ S ) - F(gkh) dme(h / FUR) Fgah) - F(gkh) dme
/ () (F(gih) — F(gah)) F(2h) -~ F(gth) dme(R)
/ () £(g2h) (F(g2h) — F(g3R)) F(g3h) -~ F(gkh) dme(R)

/ SR F(gah) - £ ) (F(gbh) — F(ghh)) dma(h).
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and each integral on the right-hand side is bounded by || f||X..
Now let f € Lj;. be a non-negative function that is not almost every-
where 0. We claim that

Jim 55 3 [ PO FRR) - (R ) dme ) (7.17)

exists and is positive. By the argument above, the function ¢ defined by

é(a) = /G F(R)f(ak) - f(a*h) dma(h)

is continuous; on the other hand R is uniquely ergodic by Theorem .14l and
0

N
fim 5 3 0(a) = [ o) dme (i),

which is the limit in equation ([C.I7). By assumption ¢ > 0 and ¢(1¢) > 0, so
the limit is positive since ¢ is continuous. 0

In fact much more is true. Returning initially to an ergodic circle rota-
tion Ry, for any e > 0 the set {n € Z | {na} < e} is syndetid. It follows that
for fixed k£ > 1 and any £ > 0 the set

{neN| ’mT(AﬂR;"Aﬂ---ﬂR;k"A) —mT(A)’ <e}

is also syndetic for any set A with mrp(A) > 0. A general Kronecker system
given by a rotation R : G — G has the property that for any f € L?nc
the closure of the orbit {Ujf | n € Z} in L7, is compact (a fact that we
will be generalizing in order to define compact extensions, see Figure and
Section [T.9). Moreover, the set {n € N | [ULf — fll2 < €} is again syndetic,
showing that multiple recurrence occurs along a syndetic set for Kronecker
systems.

7.5.2 Weak-mixing Systems

Although logically not necessary, we prove next a multiple recurrence result
(in a stronger form, and in particular identifying the limit) for weak-mixing
systems. In the proof of Theorem [[4] we will need to use similar techniques
for a relatively weak-mixing extension.

Proposition 7.13. Let (X, B, 1, T) be a weak-mizing system. Then for k > 1
and functions fi1,..., fr € L7,

N—-1

1

N Y URAUF fo- - U fi 7/f1du/f2du-~/fkdu- (7.18)
n=0 #

* A subset S in a semigroup G is called syndetic if there is a finite set T'C G with
the property that J,. S —t = G, where S —t={g € G| g+t e S}
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It follows that if fo € L is another function then

N—1
%Z/XfOU%flU%nfT”U%"fkdu—’/fodﬂ/fldu"'/fkdu,
n=0

and, in particular (taking each f; to be xa), we have property SZ.

PROOF OF PROPOSITION [L.13] Since T is weak-mixing it is certainly ergodic,
so equation (ZI8) holds for & = 1 by the mean ergodic theorem (Theo-
rem [22T]). We proceed by induction on k.

Assume that k = 2. If either one of f; or fs is constant then equation (ZI8))
follows from the case k = 1. (If fy is constant this is literally true; if fy
is constant then we need to recall that if T is weak-mixing then so is 72
by Corollary [Z39) Therefore, we can assume (by subtracting the integral)
that [, fidp = 0. Write u, = U}t f1U7" f2 for n > 1 and notice that

N

sp = ]\}Enoo % nzl (Unthy Un)
= Jim < Z / U U2 £y U U fy dp
= lim < Z / UB[LUZ2" o fiUR o dp
(since T™ preserves [i)
= Jim Z UV 1)

/f1U¥f1dM/ f2UZR fo dp
X X

(by the mean ergodic theorem).

Now T is weak-mixing, so 72 is weak-mixing by Corollary and there-
fore T x T? is weak-mixing with respect to u x p by Corollary 237 Ap-
plying the mean ergodic theorem to T x T2, and writing f; ® fo for the
function (z,2’) — f1(x)f2(z’), we have
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H-1 H-1
. . 1
A hg_o sp = I}I_Igoﬁ hE—O /XflU%fl dM/X foUF" f2dp

1 H—1
= lim i }; /XXX(fl ® f2) Uk 2 (f1 ® f2) d(p X p)

H—o0

2
= (/ f1® fad(p x u)) (by ergodicity of T' x T?)
XxX

() () =

Thus we can apply the van der Corput lemma (Theorem [ZI1)) to the se-
quence (uy), giving equation ([CI8) for k = 2.

By CorollaryZ3%and Theorem [2:36(3) the map TxT?x---xT* is ergodic,
and the same argument (see Exercise[.5.2]) can be used to give equation (Z.I8)
for any k. O

Exercises for Section

Exercise 7.5.1. Let R : G — G be an ergodic group rotation. Prove that for
any ¢ > 0 and f € L2, _ the set {n € N | |[R"f — fHLfnG < ¢} is syndetic.
Deduce Proposition [(.12

Exercise 7.5.2. Finish the proof of Proposition [[.13 by giving the details of
the inductive step for a general k.

7.6 Roth’s Theorem

In this section we will prove the special case k = 2 of Theorem[Z4(%®) | giving a
combinatorial result due to Roth; indeed we will prove the following stronger
statement.

Theorem 7.14. Let (X, %, u,T) be a measure-preserving system. Then, for
any functions f1, fo € L (X, B, n),

N

1

~ E U LU f (7.19)
n=1

converges in L?(X, B, u). Moreover, for any A € B with u(A) > 0 we have

N
. 1 —-n —2n
J\}l_r)r(l)oNnEdM(AﬂT AﬂT2A)>O.
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Just as in the proof from Section [[4] we will prove this by decomposing
the system (more precisely, by decomposing the space of L?-functions on the
space) into an orderly and a chaotic part. We will see below that for this result
the appropriate splitting will be given by the Kronecker factor.

Recall that in Section [[.5.J] we already proved the last statement of Theo-
rem [.T4] for a Kronecker system (G, B, me, R). More precisely, we showed
in the proof of Proposition [[.12] that

lim iZ/Gf(h)f(Rh)mf(Rk”h) dmg(h) >0 (7.20)

for any f € L77 . with f > 0 and [ fdme > 0.

Note however that prior to the statement of Theorem [7.14] we did not
claim convergence of averages in Li corresponding to multiple recurrence
as in equation (ZI9). This convergence is not needed for the application of
Theorem [T.14] to give Roth’s theorem but is of independent interest.

In Section [Z.6.1] we will prove Theorem [[.I4] for a Kronecker system. In
Section we will prove the following proposition, which reduces the case
of a general measure-preserving system to a Kronecker system.

Proposition 7.15. Let T be an invertible ergodic measure-preserving trans-
formation on a Borel probability space (X, B, u,T). Let A be the o-algebra
corresponding to the Kronecker factor of T', and let f1, fa € Lj°. Then

— 0.

N N

1 1

~ 2 URAUR f2 = < D URE (hi|#) UFE (fo] )
n=1 n=1

2

We now show how these two results — the case of Kronecker systems and
Proposition [L.T5] - fit together.

PRrROOF OF THEOREM [[I4] ASSUMING PROPOSITIONS [[12]1 aND [Z.THl By
Proposition [[.I5] the sequence

1N
N 2 URhUZ f2
n=1
converges to the same limit as
N
S URE () U3 E (] )
n=1

does, which converges by the Kronecker case (notice that the latter sequence
can be viewed as a sequence of functions on the Kronecker factor).

* The reader interested solely in the application to Roth’s theorem may therefore
skip Section [[.6.1} there will not be an analogous part in the proof of Theorem [ 4]
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Moreover, if A € 2 has u(A) > 0, then f = FE (XA’%/) has the proper-
ties f € Loo(X, ), f >0, and [ fdpu > 0. It follows that

N
—Z (ANT"ANT?"A) = Z/ XAUFXAUF x4 du

2

converges to the same limit as does the sequence

N
NZ [ xaviU = )3 | svrsviesan

(where we have used Theorem [5.1(3)). By equation (Z.20), the latter limit is
positive. 0

Finally, let us note that the existence of the limit in Theorem [Z.14] would
be much harder to establish in Theorem [l (this is discussed further in Sec-
tion [T3). As we have already seen, the positivity of the limit inferior is more
than enough to imply Szemerédi’s theorem.

7.6.1 Proof of Theorem [7.14] for a Kronecker System

In this section we will make use of Theorem [6.10)

PROOF OF THEOREM [[.T4 FOR A KRONECKER SYSTEM. Let G be a compact
metric abelian group with Borel o-algebra &, Haar measure mg and metric d,
and let R,(x) = ax be an ergodic group rotation defined by some a € G.

Let f1, f2 € LY and write f1 ® f2(g1,92) = f1(91) f2(g2) for (g1, 92) € G*. By
the mean ergodlc theorem (Theorem E.21)) applied to R, x R2? (which is not
itself ergodic),

ZUR heUg ZUR <rz (1@ f2)

converges in L2(G2%, % ® B, mg x mg) to a limit F which is invariant under
the transformation R, x R,2. We wish to deduce from this that

N
1 n n
=N > U AUR f2
n=1

converges in L2(X, %, mg) as claimed in the first part of the theorem. Notice
that Fy is the restriction of Fyy to the null set {(z,2) | z € X}, so in general
there seems little hope of connecting the sequences (Fy) and (Fy). We will
use the abelian group structure Ur,Ug, = Ur,Ug, for t € G to achieve this.

Fix ¢ > 0. Since f, € Lye. C L2,  there exists some § > 0 with the
property that d(1g, k) < d implies that || fo — Ur, f2|l2 < € (cf. the beginning
of the proof of Proposition [[.T2).
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Assume that N < M and d(1¢g,h) < 6. Then
|UR 1UE 2 = U hURUR, || = ||UR 1UE (f2 = Unito) | < < 112

and so

[ FN — Full2< +2¢ || fi|

2

N M
1 1
NZ UﬁaflUﬁﬁURhfz—MZ Ug, iU Ug, f2
n=1 n=1

Thus by averaging the square of these expressions over the set B of points h
within ¢ of 1¢ we get (by commutativity)

1 N 12
1Pv=Ful < =5 [ [ (B = Fu] (0.00) dma(a) dmo (405, 1, 0)

However, the last integral is part of the integral defining ||Fy — Fi||2 (more
precisely, it is the restriction of the latter integral to an open neighborhood
of the diagonal {(g,9) | g € G}). Therefore, for N and M sufficiently large we
get R .

IFn — Farll3 < ma(B)e,

and so ||Fy — Far||3 < Oy,.1,(€). This shows that (Fiy) is a Cauchy sequence
in L2, . as required. This proves the theorem in the case considered. 0

7.6.2 Reducing the General Case to the Kronecker Factor

It remains to prove Proposition [[.I5] and this is done once again using the
van der Corput lemma (Theorem [T.TT)).

PROOF OF PROPOSITION [7.I5l Notice that

1 & 1 ¢
N 2 URRUR fa= 5 3 URE (1] #) UR'E (f2] %)
n=1

n=1

N
= LU (- B (5] ) U o

n=1

N
L S URE (A VR (£~ B (1] ).

n=1
so that it is enough to show that
|
N > URHUF f2—0 (7.21)
n=1

if either E (flyf%/) =0or FE (fg‘%) = 0. Both cases will be proved by
applying the van der Corput lemma (Theorem [Z.T1]) with
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Up = Ur?flU%an
With this choice,

(s tn) = / Utk U2 fum £ U2 f d
- / FURFUR(F2UZ f) du (7.22)
X
= / U™ (U ) FoU2 o d (7.23)
X

Now assume that F (fl‘%) = 0 and apply equation (23] to obtain

/ ( ZU (f1U2h1) )fo%hfsz :

sp = limsup
N—o0

Notice that v
1 —n
¥ DUk — [ AU
n=1 X

by the mean ergodic theorem (Theorem 221]) applied to 7. Hence

on < el | | 0RA A
X
and so we wish to show that
1 12 H
i > sn < du’ -0 (7.24)
h=1 h=1

as H — oo. By Lemma [247] this is equivalent to showing that

H 2 1 H B B
7 | 50k an :EZ/Xh@flv%xT(fl@fl)d(uxu)

/f1®f1 ZUTXT fr® fi)d(p x p)

converges to zero as H — 0o. By the mean ergodic theorem (Theorem 2:27T]),

H
1 B
Fy = E;Uz@x:r(fl ® f1)

converges in L#X , tosome F € L7S  which is invariant under T x T'. We
claim that F = 0, which will imply equation (C24]) and equation (Z21]) by
van der Corput’s lemma (Theorem [TTT]).
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The proof of the claim will rely on the argument we used to give the
implication (5) = (2) in Theorem 236 on p. We isolate the statement
needed in the form of a lemma (which follows easily from Theorem [B3).

Lemma 7.16. Let (X, %, 1, T) be any measure-preserving system on a Borel
probability space. Suppose that K : Li — Li is a compact self-adjoint operator
commuting with Up. Then all eigenspaces of K with non-zero eigenvalue are
finite-dimensional, Up-invariant and spanned by eigenfunctions of Ur. An
operator induced by a T X T-invariant kernel F' with F(y,x) = F(x,y) satisfies
all these assumptions.

Recall that any kernel in L., defines a compact operator on L7, hence

Kp:g— /FH(:v,y)g(y) du(y)

and
K:g— /F(:zr,y)g(y) dp(y)

are compact operators on Li. Moreover, the operator norm of an operator
defined by an Li kernel is bounded by the Lﬁ—norm of the kernel. In particular,
since Fy converges to F in Lixw the operator Ky converges to K with
respect to the operator norm. Finally, notice that if ( € L?(X,.#) is an
eigenfunction of Ur (any such eigenfunction is .#-measurable by the definition

of the Kronecker factor), then
[vkncan= [ B@kndx) au= [vhe (7]#) cau=0

since we are assuming that E (f1|%) = 0. This shows that Kg( = 0 and
so K¢ = 0 by taking the limit. Since Fy(y,x) = Fg(x,y) for all H, the
same holds for F'. However, F' is T' x T-invariant and so by Lemma the
compact self-adjoint operator K has the property that all its eigenspaces for
non-zero eigenvalues are finite-dimensional and generated by eigenfunctions
of Ur. Since all eigenfunctions of Ur belong to the kernel of K we have K = 0,
and so F' = 0 as claimed.

To complete the proof of the proposition we also have to show equa-
tion (TZ2I) under the assumption that F (f2|.#") = 0. In this case we can
use equation (Z.22) instead of equation (Z23)), and we can proceed as in the
first case. However, in this case we need to show that

1z
>
h=1

as H — oo, which in turn follows from

/ U2 1 du} 0
X
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1 & _
Fo=4 hz_l Ui (fa @ fo) = 0

in Lix - As before, we know by the mean ergodic theorem (this time ap-
plied for T2 x T? on Lixﬂ) that F'y converges to some F' € LZX# invariant
under T2 x T2,

By applying Lemma to T? we know that the eigenspaces of the com-
pact operators are sums of eigenspaces of Up2. We claim that an eigenspace
of Ur2 is at most the sum of two eigenspaces of Ur, if it is not an eigenspace
of Urp itself. Let V), C Li be the eigenspace of Up» with eigenvalue A € S!.
Let n € S! be a square root of \; then for any v € V)

v+ tUr(v) v —n"tUr(v)
2 * 2 ’

and it is easily checked that

v+ Ur(v)
2

is an eigenvector of Ur with eigenvalue 4. As in the first case, this together
with the assumption E ( fg’%f ) = 0 implies that F' = 0 as needed. O

Exercises for Section

Exercise 7.6.1. Give a proof of Theorem [T T4lin the case of a Kronecker fac-
tor that does not use Theorem [G.10] but uses only the fact that eigenfunctions
span a dense subset of L?.

7.7 Definitions

In this section we introduce the two complementary notions of compact exten-
sion and weak-mixing extension; once again Figure[[.2] summarizes how these
will be used in the final induction.

A Kronecker system (that is, a rotation R on a compact group G) has
the following property: For any f € L2, (G), the orbit {U}f}nez is a totally
bounded subset of L2, (G) (that is, is relatively compact). This is not a
property shared by all measure-preserving systems, as shown by the next
example.

Ezample 7.17. Let X = T? and define(®® a map T: X — X by

o)1)
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The iterates of the map T take the form
n. (Y Yy +na
™ (z) ~ (z +ny—|—c(n,a))
for some function ¢ : Z x T — T. It follows that the map T does not have
the totally-bounded orbits property of a Kronecker system. For example, the

function

f:T—=cC

f (y> _ e27riz

U%Lf (Z) _ eQﬂ'ic(n,oc)eQﬂ'i(erny)7

defined by

has

so U} f and U7 f are orthogonal and hence are distance V2 apart in LfnTQ (T?)
for all m # n.

We will use the same notation from now on: (X, Zx, u,T) is an extension
of (Y, %By,v,S), and the variable y denotes the image of z € X under the
factor map.

Although the function f appearing in Example[[.T7 does not have a totally
bounded orbit, the functions arising in the orbit still have a very simple form.
This is particularly so when they are viewed as functions of z for fixed y. The
next definition makes this simplicity more precise.

Definition 7.18. Suppose that X,

X= (X Zx,1,7T)

l
Y = (Y, %y, v, S)

is an extension of Y (equivalently, Y is a factor of X). Then a function f
in LZ(X) is almost-periodic (AP) with respect to Y if, for every e > 0, there
exist r > 1 and functions ¢1,...,9, € LZ(X) such that

g
Sin NUZf = gsllez , <e

for alln > 1, and for almost every y € Y. The extension X — Y is a compact

extension if the set of functions almost-periodic with respect to Y is dense
in L2,(X).

Example 7.19. The map T : T? — T? constructed in Example [.1T7is a com-
pact extension of the circle rotation R, : T — T. The character

(y) N eZTriz
z
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is mapped to the function

(y) N C(n,a,y) eeriz
z S——

modulus 1

in Lﬁy, so the orbit is a totally bounded subset of Lﬁy since we can take
gl(z) _ )\ie27riz

for some e-dense subset {\1,...,\.} C St. This argument applies to all char-
acters and linear combinations of characters, giving a dense subset.
An example of a function that is not AP relative to the rotation R, for «

irrational is
f . Yy — eQﬂ'ikz
z

for y € (%ﬂ’ %} , since for a fixed y the set {UFf} contains scalar multiples

of e2™#2 for all k > 1 (where the constant has absolute value one and depends
on y) and is therefore not totally bounded in L7, .

Just as weak-mixing and Kronecker systems are opposite extremes to one
another, the following notion is opposite to the case of a compact extension.

Definition 7.20. Let (X, Bx,u, T) be an ergodic measure-preserving system
on a Borel probability space. The extension

X= (X,%)(,/L,T)

!
Y = (Y’ %Y’ V? S)

is relatively weak-mixing (relative to Y ) if the system (X x X, u Xy pu, T x T)
is ergodic, where p Xy p is the relatively independent joining over Y. If Y is
trivial, then the extension X — Y is relatively weak-mizing if and only if X is
a weak-mixing system.

To understand the motivation for this terminology, notice that if Y is
trivial, then the relatively independent joining is precisely the product mea-
sure p X pon X x X, so by Theorem the extension X — Y is relatively
weak-mixing if and only if X is a weak-mixing system if Y is trivial.

Exercises for Section [7.7]
Exercise 7.7.1. Prove that the systems that appear in the proof of Weyl’s

equidistribution theorem (Theorem [[4] proved in Section [L43]) may be ob-
tained by taking finitely many compact extensions of a circle rotation.
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Exercise 7.7.2. If X — Y is a relatively weak-mixing extension, and the
system (Z,U, %, \) is ergodic with (Y, .S) as a factor, prove that

(X X Z, T xU, Xy
is ergodic.

Exercise 7.7.3. Let X — Y be a relatively weak-mixing extension, and
consider any measure-preserving system (Z,U, %, \). Prove that all T' x S-
invariant sets in the system (X x Z,T x S, x ) are contained in &/ X €.

Exercise 7.7.4. Show that if (X,7T) — (V,95) is a relatively weak-mixing
extension] then for any k > 1 the induced extension (X, T%) — (Y, S%) is also
relatively weak-mixing.

Exercise 7.7.5. Show that the skew-product example in Example [.11is not
relatively weak-mixing over the rotation R,.

7.8 Dichotomy Between Relatively
Weak-mixing and Compact Extensions

It is too much to expect that an extension is either relatively weak-mixing or
compact. Indeed it is clear that there are more complicated possibilities (the
system in Example [[.17] is neither a compact extension nor a weak-mixing
extension of the trivial system, for example). However, a weaker form of this
fundamental dichotomy does hold: an extension can only fail to be weak-
mixing if there is an intermediate non-trivial compact extension.

Theorem 7.21. Let (X, %, u,T) be an ergodic measure-preserving system on
a Borel probability space and suppose that

(X, 2,1, T)

!
(Y’ M’ V? S)

18 an extension of measure-preserving systems. Then one of the following
holds:

o X is a relatively weak-mizing extension of Y; or

e there exists an intermediate extension X* (factors X — X* — Y ) with the
property that X* is a non-trivial compact extension of Y.

* This exercise requires the definition of relatively weak-mixing to be extended to
allow the factor system to be non-ergodic; if Y = (Y, S) is not ergodic, then the
extension X — Y is said to be relatively weak-mixing if all invariant sets in the
relatively independent joining X xy X are sets in Y modulo null sets.
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This structure theorem explains the chain of factors in Figure[[2 Starting
with the Kronecker factor (which is present only if X is not weak-mixing), one
can find a chain of compact extensions until the original system is a relatively
weak-mixing extension of a factor which is a limit of chains of compact exten-
sions. In the proof, we will make use of the material on relatively independent
joinings from Section [ without comment. We will also use y to denote the
image of x in Y corresponding to [2]., and when the factor system is thought
of in terms of the T-invariant sub-o-algebra o7, we will use T for the factor
map on Y as well as the map on X. Similarly we will write 4 as well as u;‘f
for the conditional measure on [z] .

PRrROOF OF THEOREM [7.21] Let
X = ()?:XxX,%@%,ﬁ:uxw,T:TxT)

and assume that X — Y is not relatively weak-mixing. Then there is a non-
constant function H € £°°(X) invariant under 7. We will use the function H
in a similar way to the proof of the implication (5) = (2) in Theorem 230
(cf. Lemma[TI6) to define the following operator. For ¢ € £?(X, %, i) define

H 5 () = / H(z, 2')o(a’) du (2!).

Notice however that we do not claim that ¢ — H * ¢ is a compact operator
on L3(X, %, ). To see that it defines a bounded operator on L?(X, %, i)
(and indeed, to see that H * ¢(x) is defined almost everywhere) we give an
alternative description that will also be useful later.

Write A% = {&, X} for the trivial o-algebra on X. We claim that

Hxo(z)=E ( H(z, 2 )p(a')| B x Nx ) (z,), (7.25)

€L?(X)

€L2(X)CL>(X)
where we indicate in the argument on the right-hand side that the function
only depends on the first coordinate.
To see the claim it is sufficient to know that

~BX N

Blaay™ =0 x . (7.26)
This follows from Proposition[6.16/(4) combined with Proposition 520 applied
to the o-algebras

A XN =N XA CBX Ny CBRA.
m

Alternatively, we may appeal to Proposition[5.19 directly as follows. First, the

measure 0, x 1 is independent of 2/, and therefore is % x .#x-measurable.
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x iy’ dply)

o
Hy

atom for £ x ANx

Fig. 7.3. Explanation of 1 u( X =0, x pu.

Moreover, d, x p& is supported on {z} x X, which is the % x Ax-atom
of (x,2").
Finally,

/51 x p dpi(z, ') = /6JE x 1 dp(z)
/ G X g dp () dpu(2)

since g1 = [ u du(z), and so

/5 x g dji(z, 2’ —/</5 dpZ (w >><uz dp(z)
/ x e dp(z) = i,

since u = p for ¥ -almost every = € X. The claim now follows by Propo-
sition )} The idea behind this is illustrated in Figure [[33l
Now, by Corollary [5.24]

Ur (H  ¢) (z) = H x ¢(Tx)
/H (Tx,z") )dﬂfgz(xl)
- / H(Tx,Tx') ¢(Ta') dps (')
N——o—

=H(z,x’)
= H x (Ur¢) (x). (7.27)

If ¢ € £°°(X) then {Ul¢ | n € Z} C L7, for any fixed y € Y. Recall our

convention that y € Y always stands for the image of x € X (and hence
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corresponds to [x].). Since ¢ — H * ¢ is a compact operator L2g, — L2
(see Section [B.3), it follows from equation (Z.27)) that for any ﬁxed y the set

{Uf (Hx¢)|neL)C L2,

is totally bounded for any ¢ € £ (X).
Note, however, that the number of functions in L? P required to e-

cover {UR (H x¢) | n € Z} (that is, to have the property that the e-balls
around them together cover the set) may still depend on the point y, in con-
trast to the uniformity in Definition[Z.I8 We claim that the potential variation
in y does not cause a problem, and thus that H * ¢ is AP relative to Y.

To see this, fix € > 0 and y in Y. Then there exists M (y) such that

{Urs (H*9) | il < M(y)}

is e-dense in {Urn (H % ¢)} with respect to ps”. Choosing M(y) to be the
smallest such number defines a measurable function M : Y — N. Notice
that {y € Y | M(y) < M} is the set of all y € Y with the property that for
all m € Z there is some j with |j| < M for which

\U (H = 6) — Uj (H *0) 112, < <.

Therefore, {y € M | M(y) < M} is a measurable set and M is a measurable
function. It follows that there is an M € N with the property that

A={yeY | My <M}eo

has positive measure. For any j with |j| < M we define the function g; by the
properties

()= [V Hx9) @) = Hx Urd)(e) ifye 4
A g; (T x) ify, Ty,...,T™ 1y ¢ Aand T™y € A.

As before, y € Y corresponds to [z]. for # € X. Notice that this defines g;
almost everywhere by ergodicity. For y € A, by assumption,

U (H * ¢) — g
pin Uz (H 6) = g5l <e

for all n € Z. Similarly, if y, Ty,...,T™ 1y ¢ A and T™y € A then we can
use the above case for Ty to get

U7 (H * ¢) = Ur'gs ll2 , = Up™" (H * ¢) = gjllo2,

=9;

T""

SO

7Mm1n U7 (H * ¢) — ngLi?, <e
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for all n € Z and almost every y. In other words H * ¢ is AP relative to Y as
claimed earlier. To make use of this we need to know, however, that there exists
some ¢ for which H * ¢ is not a function on Y (that is, is not </-measurable
modulo ).

Lemma 7.22. There is a function ¢ € L>°(X) such that H x ¢ ¢ L*(Y).

PROOF. Suppose there is no such function, and choose a sequence (£2,,) of
finite partitions of X with the property that

o U o(P,) | = A.
n>1
Then for x5 € P € &2, the definition of conditional expectations implies that

E(H-Xxxp|# x Nx) (w1, 22)
E (Xxxp| B x Nx) (w1, 22)

E(H|% x 0 (P)) (x1,22) = (7.28)

By the earlier reformulation of the operator ¢ — H x ¢ in equation (Z.25)) and
our assumption, the numerator

E(H-XXXP‘%XJV)() (729)

is &/ x Nx-measurable. The same applies to the denominator
E(XXXP‘%X«/VX) (l‘l,l'g)zuﬁ(P) (730)
(using the fact that ﬁg?g))‘ = 64, x p proved after equation (Z.20)). Since
the formula in equation (Z.28) holds under the assumption that xo € P € £,
and both of the expressions (7.29) and (30) are & x .A#x-measurable, it
follows that E (H| 2 x 0(#,)) is & x 0(2,)-measurable. By the increasing
martingale theorem (Theorem [5.0]) applied to the sequence Bxo(2,,) / B
% we deduce that H is &/ x $B-measurable. However, by Proposition [6.16/(4)
we have of X Nx = Nx x .o/ modulo [, so H is actually A4 x Zx-measurable.

Thus H is a function of 9 € X alone. Since H is a non-constant invariant
function, this contradicts the ergodicity of T'. O

Thus the set
F ={f € L>*(X)| fis AP relative to Y}

contains functions that are not «/-measurable. We claim that .%# is an algebra
of functions; the only (slightly) difficult part of this assertion is to show that .%#
is closed under multiplication.

Suppose that fi1, f2 € F, g; € L*(X) for j = 1,...,J, and hy € L*(X)
for k=1,..., K, are functions with the properties that
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3
in||UXf1— g4 _ 7.31
HblnH Tfl gJHLiff < HfQ”oo ( )

and

min U2 f2 el 2 (7.32)

<_F

[1f1lloo
for almost every y € Y. Notice that we can modify g; if necessary to ensure
that [|g;]|co < [|f1]loo for all j =1,...,J. Then

U7 (f1f2) = gihullrz , < |Urfa (Urfr —g;5) 12,
I py

Y

+llgj (Ur f2 — ha)

HLiif
< 2e

if j and k are chosen so as to minimize the expressions in equation (3]
and (Z32). This implies that fi fo € Z, so % is an algebra.

Let #* denote the smallest o-algebra with respect to which the members
of .F are measurable. Since % is invariant under Uy, £* is invariant under 7T'.
We will show that .# C L?(X,%*) is dense, from which it follows that %*
defines a factor of X that is a non-trivial compact extension X* of Y.

To see that .7 is dense in L?(X,%*), fix f € #, € > 0 and an inter-
val [a,b] C R. By the Stone-Weierstrass Theorem, X[, may be approximated
arbitrarily closely by a polynomial p € R[t] on [—||f|cos || flloc]- Thus there is
a polynomial p with

Xia) = Pllzz, <e
or equivalently
IXf-11a,0) = P()ll2 <&
This shows that all the generators of Z* can be approximated by elements of
the algebra .7. Let

€ = {B € %" | xp belongs to the L?-closure of .7 }.
Since f € % implies that 1 — f € #, C' € € implies that X\C' € €. Suppose
now that C1,Cy € ¥ and € > 0, then there exists f; € .# with

&
Ixc, = fillz < 7
' ||f2||oo

and fy € .F with
Ixca = fall <
’ [[f1lloc
This implies that ||xc,xc, — f1f2]l2 < 2e, showing that C; N Cy € €. Thus
the functions xc¢,, X, Xcinc, can all be approximated, so the same holds for
X6‘1U02 = X6‘1 + XCQ - Xclﬂ027

which implies that C; U Cy € €. Thus € is an algebra; since every countable
union can be approximated by a finite union % is in fact a o-algebra. It
follows that € = %*, so by considering simple functions we see that .# is
dense in L2 (X*) as claimed. O
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7.9 SZ for Compact Extensions

We have already established that every Kronecker system satisfies the SZ
property. By Theorem [.Z]] from the last section there is, for a given sys-
tem X = (X, %, u,T), either an intermediate compact extension X* of the
Kronecker factor Y, or X is a relatively weak-mixing extension of Y. In the
former case we want to prove property SZ for X* first and proceed inductively
through the sequence of fauctorsé3 in Figure Thus we need to prove the
following proposition regarding compact extensions.

Proposition 7.23. Let
X = (X,2,1,T)
l
Y=Y, v,S)

be a compact extension of invertible measure-preserving systems on Borel prob-
ability spaces. If Y is SZ, then so is X.

As seen in Example [[19] it is not true that any function f € L*°(X) in
the compact extension X of Y is automatically AP relative to Y. The next
lemma will be used to circumvent this problem in the case of characteristic
functions.

Lemma 7.24. In the notation of Proposition[[23] let B € % have u(B) > 0.
Then there exists a set B C B with p(B) > 0 such that

° Xpis AP relative to Y, and
° /Lf(B) > %U(B) or Hf(B) =0forallycy.

PROOF. Both properties of the lemma will be achieved by removing an ele-
ment A € &7 from B (in other words, by removing a collection of entire /-
atoms). We will do this in two stages, first defining B’ C B which satisfies
the second property, and then defining B C B'. Notice that if we indeed
have B = B'\A for some A € &/, and B’ satisfies the second property, then
so does B.
Let
B ={ze B|u?(B)> Lu(B)}.

Hence, if y ¢ B’ then we have some 2 € B B’ that is mapped to y, and
py (BNB') = i (B) < $u(B),
and integration over y € Y yields u(B~B’) < $u(B).

* Even though the result in this section is the next logical step, the reader may
wish to look at the argument for sequences of factors in the next section, which is
both independent and easier, and may help the reader to prepare for the current
argument.
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Moreover, since p(B) > 0 we have u(B’) > 0 and
u (B') > §u(B) = 5(B')
for every x € B', so the set B’ satisfies the second property of the lemma.

We now proceed to define B. Choose a decreasing sequence (g4)¢>1
with g, > 0 for all / > 1 and with

j{:ag < %pdl;q.
=1
For every £ > 1, there is an AP function f; such that

Ixs: — feli> = [ Ixp — fel?dp < &}
"

by density. Let
Ac={yeY xw —filla >
Ky

then )
pA) < = [ e = flls | dvly) <<
5 Ay uf
Let _
B =B A,
0>1

so in particular p(B) > $1(B'). As explained earlier, either

1 (B) > u(B)
" 1 (B) = 0,

since |J, A¢ € &7. Finally, for the AP property, fix ¢ > 0 and choose some ¢
with e, < . Then if T"y ¢ |, Ay,

Urxg —Urfellez , = lIxg — fellzz,
ny Him,

= lIxe — fellz2,
1n,

<ep < e

On the other hand, if 7"y € |J, A¢ then

HU%XEHLZd = ”XE”LZd =0.
Hy Hmy,

Since fy is AP relative to Y, there exist functions g1, ..., g, with
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_ 1
(min U7fe = gillez, < 32

almost everywhere; set go = 0 to deduce that

ooin Urxg = gillzz , <&

showing the AP property. O

7.9.1 SZ for Compact Extensions via van der Waerden

The following approach to the SZ property for compact extensions (Proposi-
tion[7:23) is taken from the notes of Bergelson [26], and uses van der Waerden’s
theorem (Theorem [7.T]).

PROOF OF PROPOSITION USING VAN DER WAERDEN. By Lemma [[.24]
we may assume that f = xp is AP and that there exists some set A € &
of positive measure with p” (B) > 1u(B) for y € A. We will use SZ for A
(for arithmetic progressions of quite large length K) to show SZ for B (for

arithmetic progressions of length k). Given ¢ = 5 ]g JJ) > 0 we may find (using

the AP property of f) functions g1, ..., g, such that

s U2 S = gsllez, <<

for all n € Z and almost every y € Y. We may assume that ||gs[leo < 1
for s = 1,...,7. By Theorem [[.]] we may choose a K for which any coloring
of {1,..., K} with r colors contains a monochrome arithmetic progression of
length k + 1. There is some ¢; > 0 for which

Rk ={neN|v(ANS AN ---STHK"A) > ¢}

has positive lower density. In fact this follows from SZ for A: If

N
P s 1 -n —Kn
lwglofﬁnélu(AﬁS Aﬂ---ﬂSKA)>co>O,

then, for large enough N and some ¢; > 0 depending only on ¢y, we must
have

|RKﬂ[ ]l > Cq.
Let n € Ri. Then, for every y € ANS AN ---N S~ K" A we have
: in
Jwin (U7 f — gsllLif <e

for 1 < i < K. We may use this to choose a coloring ¢(i) on [1, K] with r
colors (that depends on y and n) by requiring that
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1327 = geqo iz, <
Y
By van der Waerden’s theorem there is a monochrome progression
{i,i+d,...,i+kd} C{1,...,K}

and so there is some g4(,,) = g« for which

i+5d)n
UG — gl <e

|Li§¢
for j =0,..., k. Writing g = U:Fi"g*, this means that

" N
U7 f gl <e

Hsiny
for j =0,...,k. Since j = 0 is allowed here, we also get
103" f = fllza, <2 (7.33)

Siny

for 5 =1,..., k. This shows that, for a given n, the set
ANS™T"AN-.-NSTE"A

is partitioned into finitely many sets D, 1,..., Dy ar, where M is the num-
ber of arithmetic progressions of length (k 4+ 1) in [1, K], with the property
that i,d, g do not change within such a given set. In particular, if n € R,
and so

WANS™TAN---NS™E"A) > ¢,

then for one of these sets D (with corresponding progression {4, i+d, . .., i+kd}

in [1, K1), we have (D) > .
Since D C ANS™™AN---N S E"A, we have

Thus, by the choice of €, we have

p&n,(BAT™"BN...ATFINB) = /fU%"f- S UR fdpd,

>/f’““ dpin, — (k+ 1)e

(by equation (33]))
> Lu(B) — (k+ 1) = u(B).

Recall that this holds for all y € D, and that on this set ¢ is constant, hence
we may integrate the above inequality (with respect to Sy € S™D) to get



210 7 Furstenberg’s Proof of Szemerédi’s Theorem
" (B NT-"Bn---N T*’“d”)B) > Lu(B)w(D) > S u(B)

which holds for all n € Rg. Note that the number d € [1, K] may depend
on n. To summarize, let R’ be the set of those n for which

C1

-n ... kn —_—
p(BNT"BN---NT )>3MM

(B).

Then we have shown that for every n € Ry there is some d € [1, K] for
which dn € R’. This implies that the lower density of R’ is positive, in fact
that

.. |'le [17N]| C1
e T <l

To see this, suppose that N is large, so we have > £ N elements in RxN[1, &1,
and for each of those n there exists some d € [1, K] with dn € R’. As there
are at most K many n’ which can give rise to the same dn, the claim follows.
This gives the theorem. 0

7.9.2 A Second Proof

The following argument, taken from the survey [107] by Furstenberg, Katznel-
son and Ornstein, does not use van der Waerden’s theorem. It has the advan-
tage that in showing the SZ property for k-term arithmetic progressions in
the extension, it only uses the SZ property for k-term arithmetic progressions
in the factor. There is a price to pay for this, in that the argument is a little
more complicated.

SECOND PROOF OF PROPOSITION [[.23] By Lemma [[.224] we may assume
that the function f = xp is AP, and that there exists a set A € &7 of positive
measure with uf (B) > %N(B) for y € A. By assumption, the factor Y satisfies

the SZ property, which we will apply to a subset A of A found below. We will
then use the AP property for f = xp to prove the SZ property for B.

In fact we claim that for any € > 0 there exists a subset A C A of positive
measure and a finite set F' C Z such that for any n > 0 there is some m € F
with

If = U7 e, < (7.34)

for ¢ =1,...,k, whenever y € ﬂlzzo T A (though we will use the claim only
for e = 14(B).) Roughly speaking, this statement is desirable as there will be
many such points y € Aandn >0 (by property SZ applied to the set g) and
the restriction that m belongs to a fixed finite set F' will allow us to deduce
that there must be elements = € ﬂlgzo T—?B for infinitely many p > 0. The
inequality (Z34)) may be viewed as the relative version of the fact that in a
Kronecker system the set

{neZllf-Urfll2<e}
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is syndetic. As we will see, the claim (Z34)) implies the main result rather
quickly.
To prove the claim we introduce some notation. Let

k+1

L) ={(L U S U ) Ime 2} € (L22)
E+1
where we equip the space (Lid) with the norm

I Cfo, oo i) I = mmax i fell e

) 7 y

k41
Clearly .Z(y) is a totally bounded subset of L2 ) with respect to this
norm. It follows that the same holds for the subset

k
L) ={(fUPS.... . UF™f) I meZye (|T™A}.
=0

The additional condition in the definition of .#*(y) forces every component
of the vector

(F.URS,....UF" )
to be a non-zero element of Li“' (Recall that f = yp and p (B) > 1u(B)
Y
fory e A.)

Since Z*(y) is totally bounded, for every € > 0 there exists a finite max-
imal e-separated subset of £*(y). A set is called e-separated if any pair of
elements are at distance greater than ¢ from each other.

For any finite set F' C Z define gp(y) = 0if y ¢ ﬂ];:o Niner T ™A and
define

gr(y) = mg}}lﬂe”_max H "= f||L2

ify € ﬂlgzo Nier T ™A, Thus gp(y) measures how widely separated the
vectors corresponding to F' C Z are in .Z*(y).
Also define

Sep.(F) = {y | gr(y) > ¢ but gz < e whenever |F| > |F|}

k
= { Y€ ﬂ ﬂ T~ A | F defines a maximal e-separated
t=0meF

subset of Z*(y) } .

The sets Sep, (F') € « for all finite subsets F' C Z cover A: for almost every y
in A the set £*(y) is non-empty (because, for example, we may set m = 0
in the definition of .Z*(y)), and since f is AP there exists a set F' with the
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property that y € Sep,(F'). Therefore, there exists a set F' such that Sep,(F')
has positive measure. Moreover, there exists 7 > 0 such that

{y | gr(y) >e+nbut gz(y) < e for all |ﬁ| > |F|} (7.35)

has positive measure. Let A € o7 be a subset of the set defined by (Z38) — and

hence also of A — with u(A) > 0 and with the property that for all m,m’ € F
the function ,
U8 = Ug™ fll gz (7.36)
Y

changes its values inside A by less than 7. Such a set may be found by de-
composing the set (Z3%)) into finitely many measurable subsets each satisfying
the property. We now assume that y € ﬂ];:o T A for some integer n > 0
(the existence of sufficiently many y and n with this property follows from

property SZ for the set A). Since Ty € A we have gr(Ty) > 0 by the
construction of A. From the definition of gg, it follows that

Té(m-i—n)y _ Tfm(Tény) c A

for all m € F'. The next lemma is the main step towards the proof of the claim
in inequality (Z34)), and hence Proposition [7.23

Lemma 7.25. For any y € m?:o T A, the set
B={(f,Upr™f,.. UF"T™ ) [me F}
is an e-separated subset of L*(y).

PROOF. Since T¥"+™)y € Afor £ = 0,..., kand m € F, the set B is in Z*(y).

Take m,m’ € F, m # m’. Since y € A belongs to the set in equation 39,
there exists ¢ < k with

U8 s = U2 fllgz > e+

Since, moreover, Zlney € A we conclude from the small variance in equa-
tion (Z36) inside A that

U S — U flpe >,
Fopen,
and so )
|U7™ " f = U™ f 2, > e
Y
which proves the lemma. O

However, the set corresponding to F = {0} U (F + n), that is
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(o foee s PYULLUF™fo U™ f) | moe F,

cannot be e-separated by (Z.35)).
Thus, for any y € ﬂ’;zo T~ A, there is an m € F such that (f,...,f)

is e-close to (f, U™ f,..., U:Iﬁ("er)f), so
L(n+m
I/ =0 2, < (7.37)
Py
for £ =1,..., k. This was precisely our claim.

We now apply the claim with ¢ = u(B)/4k to prove the proposition.
Since f = xp we have || f—Uk f|loo < 1 for any i. Write ~ for equality to within
g

error € (as in equation (Z37)). Assume once more that y € ﬂlgzo T— A, and
let m be as in equation (Z37). Then

k
M;;z{ (ﬂ T—é(n-ﬁ-m)B) — /f Ur}Hmf- . Uq’f(ner)f du”f
(=0 7 T

€

:/karlde‘i‘

k
+Z/fe (Ué(n-i-m)f _ f) Dt Uﬁ("m)fduf
(=1 N—— —

gz <e
g

> pif (B) — ke > $u(B) — 1p(B) = {u(B),

where we used the second property of B ensured by Lemma [7.25 and our
choice of €.
Note that here m depends on y, but the set F' is fixed. Thus

k
>y (ﬂ T‘“”*"”B) > Ju(B). (7.38)

meF (=0

Integrating the inequality (L38]) over n?:o T A gives

k k
Z 1% (m Tl(ner)B) > EM(B)M (m f]"lan)7
=0 £=0

meFr
$0
| X k 1 | X k
.. . —lp S = I - —fn 31
|F|1}\IIIL1£IOfN;M (QJT B) > 4u(B)1}\1}rL1i10fN;u <Q3T A) >0

as required. 0
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7.10 Chains of SZ Factors

We already showed that the Kronecker factor and any factor that can be ob-
tained by a finite number of compact extensions of the Kronecker factor satisfy
property SZ. However, there seems to be no reason why it should be possi-
ble to attain the original system in this manner. Thus we need to show that
property SZ survives taking limits in the following sense (cf. Theorem [6.5]).

Proposition 7.26. Let X = (X, B, u,T) be invertible measure-preserving
system on a Borel probability space, and let @/1 C oy C --- be an increasing
chain of factors (that is, T-invariant sub-c-algebras of B). Assume that <,

is SZ for all n > 1. Then the factor o (Un21 szn) is SZ also.

PROOF. Let & = o (Un>1 ,an) and let A € /. Then for any ¢ > 0 there
exists some n > 1 and a set 4; € 7, with

w(ANAL) < e.

Fixk}l,letan

ﬁ and use the construction above for ¢ = 1nu(A). We
define

4

Ag={y € Ay | " (A) = 1—n},

and claim that p(Ag) > $u(A). This set will allow us to transport property
SZ from &, to o (see Figure[[4] for an indication of why the set Ay could
be helpful). To see the claim, notice that

e = 1nu(A) > p(A~A)  (by definition of A;)

1
= / uf" (ANA) du(y) (since Ay € 7,)
Ay

> / (1= p(A)) duly)
AINAG ———
>n
> nu(A1NAp), (by definition of Ag),

and so

p(A1NAg) < 1u(A).

This implies that
1 (Ag) = pu (A1) — (A1 Ag) > 2 (A) — 31 (A)

by the construction of Ay. It follows that yu(Ag) > 2u(A) as claimed.
We now show that k-multiple recurrence for the set Ag € <7, proves k-
multiple recurrence for the given set A. More concretely, we claim that
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=

\_ )

Ay € o,

Fig. 7.4. The set A € &/ is approximated by Ag € o7, in a stronger sense than it is
by A € oy,

p(ANT"AN---NT*A) > L (AgnT"AgN---NT7*"Ap) . (7.39)

To see this, suppose that
ye AgNT "AgN---NTF 4.
Then y € Ay, so
ui{ "(A)=1-1.
Similarly, y € T=9"Aq for 0 < j < k, so /LT]n (A) > 1 —n and hence
uf’" (T7"A) > 1-1
for all 7, 0 < j < k. It follows that
p (ANT"AN--NT ™ A) >1— (k+1)n= 3,

which shows the inequality (7.39) by integration.
Finally, by property SZ for the factor <7,,

N
N 1 —n —kn
1}\1;Iilélofﬁn§:1u(AﬂT Aﬂ~-~ﬂTkA)

N—o0

—-n —kn
>—hmmfﬁg AoﬂT Agn---NT A0)>O

as required. 0

A consequence of Proposition is that the SZ property can be trans-
ported up the diagram in Figure the assumption that (X, %) is a Borel
probability space means it is sufficient to only consider sequences of factors
rather than totally ordered families of factors.
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7.11 SZ for Relatively Weak-Mixing Extensions

The following result (and its second corollary below) comprise the last main
step towards the proof of Theorem (see Figure and Section [T.12).

Theorem 7.27. Let

X = (X, %B,u,T)
!
Y=Y, o, vS)

be a relatively weak-mizing extension of measure-preserving transformations
of Borel probability spaces. Then for any k > 1 and sets By, ..., By € %,

N
: 1 o —kn
lim N;/ [,uy (BoN +-- NT~""By,)

N—oo

2
- Mf(Bo)Nf(T_"Bl) - -uf(T‘k"Bk)} du = 0.
(7.40)
Equivalently, for a given € > 0 there exists some Ng such that, for N = Ny,

|y (BoNT "By N---NT " By) — ps (Bo)s -+ (T By)| < e
(7.41)
for all (n,y) € [1,N] x Y except possibly for a subset of [1, N] x Y of rel-
ative measure € (with respect to the product of normalized counting measure
on [1,N] and v).

The equation (T4T) in the theorem could also be written in the shorthand
form

uy (BonT™"Byn--NT™"By) & pi/ (Bo)y (T~ Bu) -+ i (T By,)

for large V.

Notice that for K =1 and Y trivial, equation (Z40) is one of the equivalent
characterizations of weak-mixing for X by Theorem .36

For &k > 1 Theorem gives the following immediate corollaryﬁ, which
colloquially means that weak-mixing implies weak-mixing of all orders.

Corollary 7.28. If (X, %, u,T) is a weak-mizing measure-preserving system,
then for By, ..., By € B,

N
: 1 —n —kn
lim N E [M(Bo NT "BiN--- NT """ By)

— n(Bo)u(By) - u(By)]” = 0.

* Just as in Sections [Z.2.1] and [[.2.2] we do not have to assume that the space is a
Borel space and the transformation is invertible here.
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Corollary 7.29. Let
X = (X,2,1,T)
l
Y=Y, o, vS)

be a relatively weak-mixing extension of invertible measure-preserving trans-

formations on Borel probability spaces. If Y satisfies property SZ, then so
does X.

Szemerédi’s theorem will follow from Corollary by the argument in
Section[T. 12l Corollary[7.28, which says that weak-mixing implies weak-mixing
of all orders, is an immediate consequence of Theorem [Z.27} we next prove
Corollary assuming Theorem [T.27] whose proof begins on p. after
some more preparatory material.

PROOF OF COROLLARY ASSUMING THEOREM [[.27 Let B € & be a set
with p(B) > 0, and for each a > 0 set

A={y|p(B)>a}.

Choose and fix a value of a > 0 for which p(A) > 0 (there must be such an a
by Theorem [5.14(1)). Then, given ¢ > 0,

/uyg{ (B N---N Tﬁk"B) dp(y)

=2l =

M= 1M

1 N
Nzu(Bm.-.mT*’mB) =
n=1

> /(uf(B)- <y (T B) = e)du(y) - e

(7.42)

=2l
I

n

by Theorem [[.27], if N is large enough. Indeed, equation ([C41]) shows that
py (Bn---nT*B) > u (B)--- p (T"""B) — ¢

for most (n,y) € [1, N] X Y; more precisely, for all but ¢ in proportion of all
the possible pairs
(n,y) € [1,N] x Y.

Moreover, for those pairs (n,y) for which we do not have equation (T4Il), we
do have

py (Bn---NT*B) >0 p(B)--pu (T"""B) —e -1,

so integrating over all of [1, N] X Y gives equation (Z42). Now notice that
forye ANT"AN---NT A we have

u (T7"B) = it (B) > a

for 0 < ¢ < k. So if we restrict, for each n individually, the integral to this
intersection we get from equation (T42))
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1 1
—k k+1 —k
N2 m (BN NTB) > (@ =o)L Y (AN NTTMA) — e
n=1 n=1

It follows that

N N
o . 1 —kn k+1q: s —kn
l}&&fﬁg_lu(Bﬂ~.~ﬂT B)}a l}gilof E_lu(Aﬂ...mT A)>O
as required, by property SZ for A € &/. (]

It remains to prove Theorem [[.27, and we start with the case k = 1 which
we will use in the general case.

Proposition 7.30. Let
(X, %,1,T)

!
(Y’ M’ V? S)

be a relatively weak-mizing extension of measure-preserving transformations
on Borel probability spaces. Then for f,g € L (X, A, i),

Jim i |E (fUpg| ) — E (| /) URE (g| )|, =0.  (7.43)
Equivalently, given e > 0, for large enough n,
E(fUrg|o/) ~ E (f|) UFE (9] /) (7.44)
for all but & in measure of points (n,y) € [1, N] x X, for large enough N.

Notice that by Lemma [Z41] on p. B8 equation (43]) is equivalent to
the same statement for the square of the L? norm. The equivalence of equa-
tion (C44]) and equation (Z.43) is a consequence of the maximal inequality

m({z] F(z) > ep) < 2L,
applied to the function
F(nz) = |E (fU2g]) (@) - E (f| /) (2)UFE (9] /) (:17)’2

on the probability space [1, N] x X. Notice that this implies that the result
holds for f = f1 + fo and g whenever it holds for the two pairs f1, g and fo, g.
Also recall from Proposition [616(3) the formula

/XE(f|,QZ)E(g\d) duz/)?f@)gdﬁ (7.45)
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where X = X x X and [ = p Xy u is the relatively independent joining of u
with itself over the factor Y.

PROOF OF ProOPOSITION [L.30 For f; € L™°(&/),
E(f1Ufg|e) = fLE(Ug| /) = E(f1|«/)UFE(9| ),
so in this case the statement holds trivially. Since
f=E(f|o)+(f - E(f|«))

We may assume without loss of generallty that E fll,;a/ = 0. By assump-

tion T = T x T acts ergodically on X with respect to fi. Using the mean
ergodic theorem (Theorem 22])) and equation (Z45) twice we see that

1 & 2 1 &
lim N;/[E(ﬂ];gw)} dM:NninOO/f@fN;U;(g@g)d

N —o0

—C in L2

~ [ter-can
:c/EMdf@:u

We are now ready to start the proof of Theorem for a general k > 1

Proposition 7.31. Let
(X, %,1,T)

!
(Y’ M’ V? S)

be a relatively weak-mizing extension of invertible measure-preserving systems
on Borel probability spaces. Then for f1,..., fr € L= (X),

— 0

N N

1 1

5 2 URfi Ut fi = 5 D URE (h| ) - UF"E (fi| )
n=1

n=1
as N — oo.

In contrast to Theorem [[.27 Proposition [.31] has the average inside the
norm, which appears to be a much weaker statement. Also notice that inside
the norm only one average involves the expectation operator £ (‘Jz{ )

PrOOF OF PROPOSITION [Z.31] This is proved by induction on k and van der
Corput’s Lemma (Theorem [I.TT]). The case k = 1 is a consequence of the
mean ergodic theorem (Theorem [Z2]]) as in this case both averages inside
the L?-norm converge in L? to [ fi dp.
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For the inductive step we write the difference inside the norm in the form

1 & 1 &
~ D Uifi U fe = 52 D URE(fi| o) U B(fis| )
n=1 n=1

N
= % > U (fr = E(hi] @) UF 2 UF" fi

n=1
N

NI % SO URE(fi| ) UE (fr — E(fs] ) (7.46)
n=1

as a telescoping sum. Each individual sum on the right-hand side of equa-
tion (746) has the same shape

1 N
~ > Uphy---Ugthy
n=1

for various choices of functions hq, ..., h; with the property that in each case
there is one function hy with E (hg‘ /) = 0. We can therefore assume without
loss of generality that for some ¢ we have E( fg’,ga/ )=0.

The van der Corput lemma may be applied as follows. Let

Uy = URfy - UR fi.
Then

N
1 n n (n+h
; Un, Unth) = NZ/UTfl UK U fy - ) fdp

%Z / HURRUR (U f2) -+ U™ (AU i) dp

[ nvtns ZUT UL - US I (FUE f) dp

However, for the average inside the integral we may use the inductive hypoth-

esis as follows. With an error (for large enough N) of at most || f1%, we

have
N
Z Un, Unth) ()/flUTfl ZUg;E fQUTf2|£f
n=1 f1
N
1
- ¥ / E(fiUzh|«)Uz (B(f2U7" f2| )
n=1

CUSTOMB(fUR fel o) dp. (7.47)
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Recall that we assume without loss of generality that E( fz‘JZ{ ) = 0. It fol-
lows that each individual integral in the average equation (.47) is bounded
in absolute value by C||E(feUf" fs|/)]||2, for some constant C' depending
on fi,..., f, so (in the notation of Theorem [Z.TT))

sn < C||E (foUF" fe| ), -

It follows that

H—

—

¢ © Lh
< 5 3 B (Gt sl )
h=0 h=0

—

I,

==

Proposition[Z.30now implies that the last average converges to zero as H — oo
by the assumption that E(fg‘.;zf) = 0. Thus, by Theorem [Z.T1]

1 N
N2

as required. 1

— 0

N
1 mn T
N E Upfyr-- U™ fi
n=1

2 2

Recall from Section that the relatively independent joining X X o X is
also an extension of Y. To obtain Theorem [T.27] from Proposition[Z.3T] we first
need to prove an analog of the implication (1) = (3) in Theorem 236

Lemma 7.32. If X = Y = (Y, &) is a relatively weak-mizing extension, then
80 IS X Xz X =Y.

PrOOF. Let X = X x X, T =T x T, and
ﬁ=u><@fu=/u§{><u;7du(y)-

By the hypothesis, the system X = ()/f ,f, 1) is ergodic. This characteriza-
tion of relative weak-mixing in terms of ergodicity of a product will be used
for X x o7 X itself, which involves the system X*.

Write X = X x X, T =T x T, and

fm X i [ A X 0, e AR 22
= /(uij’)“ du(y),

where we have used Section 55l We wish to show that (X, T, i) is ergodic.

Write F' = f1® fo®@ f3@ fs and G = g1®g2®93®g4 for f;, g; € L=(X). Now
for given € > 0, if N is large enough, Proposition [[.30 shows (a more careful
argument using the reasoning from equation (42)) would allow the O(e) error
to be made more explicit) that for large enough N
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1 & ~ 1
NZ/FU;GdM = NZ/E(flU%gllﬂf)---E(f4U%94W) d
n=1

2 NZ/E (fil ) URE (3a] )

E (fa| ) ULE (ga| ) dp

= ¥ X [ Ble) B 1le)
UrE (gl‘ﬂ) ---UpE (g;;’;z/) du
—>/E(f1|,cf)~-~E(f4\Jz{) dy

/E (1] ) - E (ga] ) d

(since (T, p) is ergodic)

= /Fdﬁ/Gdﬁ,

so (X, T, Ji) is ergodic. O

We are now in a position to prove Theorem [[.27] which is the last step
towards Szemerédi’s theorem.

PROOF OF THEOREM [.27. We wish to show, by induction on k, that for
functions
fo,..., K € LOO(X>,

we have

lim —Z / JoUPfr - U fu|o7)

— E(fo| &) URE (fi| ) - UKE (fi| )]” d = 0(7.48)

Note that applying this claim for the characteristic functions fr = xp, gives
the first statement in Theorem We also note that equation (ZA]) is
equivalent to the following claim (which is the generalization of equation (Z-41])
in the statement of Theorem [[.27)): For any ¢ > 0 there is an Ny such that,
for all N > Ny,

| B (foUR 1+ UE" i ) = E(fo| #)URE(f1|7) -+ U E(fu| )| (y) < &
for all (n,y) € [1, N]xY except possibly for a set of measure . The equivalence

follows from the argument immediately after Proposition [.30l Assume first
that fx € L*=(Y, <), in which case
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E (foUf1 -+ U fi| ) = B (foUpfu-- US ™" i) U E(fi] )

by Theorem [E1(3). Using the second formulation of the claim for the func-
tions fo, ..., fr—1 we deduce the same claim for fy,..., fi in the case consid-
ered.

Expressing, in the general case, the function fj as

E(fr| )+ (fx — E(fi| @),

it follows that it is enough to consider the case E( fk|,@/ ) = 0 (the linearity
needed for this reduction is easily seen in the second formulation of the claim).

By Lemma we know that (X x X, T x T,u Xy u) is a relatively
weak-mixing extension of Y. Apply Proposition [Z.31] to this extension and the
functions f1 ® fi1,..., fr ® fr to see that

N
H% D URN @ U (f2© fo) - U (f ® fi)|| — 0. (7.49)
n=1

2

For this also notice that
E(fr® fio| @) =E(fr| @) @ E (fe| ) =0

by our assumption on fj and Proposition[6.16l Recalling equation (Z4H) and
taking the inner product of equation (T49) with fy ® fo gives

1 N—-1

/(N D (fo @ fo)UR(f1 ® MUZ (f2@ fo) -+ UL (f @ fk)) di

n=0
1 N—-1 ,
=52 /E (foUgfr-- U™ fi| )" dpp — 0,
n=0

which concludes the inductive step and hence the proof of Theorem [(.27 [

7.12 Concluding the Proof

Proposition shows in particular that any Kronecker system Y, is SZ
(this can also be deduced from Proposition [[.23)). Moreover, Proposition [[.23]
shows that any compact extension Y1 — Y of a Kronecker system is also SZ;
similarly a system obtained from a finite number of compact extensions,

Yo —=Yp1 == Y1 =Yg

is also SZ. Proposition [7.28] takes this further: if the o-algebra of X, is gener-
ated by all the o-algebras of factors (cf. Theorem [68 in Chapter [l identifying
factors with invariant sub-o-algebras)
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Xoo = = Yna1 = Yo = -+ = Y1 = Yo,

and Y,41 — Y, is a compact extension for all n, then X, is SZ.

Now let X be a measure-preserving system on a Borel probability space.
We claim that there exists a factor X — Y such that Y is SZ and X — Y
is relatively weak-mixing by the following argument, which will complete the
proof of Theorem [.4] by Corollary If X is weak-mixing, then we may
take the trivial factor for Y. If X is not weak-mixing, then it has a Kronecker
factor Yg, which is SZ as above. The claim is proved in this case by transfinite
induction(70).

Suppose we have already found an ordinal number « with the following
property. For every 8 < a there is a factor Yz of X with property SZ such
that, if 84+ 1 < a, then Ygi1 — Yz is a proper compact extension, and,
if v < o is a limit ordinal, then the o-algebra corresponding to the factor Y,
is generated by the o-algebras of Yg for 3 < 7.

We prove the inductive step as follows. If @« = 8+ 1 is a successor, then
there are two possibilities. Either the extension X — Yy is relatively weak-
mixing; if so the claim is proved. If not, then by Theorem [Z.2]] there exists an
intermediate system X — Y, — Yg such that Y, — Yz is a proper compact
extension. By Proposition [[.23] this implies that Y, is SZ and this case of
the inductive step is concluded. Suppose now that « is a limit ordinal. By
assumption, the extension Yg,1 — Yg is a proper extension for every 3 < o,
so L*(X) 2 L*(Ys4+1) 2 L?(Yp). Since X is a Borel probability space, L?(X) is
separable and so this chain of closed subspaces has to be countable. Thus « is
a countable ordinal and we may write o = lim,,_, o, (3, for some sequence (5,,)
of ordinals with 3, < « for all n. Let Y,, be the factor corresponding to the o-
algebra generated by the o-algebras of Yz, (or, equivalently, of Yg for 5 < «).
Then Proposition shows that Y, is SZ, which concludes the inductive
step. Moreover, the inductive step has also shown that if the inductive hy-
pothesis holds for a limit ordinal «, then o must be countable. Let w; be the
first uncountable ordinal. Then the construction of the factors has to stop at
some [ < wi, for otherwise w; would fulfil the inductive hypothesis, which
would contradict the assumption that X is itself a Borel space as we have
seen. However, the only way for the construction to end is with the proof of
the claim that Yg is SZ and X — Yy is relatively weak-mixing.

7.13 Further Results in Ergodic Ramsey Theory

Ergodic Ramsey theory, the study of combinatorial, geometrical, and arith-
metical structures preserved in sufficiently large subsets of a structure using
methods and results from multiple recurrence in ergodic theory, is a large area
with many profound and novel applications. This is an area which continues
to see dramatic progress, and we merely mention some of the ideas and results
that arise; an attractive overview may be found in Bergelson’s notes [20].
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The next result, due to Bergelson and Leibman [29], subsumes many earlier
results of Szemerédi type(™). The notion of positive upper density extends
easily to subsets of groups like Z?, just by counting the proportion of elements
in the set inside a d-dimensional box of side n and letting n go to infinity.

Theorem (Bergelson and Leibman). For any r, ¢ € N and multi-variable
polynomial P : Z" — Z* with P(0) = 0, any set S C Z‘ with positive upper
density, and any finite set ' C Z", there is an n € N and a u € Z* for
which v + P(nF) C S.

7.13.1 Other Furstenberg Ergodic Averages

The ergodic theorems in Chapter 2l concern averages of the form
1 Nl
AL =5 D UM
n=0

and they describe the limit and mode of convergence in great detail. Fursten-
berg’s proof of Szemerédi’s theorem involves properties of averages of the form

N-1
1 —n —kn
N S u(AnTTM AN NTTRA)
n=0
or more generally of the form
1 Nl
~ 2 Utfie UR" fi
n=0

but does not say whether the limits exist, nor does it describe the limit when
it does exist. Apart from some special cases, the existence of such limits was
an open problem until quite recently. Host and Kra [I59], and independently
Ziegler [394], proved the existence of the limit

N—1
: 1 n n
;%NZ%ﬁwmk (7.50)
in the L? sense for fi,..., fr € L™. In both approaches, a fundamental role

is played by characteristic factors. A factor <7 is called characteristic for the
expression ([(C.50) if

N-1
li

im =0.
N—o0

2

= 5 (URf - UR i~ URE (5] ) -+ UFE (1] )

n=0

The strategy is to find characteristic factors that are manageable and minimal;
where this is achieved it makes sense to speak of “the” characteristic factor.
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Having found a good description of the characteristic factor, the question of
the existence of the limit then reduces to a more concrete problem for that
factor. To see how this might proceed, we briefly outline the first few cases.

For k& = 1 this corresponds to the formulation of the ergodic theorem in
Theorem [6.1] where the characteristic factor is

&={Be%B|T 'B=B)},

the o-algebra of invariant sets, by the mean ergodic theorem.
For k = 2 the convergence was shown by Furstenberg [102]. Assuming
that X is an ergodic system, the characteristic factor for

=
% D URAUE f

n=0
is the Kronecker factor. This allows the convergence question to be reduced to
the case of a rotation on a compact group considered in Section [.5.1] which
was our approach in Section

For k = 3 the problem is much deeper. Conze and Lesigne [58], [59] showed
that the characteristic factor is a 2-step nilpotent system (M, T'), in which M
is a compact homogeneous space of a 2-step nilpotent group G with Haar
measure, and the map T is translation by an element of G. If G is a Lie
group, then M is a nilmanifold; if G is a projective limit of nilpotent Lie
groups, then M is called a pro-nilmanifold. The characteristic factor in this
case turns out to be a pro-nilmanifold. Conze and Lesigne used this to show
the existence of the limit under some technical hypotheses, a result re-proved
by Furstenberg and Weiss [110].

The general case ends up resembling the case k = 3, though a great many
new ideas are involved: The characteristic factor lives on a (k — 1)-step pro-
nilmanifold. Once the existence and structure of the characteristic factor is
established, it remains to check the existence of the limit for (k—1)-nilsystems
on nilmanifolds. The factors that appear in this setting are also characteristic
factors for many other averaging schemes of the same degree (the degree is
the number of times the van der Corput lemma has to be applied).

Notes to Chapter 7

(63)(Page [I7T) Schur made this conjecture in his work on the distribution of
quadratic residues in Z/pZ; van der Waerden heard of the conjecture through
Baudet, a student at Gottingen. Research by Soifer [348] Chap. 34] suggests that
Baudet and Schur may have independently formulated the conjecture; this book
also contains an account of the lives of Schur, Baudet and van der Waerden. In
van der Waerden’s own account [373] of how the proof was found, he describes
in detail how many of the ideas were worked out at a blackboard with Artin and
Schreier. More details on the history of this conjecture and its proof may be found
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in several places; a particularly accessible source is Brauer’s review [43] of a book
by Khinchin [192] which includes a proof of van der Waerden’s theorem as one of
three “pearls” of number theory. The result has been generalized by Rado [297] and
others; a particularly short proof is given by Graham and Rothschild [124], and this
will be presented in Section [Z.I} An extended and carefully motivated account of the
proof may be found in the monograph of Graham, Rothschild and Spencer [125],
which also presents a different approach due to Shelah [342] in which the enormously
rapidly growing function n — N (¢, m,r) appearing in the proof of Theorem [T] is
replaced by a much more slowly growing function appearing from an induction in
one variable. Furstenberg and Weiss [109] developed topological versions of multiple
recurrence, and using these found proofs of van der Waerden’s theorem and many
similar results using topological dynamics.

(64) (Page[ITI) Szemerédi’s theorem asserts the existence of a finite structure resem-
bling that of the integers (an arithmetic progression) in any set sufficiently thick to
be of positive upper density. A rather subtle criterion for theset A = {a1 < a2 < ---}
to be thick is to require that Y > , a% diverges. A natural problem, due to Erdés,
asks if this divergence alone guarantees that the set A contains arbitrarily long arith-
metic progressions. One special case of this is Szemerédi’s theorem itself; another is
the result by Green and Tao [127] that the set of primes contains arbitrarily long
arithmetic progressions.

(65) (Page MTR)) For k = 1 this result is due to Birkhoff [32], and it may be viewed
as a topological analogue of Poincaré recurrence. The case stated here is a special
case of a result due to Furstenberg and Weiss [109]: if 71,...,T% are commuting
homeomorphisms of a compact metric space (X,d) then there is a point z € X
which is simultaneously recurrent under all the maps in the sense that there is a
sequence n; — oo with d(z, 7,7 (z)) — 0 as j — oo for each i,1 < i < k.

(66)(Page [I80) Some condition on p is needed for this result to hold. For example,
if p is a non-zero constant then the conclusion of the theorem clearly cannot hold;
similarly if p(n) = 2n?+1 and E = 27 the conclusion cannot hold. A result of Kamae
and Mendeés France [I78] gives the necessary and sufficient condition that p(N)NaZ
must be non-empty for all a > 0.

(67) (Page M80) This short proof is taken from Bergelson’s notes [26, Th. 1.31].
Furstenberg’s proof uses the Spectral Theorem (Theorem [B.4)), while the proof in
Bergelson’s notes uses softer Hilbert space methods, which are more amenable to
generalization.

(6%) (Page[I91)) The result that a subset of the integers of positive upper density con-
tains a three-term arithmetic progression, equivalent to Theorem [7.14] by Fursten-
berg correspondence, was proved by Roth [319] using harmonic analysis.

(69)(Page [[97) This is an example of a skew-product construction studied by An-
zai [5] and von Neumann. More complicated examples of this sort arose in Sec-

(Page 224) The transfinite induction is not strictly needed. It may be shown
that for averages related to (k + 1)-term arithmetic progressions, only k successive
distal extensions are needed to construct a characteristic factor in the sense of Sec-
tion [LI3.T] (this is shown in the original paper [102] of Furstenberg and a convenient
account may be found in a paper of Frantzikinakis [05 Th. 5.2]).

(")) (Page 22H) The extension of Szemerédi’s theorem to commuting transformations
(the linear case of the result of Bergelson and Leibman) was carried out much earlier
by Furstenberg and Katznelson [105]; this has now also been proved using combi-
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natorial methods by Gowers [123] and Nagle, Rédl and Schacht [266]. In a different
direction, the Hales—Jewett theorem [I33] asserts that for every r and k there is an n
such that every r-coloring of {1, ..., k}" contains a combinatorial line (that is, a sub-
set of k elements in {1,...,k}" obtained from some template in ({1,...,k} U {*})"
by replacing the symbol % with 1,...,k in turn). The Hales—Jewett theorem is a
generalization of van der Waerden’s theorem, and like the van der Waerden theorem
it has a density version, proved by Furstenberg and Katznelson [106] using an exten-
sion of the ergodic techniques of Furstenberg in his proof of Szemerédi’s theorem.
A recent paper of Polymath [292] gives an elementary proof of the result, and in
particular finds a quantitative bound on n(r, k). A consequence is a different proof
of Szemerédi’s theorem.
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Actions of Locally Compact Groups

The facet of ergodic theory coming from abstract mathematical models of
dynamical systems evolving in time involves a single, iterated, measure-
preserving transformation (action of N or of Z) or a flow (action of the re-
als). For many reasons — including geometry, number theory, and the ori-
gins of ergodic theory in statistical mechanics — it is useful to study ac-
tions of groups more general than the integers or the reals. In this chapter
we extend the definition of a measure-preserving system (X, %, u,T) to al-
low the possibility that 7" is an action of a group G. This means that T
is a homomorphism T : G — MPT(X, %, u), where MPT (X, %, 1) denotes
the group of invertible measure-preserving transformations of the probability
space (X, %, iu). We write T, or « — g-z for the measure-preserving transfor-
mation T'(g).

In addition to its many powerful applications, an attractive feature of the
ergodic theory of group actions is the subtle interplay between algebraic and
functional-analytic properties of the acting group G on the one hand, and er-
godic properties of its actions on the other. In keeping with our determination
to remain in rather standard territory, acting groups are assumed to be lo-
cally compact and o-compact (which we will abbreviate to o-locally compact).
Moreover, we will for simplicity restrict ourselves to continuous actions.

8.1 Ergodicity and Mixing

We start the discussion of general group actions with some basic definitions.
A continuous G-action is — for our purposes(’® — given by a homomorphism
from G to the group of homeomorphisms of a o-compact metric space; we
write  +— g-x for the action of g € G. In particular, g-(h-z) = (gh)-x for
all g,h € G and x € X. We also require continuity for the action as a whole
(not just for the individual maps g) as below.
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Definition 8.1. An action of a o-compact metric group G on a o-compact
metric space (X,d) is continuous if the map G x X — X defined by

(g,2) — g-x

is continuous. A measure u € A (X) is invariant under G if g.pu = p for
all g € G, where (gepu)(A) = p(g=t+A) for any Borel set A C X, and we
write M (X) for the set of G-invariant measures.

A priori it is not clear whether invariant measures always exist in the set-
ting of Definition Bl Example shows that there are indeed groups some
of whose continuous actions do not have invariant measures (Exercise B4l
shows that SLs(Z) has continuous actions with no invariant measures, for
example). In Section B4 we will discuss amenability, which is a property of
the acting group that ensures the existence of an invariant measure for any
continuous action. Notice that, while Exercise B4 shows that SLy(Z) is not
amenable, its natural action by automorphisms of the 2-torus shows that it
does have non-trivial actions with invariant measures. What is always true
is that if an invariant probability measure exists, then an invariant ergodic
probability measure exists, just as in the case of a single transformation (Theo-
rem [£4)). We will address this result in Section[8.7] by establishing the ergodic
decomposition for group actions.

Ezample 8.2.Let X = {z € C | |z —i| = 1} and let T : X — X be the
North-South map defined in Example 23] so that .#7(X) consists only of
the measures pdo; + (1 —p)do, p € [0, 1] that are supported on the two points 2i
and 0. On the other hand, no invariant measure for the irrational rotation R,,
defined by z — e*™%(z — i) +1i with a ¢ Q could be atomic, since the orbit
of every point is infinite (alternatively, recall that R, is uniquely ergodic
by Example LTl with .= (S') = {m}, the Lebesgue measure). Thus the
continuous action of the group I" generated by 7" and R, on X has no invariant
measures.

The hierarchy of mixing properties discussed in Chapter [2] makes sense for
actions of more general groups(™). Since some of these will be used in several
places, we collect them here in a rather general setting. Let G act continu-
ously on a compact metric space (X,d), and let u € .Z%(X) be an invariant
measure, so that G acts by measure-preserving transformations of (X, %, u).
For a sequence (gn)n>1 of elements of G, we write g, — oo if, for any compact
set K C G, there is an N for which g,, ¢ K if n > N. The G-action is called

e ergodic if any set A € A with p (gfl-AAA) =0forallg € Ghaspu(A)=0
or 1;
o weak-mizing if the diagonal action g — g x g on the product space

(X x X, Z® %, x p)

is ergodic;
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e mizing if for any Ag, Ay € B and sequence (g,,) with g, — 0o as n — oo,

(Ao Ngp A1) — p(Ao)u(Ar)

as m — 00;
e mizing on r sets if for any Ag, A1,..., 4,1 € £ and list of (r — 1) se-
quences (g;.,) with

—1
Gjn — 0 GinGjp — OO
foreach i # j, 1 <1i,j <r asn — oo,

p(AoNgrprArn--Ngty cArq) — p(Ao) - p(Ary)

as n — o0o;
maixing of all orders if it is mixing on r sets for each r» > 1; and
rigid if there is a sequence (g, ) with g, — 0o as n — oo such that

(Ao Ngy A1) — p(Ag N Ay)

as n — oo for any sets Ag, A1 € A.

Notice that for the Z-action generated by a single invertible measure-
preserving transformation, most of these definitions replicate those of Chap-
ter

Mixing (of any order) descends to the induced action obtained by restric-
tion to a closed subgroup of G. Ergodicity does not descend in the same way. A
trivial example illustrates this: if (X, %, u, T') is an ergodic measure-preserving
system on a non-trivial space then the Z2-action defined by (m,n) —— T™ is
ergodic, but the action of the subgroup Z x {0} is non-ergodic.

Proposition 2-T4] generalizes to this setting: if the G-action is ergodic in
the sense above, then any measurable G-invariant function is equal almost
everywhere to a constant function.

As in the case of single transformations, it will be convenient to know that
invariant sets modulo i can be modified by a null set to become strictly invari-
ant (see Proposition 2I4)). This is a little more delicate in the setting of group
actions, because the acting group may be uncountable. Proposition B3 will be
proved at the end of Section B3] after we have assembled more information
about Haar measure.

Proposition 8.3. Let G be a o-compact metric group acting continuously on
a compact metric space X preserving a measure 1 € M (X). Then for B € B
the following properties are equivalent:

(1) B is invariant in the sense that u(geBAB) =0 for all g € G;
(2) B is invariant in the sense that there is a set B € B with n(BAB') =0
and with g-B' = B’ for all g € G.
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Theorem 8.4. Let G be a o-locally compact metrizable group acting contin-
uously on a o-locally compact metrizable space X. Then the space 4% (X)
of G-invariant measures is a closed conver subset of M (X). A measure p

in M9 (X) is extremal in 4% (X) if and only if u is G-ergodic.

PROOF. For g € G write .#9(X) for the space of g-invariant measures (that is,
invariant measures for the transformation x +— g-z for € X). Then we know
that .#Z9(X) is a closed convex subset of M(X) (since the induced map g,
on .7 (X) is continuous and affine). As .#Z%(X) = Nyeq A9 (X), ME(X) is
also a closed convex set.

To prove the last claim, one can argue as in Theorem 4} If € .#%(X) is
not G-ergodic, then there exists a measurable set B C X with 0 < u(B) <1
for which i (9~ *-BAB) =0 for all g € G. Then

1= p(B) (ﬁub) + u(X>B) (ﬁ“'X\B) )

and one can quickly check that, by our assumption on B, the two normalized
measures on the right are G-invariant. This shows that p is not extremal.
For the converse, suppose that p € .#%(X) is ergodic with

w=sv1+ (1— s

for some s € (0,1) and vy,v0 € A% (X). Then v; < p, and we claim that
the Radon-Nikodym derivative f = dd—’ﬁ is G-invariant and measurable. This
implies that f = 1 almost everywhere, since p is ergodic for the G-action, and
so = v1 = vo. To see the claim, fix ¢ € G and a measurable set B C X.
Then, by definition of f and G-invariance of v; and u, we have

/deu=V1(B)=V1(9-B)=/deu=/Bfogog_ldu=/3fogdu,
7 7 (8.1)

(using Lemma with T'(x) = g~'.z), which implies that f = f o g al-
most everywhere by uniqueness of the Radon-Nikodym derivative (see Theo-

rem [ATH]). O

Exercises for Section 8.1

Exercise 8.1.1. Let (X, %x,u,T) and (Y, By,v,S) be ergodic Z-actions.
Define a Z2-action on the product (X x Y,u x v) by (m,n) — T™ x S™.
Show that this action is ergodic, but has subgroups whose action is not er-
godic.

Exercise 8.1.2. Construct an ergodic measure-preserving Z?-action T with
the property that each element 7™ is not ergodic.
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Exercise 8.1.3. Notice that the definition of mixing of a given order also
makes sense for a measure-preserving action of the semigroup N2, simply by
requiring that g;, — gi,n — 00 as n — oo when viewed as elements of Z?.

(1) Extend the construction of the invertible extension from Exercise 211
for the case of a single transformation to the case of an action of the
semigroup N2

(2) Find an example of a mixing N2-action whose invertible extension to a Z?-
action is not mixing.

(3) Let T be an action of N? that is mixing on & sets. Show that the invertible
extension of T' is mixing on (k — 1) sets, but is not in general mixing on k
sets(74).

Exercise 8.1.4. Show that SLy(Z) has continuous actions without invariant
probability measures by studying the natural action

(Z Z) t [z, y] — laz + by, cx + dy].

on the projective line P!(R).
Exercise 8.1.5. Show that an ergodic rotation of a compact group is rigid.

Exercise 8.1.6. Show that a mixing transformation on a non-trivial proba-
bility space is not rigid("®).

8.2 Mixing for Commuting Automorphisms

As we have already seen, endomorphisms of compact groups are a class of
measure-preserving transformations whose structure makes their ergodic prop-
erties particularly transparent. In this chapter we consider a natural class of
measure-preserving systems which on the one hand have a transparent alge-
braic structure, while on the other already exhibit some distinctly higher-rank
properties. These are the actions of Z? by continuous automorphisms of com-
pact abelian groups. Schmidt’s monograph [333] gives a systematic treatment
of these systems; we simply mention a few examples and then discuss some
more recent work on rigidity properties. To simplify matters we focus for much
of the chapter on two examples: the “x2, x3” system (see Section [R2.2]) and
Ledrappier’s “three-dots” example (see Section BZT])(7®).

Mixing, and mixing of higher orders, was defined for group actions in Sec-
tion Il As pointed out in Exercise 813 the definitions easily extend to
actions of semigroups like N2, and we will use this in Section As men-
tioned in Section[2.7] one of the outstanding open problems in classical ergodic
theory is that of Rokhlin (see p.[B4): does mixing imply mixing of all orders
for a measure-preserving transformation? In Section B.2.1] we describe a sim-
ple example of a type due to Ledrappier [221] that answers this negatively("”)
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for Z?-actions with d > 1. In Section B22Z.2 we consider the simple example
of the N2-action generated by x +— 2z and x — 3z modulo one on the circle,
and show that it is mixing of all orders.

8.2.1 Ledrappier’s “Three Dots” Example

Write e; = (1,0) and ey = (0, 1) for the standard basis of R?, and define
Xy = {2 € {0,1}” | Tnte, + Tnte, +on = 0 for all n € 2%},

where the addition is that of the compact group {0,1}. The notation Xe,
corresponds to the shape of the condition defining the group (see Flgurem

The conditions defining X, ~as a subset of the compact group {0, 1}Z
closed and homogeneous, so X, is a compact abelian group. Moreover, Since
the conditions are applied for all n € Z2, the group X, is invariant under the
shift action T of Z? defined by

(xn)n &’ (xn-i-m)n-

The Haar measure on X, is determined by its value on cylinder sets, and the
measure of the cylinder set C' defined by specifying the coordinates in some
finite set A C Z? is given by

1
M) = )

if CNX, # @, wheremy : Xo  — {0, 1}4 denotes the projection map obtained
by restricting to the coordinates in A. To see this, notice that the cylinder
set {x € Xy |za =0 forall a€ A} is a subgroup of index |ma (X, )|, and m
is translation-invariant. Thus, for example,

m({x € X:. |£L‘0 = Te; = Te; = Tei+ex — 0}) = %

Proposition 8.5. With respect to Haar measure m = my, , the Z*>-action T
is mixing but not mizing of all orders.

PROOF. The proof that T is mixing uses the same ideas as were used in the
proof of Theorem 2.T9 As in the case of a single transformation, mixing is
equivalent to the property that

/fo(x)fl(an)dm—’/fodm/fl dm (82)

asn — ocﬁ, for any fo, fi € L2,. By approximating with trigonometric poly-
nomials (finite linear combinations of characters on X, ), it is sufficient to

* Recall that this means n takes on a sequence of values n1, no, . .. with the property
that for any finite set A C 72 there is an R such that r > R = n, ¢ A.
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check equation ([B2)) for individual characters. Thus T is mixing if and only if
for any characters xo, x1 on Xs ,

[ raeha @) am — [xodm [ am

as n — 0o. The usual orthogonality relations for characters show that

/ 1 ifx=1;
xdm = . -
0 if x is non-trivial.

This gives the following characterization: 7' is mixing if and only if
X0 (x10Tn) =1 = n is bounded (8.3)

for any characters xo and x1, not both trivial.
From the relationship defining X. , any point x € X, is determined by
the coordinates z,, for n € F where

F={n|n2=0o0rn; =0and ny <0}

(see Figure B.I)). This means that X, as a group is isomorphic to {0, 1},

h,@ @ @ @
F o e o o o : e o o o o
>3 S
2 Ko)
@. ,. ©
@@ & )
defining relation °

Fig. 8.1. The projection onto the coordinates in F' (marked o) determines the other
coordinates marked o via the defining relation Znte, + Tnte, + Tn = 0.

Moreover, the coordinates in any finite subset A C F' are determined by the
coordinates in a set of the shape E = {m, m+e;, ..., m+se;} (see FigureB82),
and we may choose m; arbitrarily large negative, and any function defined
on the coordinates A that does vary with the left- and right-most coordinates
will also vary with the left- and right-most coordinates in ' when described in
the coordinates F. Thus we may describe two given non-trivial characters xo
and x1 by

WiZneEi Tn

xi(z) =e
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for sets E; C {m+s;eq,...,m+t;e;} for i = 1,2, with m+s,e;, m+t;e; € E;
for © = 1,2. That is, each character depends on a line of coordinates with
fixed y coordinate, and the lines are minimal with this property at the given
value my of the y coordinate.

A. e o o

Fig. 8.2. Any character is supported on a horizontal line of coordinates.

Now given a character xo presented in this way by a horizontal line E, only
a character that can be described using the coordinates in the “shadow” S(E)
cast by E (see Figure[B3]) can fail to be orthogonal to xo. Thus equation (83)
is equivalent to the statement that S(Fy)AS(E1 + n) = @ requires that n
be bounded (since we can always describe xo and x1 o T, using a horizontal
line of coordinates at the same level), which is clear. Thus T is mixing with

respect to m. .

Fig. 8.3. The shadow of a character defined on the line of coordinates E.

It is easier to see that 7' is not mixing on three sets. First, notice that the
condition zp + Tnte, + Tnt+e, = 0 implies that for any k

2k
2k
Toke, = Z (j )xjel =g + Tare, (mod 2). (8.4)

=0

This is clear for £ = 1, and the general case follows by a simple induction.

Now let A = {z € Xy |zo =0} andlet z. € X, be any element with z¢ = 1.
Then X,  is the disjoint union of A and A + z., so m(A) = m(A +z.) = :.

However, equation (84) shows that
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€ ANT gre A = €T _gie, A,

SO
A n T_2ke1A M T_2ke2 (A + I*) =

for all £ > 1, which shows that 7" cannot be mixing on three sets with respect
to Haar measure m. (]

8.2.2 Mixing Properties of the X2, X3 System

Define an action S of N2 on the circle T by writing
Sp = 551552,

where Ss : x — 2x and S3 : © — 3x modulo 1. Notice that each of the maps S
and S3 is measurably isomorphic to a one-sided full shift, so is mixing of all
orders. This is related to a restricted kind of higher-order mixing for the
whole system (see Exercise B24). The problem of higher-order mixing for
the whole system is much more subtle, partly because there are many ways
for a set of points to move apart in N2. In fact mixing of all orders for this
system (more precisely, its generalization to algebraic dynamical systems on
connected groups) is equivalent to a deep Diophantine result, and we begin
by stating that result("®).

S-unit Theorem (van der Poorten and Schlickewei). Let K be a field
of characteristic zero, and let I' C K* = K~\{0} be a finitely generated multi-
plicative subgroup. Then for any n > 1 and fixed coefficients a1, ..., a, in K*,
the equation

121 + asxo + -+ apxry, =1 (8.5)

has only finitely many solutions (x1,...,x,) € I' for which no proper sub-
sum ZiEIC{l,...,n} a;x; vanishes.

Notice that it is clearly necessary to restrict solutions to avoid vanishing
proper subsums: if there is such a subsum, then it generates an infinite fam-
ily of solutions. The hypothesis that the field have characteristic zero is also
needed: if the field has positive characteristic, then the Frobenius automor-
phism generates an infinite family of solutions. Indeed, the arithmetic reason
behind the failure of three-fold mixing in Ledrappier’s example comes from
equation (84]), which is equivalent to the infinite family of solutions

1+6)2 +¢2" =1

to the equation x1 + z2 = 1 in the multiplicative subgroup <1 +t¢,¢>> of the
field Fo(1 +¢,¢).

Corollary: Mixing of all Orders. The x2, x3 action of N? is mixing of all
orders with respect to Lebesgue measure mr.
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Before embarking on the proof of mixing of all orders, we give an overview
of how the argument works. We assume that the N2-action S is not mixing
on r sets for some r > 2. Using Fourier analysis, this translates into an infinite
family of solutions to an equation of the form (&H). Thus, by the S-unit
theorem, we must have a vanishing subsum. This in turn implies that the
system is not mixing on s sets for some s < r. The proof is completed by
checking that S is mixing (that is, is mixing on 2 sets). All the subtle work is
hidden in the S-unit theorem.

Recall that the map sending m € Z to the character z — e
isomorphism between Z and the character group T of T.

2mimx is an

PROOF OF MIXING ASSUMING THE S-UNIT THEOREM. Assume that the N2-

action S is not mixing on r sets for some r > 2. Then there are sets Ay, ..., A,
in # and a sequence
k k
(¥ )

of r-tuples of elements of Z* such that ngk) = for all & > 1 and

j>1

nl(-k) — ng-k) — 00

as k — oo for any ¢ # j, 1 < 4,7 < r, such that
mr (S—nﬁ“(Al) A0 s—ni’”(AT)) # ] me(A) (8.6)
i=1

as k — o0o. By expanding each of the indicator functions x4, as a Fourier
series, we see that equation (86 is equivalent to the statement that there are
characters x1,...,x,r on T, not all trivial, such that

/Txl(S“i’”a» e (87 @) dmy () A H /Msnﬁ%) dmr(z) =0 (8.7)

since [ xdmr = 0 for any non-trivial character (that is, fol e?™im dg = ()
for m € Z~{0}).
Each character x;(x) = e*™™% for some m; € Z,

(k) (k1) (k.2)
S =2"% 3% ‘g
(k)

(where we write n; ' = (nz(-k’l), nz(-k’2)> ), and the function being integrated on

the left-hand side of equation (87 is itself the character corresponding to the

integer
p B L (k2) (k,1)
1

3™ my 4+ 2™

(k.2)
n
3" Tmy.

2

* Notice that we may make this assumption after subtracting the first term from
all the others, which means that the resulting sequence comprises r-tuples of
elements of Z? rather than NZ.
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It follows that S is not mixing on r sets if and only if there are non-zero

integers mq,...,m,, and a sequence (ngk), .. .,n&k)) with ngk) = 0 for
j>1
all k > 1 and
n® _n® _ o
i J
as k — oo for any i # j, 1 <i,j < r such that
(k1) (ky2) , :
ont™V gnd™ oY (8.8)

for infinitely many values of k. Rearranging equation (&), this is equivalent

to
mo nék’1)3n;k‘2) _ my n(rk,l) (k,2)

2 3 =1, (8.9)

my my

2

Equation (89)) gives an infinite family of solutions in the subgroup <2,3>>
to an S-unit equation in Q, so by the S-unit theorem we must have some
subset I C {1,...,r} with the property that

(k,1) (k,2)
D o3 =0 (8.10)
el

for infinitely many values of k (after multiplying out m1). Reversing the ar-
gument leading from S not being mixing on r sets to equation (B8], we see
that equation (8I0) says that S is not mixing on |I| < r sets.

Thus the S-unit theorem shows that if S is not mixing on r sets for
some r > 2, then S is not mixing on s sets for some s < r. All that remains
to complete the proof is to check that S is mixing. To see this, we use equa-
tion (B.8) again: if S is not mixing, then there are non-zero integers m and ms
and a sequence (ngk), nék)) going to infinity in Z? with m; + 2"§k)3"§k)m2 =0
for infinitely many values of k, which is impossible since ged(2,3) = 1. O

Exercises for Section

Exercise 8.2.1. Prove that Ledrappier’s example is mixing without using
character theory, by showing that it is mixing on a generating algebra of
cylinder sets using the geometry of the defining relation.

Exercise 8.2.2. Prove that Ledrappier’s example is mixing using algebra (in-

stead of the geometry of the defining relation) by the following steps.

(1) The group X is isomorphic to the ring R = Fo[t*!, %_H], and under this
isomorphism the generators of the action correspond to the commuting
maps r — tr and r — (1 +¢)r.
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(2) It follows that the action is not mixing if and only if there is a se-
quence n; — oo and elements rg, 71 € R, not both zero, for which

ro + "9 (1 4+ )iy = 0 (8.11)

for all j > 1.
(3) Embed the equation equation (8IT]) into the field of fractions of R and
deduce that equation (8I1)) can only hold for finitely many values of j.

Exercise 8.2.3. (™ Use the methods of Section B2l to show that a large
class of algebraic dynamical systems on zero-dimensional groups fail to be
mixing of all orders in a simple way as follows. For each prime ideal p
in F, [ulﬂ, e ,u;tl] define a Z?-action by shifting on the compact group

X, ={ze€ Flzjd | Z fnxn =0 for all f(u) = anu“ € p},

neZd

where we write u™ for the monomial uj" ---u;?. For example, Ledrappier’s
example may be obtained in this way with d = 2 and p = (1 4+ uj + us). Prove
that p contains a non-constant polynomial if and only if the resulting Z?-action
is not mixing of all orders.

Exercise 8.2.4. (89 Prove directly that the N?-action generated by S and Ss
on the circle is mixing of all orders “in positive cones”: for any r > 1 and
measurable sets Aq,..., A, € PBr,

mr (S_ngk)(Al) n---N S_ns‘k)(Ar)) - Hm']l‘(Ai)
i=1

as k — oo, under the assumption that nz(-i)l — nz(-k) — 00 while remaining in N2

(rather than in Z?) as k — oo for 1 < i < r. Prove the same restricted mixing
of all orders property for X .

Exercise 8.2.5. Prove that the x2, x3 action of Z? from Section B.2.2 is
mixing on three sets without using the S-unit theorem.

8.3 Haar Measure and Regular Representation

In this section we collect some information about the natural measure mg
defined on the Borel o-algebra g of a o-locally compact metric group G,
which will replace the counting measure on N used, for example, to form
ergodic averages. Some of this material is also summarized in Appendix C on
topological groups.

The natural measure is the left-invariant Haar measure mg on G, which
satisfies the following properties:
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(1) mg(gB) =mg(B) for all B € B¢ and g € G;
(2) ma(K) < oo for any compact subset K C G; and
(3) ma(O) > 0 for any open set O C G.

As we will show below, referring to “the” Haar measure is (almost) legitimate:
this measure is unique up to a scalar multiple in the following sense. If
and o are two measures satisfying properties (1)—(3), then there is some ¢ > 0
with ps = cuy (see Corollary BF]).

The existence theorem below is standard and may be found in many books
(see Appendix C for references).

Theorem (Haar). Let G be a o-locally compact metrizable group. Then
there exists a left Haar measure mq satisfying properties (1)—(3) above.

We now sketch one argument for the existence of Haar measure; for com-
plete details see Folland [94] Sec. 2.2] for example.

For any compact set K C G and any set L with non-empty interior, we
define [K : L] to be the minimal number of left translates gL of L needed to
cover K. Let V be a small neighborhood of the identity e € G, and let Ky
be some fixed compact set with non-empty interior. Notice that if we allow V'
to shrink to smaller and smaller neighborhoods (this is possible unless G is
discrete, in which case counting measure is a Haar measure) then we expect
that [K : V] will diverge to infinity. To take account of this we normalize
relative to Ky by defining

(K : V]

W)= 1)

for any compact K C G. Tt is easy to check that [¢K : V] =[K : V] and
[KUK':V]<[K:V]+[K':V],

so Iv(K) is a left-invariant, subadditive function defined on the compact
subsets of G. Note, however, that if V' is the open ball on the left in Figure [8.4]
(which is drawn in R?, but the geometric argument explained below applies
for any group ) and K, K’ are the two compact sets on the right, then

[K:V]=[K':V]=1=[KUK':V],

so that Iy, is not additive, even though K and K’ are disjoint.

Clearly this failure of additivity over disjoint sets occurs because the scal-
ing device, namely the neighborhood V, is too coarse to discriminate between
the two compact sets which are close together. If V' is replaced by V; as
illustrated in Figure 84 then

[KUK':Vi] = [K : V4] + [K' : V4],

so Iv, (K UK') = I, (K) + I, (K'). To see this, notice that any left translate
of V1 cannot intersect both K and K’ if V; is, as illustrated, sufficiently small.
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K
9 oK' |
|4
Fig. 8.4. The sets K and K’.

Thus an optimal cover (that is, one for which the number of translates needed
is minimal) can be split into an optimal cover for K and an optimal cover
for K’ once the open set is small enough. Clearly replacing V' by V7 does not
solve the problem completely, because other disjoint compact sets could be
even closer together. To get around this, we must work with a sequence of
neighborhoods (V;,) which form a basis of the neighborhoods of e € G. The
functional
I(K)= lim Iy, (K)
n—oo

defined in this way would be additive on all disjoint compact sets, but in
order to complete the argument the convergence would need to be shown.
The following argument allows us to get round this problem.

By assumption, K has non-empty interior, so m = [K : Ky| < co. Let

K CgiKoUgaKoU---UgnKy

and
Ko ChiVUhVU---Uh,V

be optimal covers (so, in particular, n = [Kq : V). Then
KCq(mMVUh VU UhyV)U-Ugm (mMV UV U---Uh,V),

so that [K : V] < [K : Ko|[Kp : V] or equivalently Iy (K) < [K : Ko|. By the

same argument, [Kq : V] < [Ky : K][K : V], and so ﬁ < Iy (K), where
1

we interpret [Ko : K] as infinite and /] as zero if Ko cannot be covered
by finitely many left translates of K. With this convention,

Iy € H [ﬁa[KiKo] =R,
KCG

where the product is taken over all compact subsets of G, and the space &
is compact by Tychonoff’s theorem (Theorem [B.5} this space is not metric
unless G is countable). It follows that there must be an accumulation point T
of the set {I,,, | n € N}, and this accumulation point is a function I, defined
on all compact subsets of G, and with the property that

I(K)E ﬁ,[KKQ] 5
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such that for any neighborhood U of I in the product topology, and any N € N,
there is some n > N with I,,, € U. This implies that I is a subadditive function
which is additive on disjoint compact sets by the following argument. If K
and K’ are disjoint compact sets then, for all € > 0,

U={JeR||J(K)-IK)|<el|J(K)-IK) <e,
and [J(KUK') - I(KUK')| < ¢}

is a neighborhood of I in the product topology of K. By the discussion above,
we have (for the given sets K, K', and) for large enough n, that Iy, satisfies

Ivn(KUK/) = Ivn(K) +Ivn(K/).

On the other hand, there are arbitrarily large values of n with Iy, € U, so
that
I(KUK') —I(K)—I(K")| < 3¢

for all e > 0.

From this additivity on compact sets one can use measure-theoretic argu-
ments like those used in the proof of the Riesz representation theorem®V to
deduce that

ma(0) =sup{I(K) | K C O, K compact}

and
me(B) = inf{mg(0) | B C 0,0 open}

define a measure on open sets, and an outer measure on all sets, respectively.
The latter, when restricted to %Aq, gives a left Haar measure on G.

8.3.1 Measure-Theoretic Transitivity and Uniqueness

The following elementary result will be useful in this and the following chap-
ters. In the arguments of this section we will not use the uniqueness properties
of Haar measure, instead it will emerge in Corollary

Proposition 8.6. Let G be a o-locally compact metrizable group, and let mg
denote a left Haar measure on G. Then for any two Borel sets By, Bo € Bc
with ma(By)ma(Bz) > 0, the set

{g cG | mg(gBl QBQ) > O}

is open and non-empty. The same holds for {g € G | mg(B1g N Bay) > 0}.
Moreover, mg(B) > 0 if and only if mg(B~1) > 0 for B € %g.

PRrROOF. Clearly

ma(gBy N By) = / Xos (W)x 3 () dma (h),
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and notice that h € gB; if and only if ¢ € hB; ' so xyp, (h) = XhB;l(g).
Together, these facts imply by Fubini’s theorem (Theorem [A13)) that

/ ma(gBy N By) dma(g / / Xos (1) X5, () dma(h) dme (g)

~ [x® [ sy (0) dma(a) dmelh)
=mg(hB; ') =mg(B; ")
— [ me(B) dma(h)

B>
= mg(B; )mg(By).

In fact we have used Fubini’s theorem for non-negative but not necessarily
integrable functions, but this can easily be avoided by replacing By and Bs
with sequences of subsets with compact closures. Setting By = G, the above
argument shows that

ma(Bi)ma(G) = ma(By )ma(G),
which shows the last statement of the proposition (as usual in measure the-
ory, 0- oo = 0 by convention).

Having established the last claim, and returning to a general Borel set Bo,
we get

ma(gB1 N Bz) dma(g) = ma(B; )ma(Bs) > 0,
which shows that the set O = {g € G | mg(gB1 N B2) > 0} is non-empty.

We now prove that O is open, completing the proof of the proposition.
Assume that g € O, so that mg(gB1 N Bz) > 0. Since G is o-compact we can

write -
= U An7
n=1
where each A,, has compact closure. Since m is a measure, we must have
£ = mg(gAn n BQ) >0
for some A,,. Now
melo1An 0 B) = [ ora, i dma = [ xa, o W) () dme(h)

so that, with f = x4,,, we have

ma(9AnNBy) —mG(glAnﬂBz)‘ < ’/(f(g‘lh)—f(gllh)) X5, (h) dme (h)

= fg™") = flgr ",
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and we claim that for g; sufficiently close to g the last term is less than e,
so O is open. This claim is shown in the following lemma, in a more general
context.

For the second claim of the proposition, notice that we already established
the last claim, so that mg(B; ') > 0 and mg(B; ') > 0 by assumption. Hence,
again by the last claim,

{g€G|ma(BignBsy)>0y={heG|maghBy'nB;") >0}"

is non-empty and open by the first claim of the proposition. 0
Lemma 8.7. Let G be a o-locally compact metrizable group acting continu-
ously on a locally compact, o-compact, metrizable space X. Let u be a locally

finite measure on X which is invariant under G. Then, for p € [1,00) and
any f € LF(X),

Uy f) () = fg~"wx)

defines an element Uyf € LY(X) with |Ugfll, = |fllp and, for any fired
function f € LF(X), g — Uyf is a continuous map from G to L% (X) with
respect to the norm || - ||p.

PROOF. First notice that for f € L,

/ o )P du(z) = / @) dula),
X X

since by assumption g is invariant under g € G. To prove the second claim,
recall that for every e > 0 there exists some fy € C.(X) such that

If = follp <e. (8.12)

Let Vo € G be a symmetric (that is, VO_1 = V) compact neighborhood
of e € G, and let

K = Vo Supp(fo) = {v-z | v € Vo, 2 € Supp fo}

so that K is also compact, by continuity of the G-action. By uniform continuity
of fo on the compact set K, there exists some § > 0 such that

[fol@) = foly)| < &/n(E)/P
for dx (z,y) < . Moreover, again by uniform continuity of the map
Vo x K 3 (g,z) — gz,

there is a symmetric neighborhood V' C V1 such that g € V implies
that dx (z, g-x) < 0. Putting these facts together, we see that g € V implies
that |fo(z) — folg~1-a)| < &/u(K)"/7, and so
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[ 1) = ol g < e
However, for z ¢ K we also have g~!.z ¢ Supp(f) and so

|fo(z) = folg~ " z)| = 0.

Therefore the bound above actually gives || fo — Uy follp < € for any g € V.
Together with equation (8I2), and its consequence ||U,f — Uy foll, < €, we
get ||f — Ugfllp < 3¢ for g € V. In general, go € G and g € goV implies that

1Ugo fo — Ugfollp = [l .fo — Ug(;lngHP <e

as required. 0

Corollary 8.8. The Haar measure mg of a o-locally compact metrizable
group G is unique up to a multiplicative factor. In particular, every continuous
group automorphism ¢ : G — G satisfies

d.meg = mod(¢)ma
for some scalar mod(¢) > 0.

See Appendix C for more discussion of the modular function mod(¢).
Recall that G is called unimodular if the left Haar measure mq is also

right invariant (equivalently, if mod applied to the inner automorphism ¢,
gives mod(¢,) =1 for all g € G, where ¢,4(h) = ghg™? for h € G).

PROOF OF COROLLARY [B.8 Suppose m; and mso are two left-invariant Haar
measures. We define m = mq + ma, so that m is also a left-invariant Haar
measure, with the property that both m; and mo are absolutely continuous
with respect to m. By Theorem [A.15] it follows that there are measurable
non-negative functions fi, fo such that dm; = f;dm for j = 1,2. We claim
that both fi = ¢; and fy = ¢y are constant, so that m; = cym, ms = com
and mo = %ml as stated in the corollary.

Suppose the claim is false for f;. Then there exist two measurable
sets By, Bo C G such that fi(x1) < fi(z2) for 21 € By, 22 € By and both By
and By have positive measure under m (this follows from dividing R>¢ into in-
tervals [%, %) and taking their pre-images under fi;if f1 is not constant then
there exists some n and ki # ko for which the pre-images both have positive
measure). By Proposition B (applied to mg = m) there exists some g € G
such that mg(gB1 N Ba) > 0.

Now let £ C G be any measurable set. Then

[ fiw) dm(@) = m(B) =g B) = [ prm= [ f(ga) dm(o)
E g 'E E
by definition of fi, left-invariance of my, and left-invariance of m. Since this

holds for all measurable E' C G, the uniqueness of the Radon—Nikodym deriva-
tive (Theorem [A4]) shows that f1(z) = f1(gz) for m-almost every x. However,
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for x € B1Ng~! By we have, by construction of By and Ba, that fi(z) < fi(gz)
and again by construction m(B; N g~ 1By) > 0. This contradiction shows
that m; = ¢;m for some ¢; > 0, and by symmetry of m; and mo the first half
of the corollary follows.

For the second half, notice that for a continuous automorphism ¢ : G — G
the measure ¢,meq is also left-invariant for the following reason. For B C G
a measurable set and g € G,

pma(gB) = ma(¢~ ' (9B))

Also by assumption, ¢~ !(K) is compact (resp. ¢~ 1(O) is open) whenever K
is compact (resp. O is open), so 0 < mod(¢) < co. O

The results on Haar measure from this section now allow Proposition B3]
to be proved.

PROOF OF PROPOSITION B3] Tt is clear that (2) implies (1) whenever the
action of G preserves the measure i, so we need to show that (1) implies (2).

For a countable group G the proof is similar to the case of a single
transformation: Suppose that B is as in (1) and define the measurable
set B' = (¢ g-B. Then B’ is invariant in the sense of (2), and equivalent
to B in the sense that

pW(BAB') = u(B~B)=p | | B~g-B| =0
geG

by the assumption on B and countability of G.

So now let G be a o-compact metric group, and let G’ be a dense countable
subgroup of G (such a subgroup exists since G is separable as a topological
space, and a countable dense subset generates a countable dense subgroup).
Let B € & be a G-invariant set as in (1); by the first case we may assume
without loss of generality that it is a strictly G’-invariant set as in (2).

As usual write mq for a left Haar measure on GG; we will use m¢ to find
an equivalent strictly G-invariant set B’. For this, we first need to analyze the
subsets

B,={9g€G|gxeB}CG

for each z € X. By continuity of the map g — g-z, we know that B, C G is
measurable for each z € X.

Notice that by strict G’-invariance of B we have hB, = B, for all h € G,
and we claim that this implies mg(B;) = 0 or mg(GNB,) = 0. To prove
this claim, suppose instead that mg(B,;) > 0 and mg(G~B;) > 0. Then by
Proposition the set
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O ={g€G|mg(gB, By) >0}

is non-empty and open. Hence there exists some h € G’ N O which contradicts
the fact that hB, = B,.
Now define

B' ={z € X |mg(B;) >0} ={z € X | mg(G~B,) = 0},
let 2 € B’ and h € G. Then
Bn. ={g9€ G| ghx € B}y =B,h™".

Since mg(B;) > 0 this implies that mqg(Bp,) > 0 by Proposition and
so ha € B’'; that is, B’ is strictly G-invariant as in (2).

All that remains is to show that B’ is measurable and that u(BAB') = 0,
and to do this we reformulate the definition of B’ as follows. Let U C G be a
measurable set of finite positive measure, and define

1
@) = =5 | ot amato)

By the fact that B, is either a null set or a co-null set with respect to m,
we see that f = xps, which shows that B’ is measurable by Fubini’s theo-
rem (Theorem [AT3) applied to U x X. Notice that xp(g-x) = x4-1.5(z).
Combining this with Fubini’s theorem again and our assumption, we have

1
= @) o ] O 4 e = 2x0x05) ddmet)
1 / .
= BAg~'B) du =0,
which proves the proposition. -

8.4 Amenable Groups

One of the fundamental ways in which measure-preserving transformations
arise comes from the Kryloff-Bogoliouboff Theorem (Corollary [2]), which in
the language of this chapter says that any continuous Z-action on a compact
metric space must have an invariant probability measure. This motivates the
definition of a class of groups all of whose continuous actions will turn out
to have invariant measures. We have seen in Example that not all groups
have this property, so the definition of amenability below(®?) is non-trivial.
Amenability may be defined in several different ways; for the purposes of
ergodic averaging (for example, as in the mean ergodic theorem), and in order
to work with familiar groups, the next definition is a convenient one.
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8.4.1 Definition of Amenability and Existence of Invariant
Measures

Definition 8.9. A o-locally compact group G is amenable if, for any compact
subset K C G and e > 0, there is a measurable set F' C G with compact closure
such that KF is a measumbleﬁ set with

mg (FAKF) < emg(F), (8.13)
where mqg denotes a left Haar measure on G.

Such a set F' is said to be (K, e)-invariant, and a sequence (F),),>1 of
compact subsets of G is called a Fulner sequence if for every compact set K
and € > 0, we have that F), is (K, ¢)-invariant for all large enough n. Fglner
sequences in a group G allow ergodic averages of G-actions to be formed.
Notice that if G is discrete, then the sets F,, and K are finite sets and the
natural Haar measure is cardinality.

A different characterization of amenability may be given in terms of the
existence of invariant probability measures for continuous actions. This di-
rectly generalizes the Kryloff-Bogoliouboff Theorem [214] (Corollary .2]). We
shall only need one direction of this result, not the fact that it characterizes
amenability.

Theorem 8.10. If a locally compact group G is amenable, then every contin-
uous G-action G — Homeo(X,d) on a compact metric space has an invariant
probability measure.

PRrOOF. Recall that we write .#(X) for the space of probability measures
on (X,d) with the weak*-topology (see p.[@9); in this argument we will make
use of the theory of integration for functions taking values in the space of
measures (see Chapter [{l and Section [A3]).

A continuous action G — Homeo(X), z +— g-z induces an action of G
on Homeo(.# (X)) written v +— g.v. Let v € .#(X) be any measure, and
let (F},) be a Fglner sequence in G. The sequence of averaged measures defined
by

Hn =

m / g«vdmg(g),

n

or more concretely by

[ fann - ﬁm / n [ #ga)avamat)

for any f € C(X), for n > 1, has a weak*-convergent subsequence i, — p
as j — 0o0. Given any f € C(X) and h € G, we have

* This is clearly the case if, for example, F' is a countable union of compact sets,
which one may always assume by regularity of the measure mg.



250 8 Actions of Locally Compact Groups
1
/f(hx) dpen (2) o) / /f hg-x)dv(xz)dme(g)
1
)dr(z)d
o L [ Hem e amato),

and so
1
[ 1@ ) = [ ) < s [ i@ drte)ima o)
<M|\f|\m

ma(Fn)

as n — oo. This implies that the weak*-limit j is invariant under the action
of g € G. (]

Abelian groups are amenable; since we do not need this fact itself we
instead show that abelian groups share the invariant measure property of
amenable groups.

Theorem 8.11. If G is an abelian locally compact group, then every contin-
uous G-action G — Homeo(X,d) on a compact metric space has an invariant
probability measure.

PROOF. The proof uses averaging and compactness very much like the proof of
Theorem [4.1] For each g € G and n > 0 define a map A,, 4 : 4 (X) — A (X)

by
1 n—1
=~ glw
j=0

this is well-defined since .#(X) is convex. There is no reason for these maps
to be invertible, so let <7 be the semigroup of maps . (X) — .#(X) gen-
erated by the set {A,, | n > 0,9 € G}. Notice that the maps in o/ all
commute, since G is abelian. Since any map A € @ is continuous, the im-
age A (A (X)) C A (X) is compact.

Given finitely many maps Aq,..., A, € g, let A= Ay 0---0 A,. Then,
since @/ is commutative, for any i = 1,...,r,

A (X)) = A; ((Aro- 0 A (M(X)) ) C A (H(X)).
omitting A;
It follows that
ﬂ A (M(X)) 2 A(M(X)) # 2

for any finite collection Ay, ..., A, of maps in Ag. By compactness, we deduce
that
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N Awz(x) # 2.
Acdq
Now let 4 be a measure in (¢, A(#(X)). For g € G and any n > 0,
there must be some p for which p* = A,, i, and therefore

L1
W= gen” = = (= gin)

has operator norm ||p* — g,p*|| < 2 for all n > 1, so pu* = g,p* for all g € G.
This shows that p* is G-invariant. O

Compact groups are also amenable (they satisfy Definition B3l); but we
also prove directly that their actions have invariant measures (see also Exer-

cise BZ.2]).

Lemma 8.12. If G is compact, then any continuous action of G has an in-
variant probability measure.

PROOF. Let G act continuously on a compact metric space (X,d), and let z
be a point in X. Define ¢ : G — X by ¢(g) = g-x. Writing m¢ for the Haar
measure on G, we see that ¢, (m¢) is an invariant probability measure on X.

O

We also note that the statement in Exercise[84.2] is the reason why ergodic
theory usually concerns itself with actions of non-compact groups.

As Example B2 shows, it is easy to exhibit non-amenable groups, though
it has proved to be a difficult problem to characterize amenability group-
theoretically.

Exercises for Section [8.4]

Exercise 8.4.1. Prove directly that a countable abelian group is amenable
in the sense of Definition

Exercise 8.4.2. Classify all ergodic invariant Borel probability measures for
a compact group G acting continuously on a locally compact metric space X
by showing that they all arise as push-forwards of the Haar measure on G by
the map g — g-x for some = € X (as in Lemma [8T2).

Exercise 8.4.3. Prove that the Heisenberg group
lxz
H= ly| |z,y,2z€R
1

is amenable and unimodular.
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Exercise 8.4.4. Prove that the group

B—{(allj) |a,b€R,a>0},

which is also called the ‘az + b’ group to reflect its natural action on

{(1)10er}

is amenable but not unimodular.

8.5 Mean Ergodic Theorem for Amenable Groups

Folner sequences permit ergodic averages to be formed, and the mean and
pointwise ergodic theorems hold under suitable conditions for measure-preserving
actions of amenable groups.

In the theorem below we deal with integration of functions on the group
taking values in the Hilbert space L? (see Section [A.3)).

The reader may find it a helpful exercise to specialize the proof to the case
of countable discrete amenable groups, in which Haar measure is cardinality,
the elements of a Fglner sequence are finite sets, and the integrals appearing
are simply finite sums.

We will also be using the induced unitary representatio of G defined by

for all x € X. As every element of G is assumed to preserve the measure p in
its action on X, we know that U, : L2 — L2 is unitary. Moreover, if g,h € G,
then by definition

Un(Uy(£))(@) = Ug(f)(h™"z) = f(g7 h™ea) = f((hg) ™" +x) = Ung(f) (@),

which shows that g — U, for g € G defines an action of G on L7.. (The inverse
in the definition of U, is used to ensure that this is indeed an action.)

Theorem 8.13. Let G be a o-locally compact amenable group with left Haar
measure ma acting continuously on X, and let pu be a G-invariant Borel prob-
ability measure on X. Let Pg be the orthogonal projection onto the closed
subspace

I={feLi(X)|Uyf =f foralgeG}C L(X).

* For now we will just use the action of U, for ¢ € G on L2 (X) defined here; a
more formal definition of the notion of unitary representation will be given in

Section [[T.3]
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Then, for any Folner sequence (F,) and f € L7,(X),

1
—_— U,~1fd Paf.
Thus the action is ergodic if and only if

1
— /F S dmalo) o /X fdu

2 : 2
for all f € L (X) (or for all f in a dense subset of Ly, (X))
As will become clear, it is important that we average the expression
Ugflf(‘r) = f(g-:c)

instead of the expression U, f(z).
PrRooF OoF THEOREM R.I3] Let u be a function of the form

u(z) = v(h-z) — v(x)
for some v € L2 (X) and h € G, that is u = Uy-1v — v. Then

/ Uqfthfl’Ude(g):/ U(hg)flvdmg(g):/ Ug-1vdma(g),

X F, hF,
and so
e [ U =H#(/ Uyrvdma(g)
ma(Fn) Jg, ¢ o ma(Fn) \Jnp, *

- / Ug-1v dmc(Q))

n

2

).
< —— [Ug-1v]| dme(g)—0
ma(Fo) Jp,ane,  °
as n — 00, by equation ([BI3) and Section [B.7 Tt follows that the same holds
for any function in the Li—closure V' of the space of finite linear combina-

tions of such functions. Just as in the proof of the mean ergodic theorem
(Theorem 22)), if u L V' then, for every v € Li,

(Ugu,v) = (u,Uy=1v — v) + (u,v) = (u,v),

so u € I. Thus Li =V @ I, showing the first part of the theorem. As dis-
cussed on page 231l the G-action is ergodic if and only if I = C, the constant

functions, or equivalently if and only if Pgf = [ « J dp, completing the proof.
O

Just as the mean ergodic theorem (Theorem 221)) readily implies a mean
ergodic theorem in L' for single transformations (Corollary 2:22)), Theo-
rem B3] implies an L' theorem. See Section [B.7] for an explanation of the
meaning of the integral arising.
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Corollary 8.14. Let G be a locally compact amenable group with left Haar
measure mq acting continuously on X, and let pu be a G-invariant Borel prob-
ability measure on X . Then, for any Folner sequence (F,) and f € L}, (X),

1
_ ogdm —E(f|&
ot L Fostmat)—E (116)
mn Lll“ where & is the o-algebra of G-invariant sets.

Exercises for Section

Exercise 8.5.1. Emulate the proof of Corollary[2.22to deduce Corollary[R.14]
from Theorem RT3

8.6 Pointwise Ergodic Theorems and Polynomial Growth

While the mean ergodic theorem (Theorem 2.2T]) extends easily to the setting
of amenable group actions both in its statement and in its proof, extending
the pointwise ergodic theorem (Theorem E30) is much more involved(®3).
The general pointwise ergodic theorem for amenable groups is due to Linden-
strauss [233]; a condition is needed on the averaging Fglner sequence used
(but every amenable group has Fglner sequences satisfying the condition).
That some condition on the sequence is needed is already visible for single
transformations (Z-actions): del Junco and Rosenblatt [67] show that for any
non-trivial measure-preserving system the pointwise ergodic theorem does not
hold along the Fglner sequence defined by F,, = [n?,n? +n) NZ.

8.6.1 Flows

We start by showing how Theorem [2.30] extends to the case of continuous
time. As this is convenient, we state and prove the theorem in the measurable
context. A flow is a family {7, | t € R} of measurable transformations of
the probability space (X, %, u) with TsT; = Tsyy for all s,t € R and Ty =
Ix. The flow is measure-preserving if 7T} preserves p for each t € R, and
is measurable (as a flow) if the map (z,t) — Ti(z) is a measurable map
from (X x R, B ® %r) to (X, ). Similarly, a semi-flow is an action of the
semigroup R>¢. The pointwise ergodic theorem for (semi-)flows is a direct
corollary of Theorem

Corollary 8.15. Let T be a measurable and measure-preserving (semi-)flow
on the probability space (X, B, ). Then, for any f € L}“ there is a measurable
set of full measure on which
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1 S
L[ s~ B (1]6) @)
0

converges everywhere and in Li to the expectation with respect to the o-
algebra & = {B € B | W(BAT, *B) =0 for all t € R}.

PROOF. The function (z, s) — f (Ts(z)) is integrable on X x [0, s] for any s > 0
by Fubini’s theorem (Theorem [A-T3). Thus the mtegral fo f(Tyx) dt is well-

defined for almost every x € X. In particular, F(z fo f(Tix) dt is well-
defined for almost every x and defines a function in L1 Now

n n—1 )
/ () dt = 3 F(Ta),
0 pary

s0, by Theorem 2.30] the averages

N

converge almost everywhere as N — oo.

Moreover, Theorem 230 applied to Fups = fol |f(Tsx)| ds also implies (by
taking the difference between Ay (Fabs) and %A N+1 (Fabs), which converge
to the same limit) that

1 1
5 [ U Txalae—o
0

as N — oo almost everywhere. For any s € [N, N + 1) we have

/OS F(Toa)dt — /ON F(Tox) dt

so the convergence almost everywhere follows.

To finish the proof we need to identify the limit f*, and show convergence
in L}L. By Theorem[6.1] the integral averages (from 0 to N) of f € L}L converge
almost everywhere and in Lb to the conditional expectation f* = F (F| ng)
with respect to the o-algebra of sets invariant under 77. To obtain convergence
in L}L of the integral from 0 to s, we can use the trick above for s € [N, N+1).
Moreover, the same argument shows that f* is invariant under the flow T
(that is, f* is &-measurable). Finally, using convergence in L} ., we see that
for a measurable set B € & we have

/XB N/ f(Tiz) dt dp(x N/ /XB dp(x) dt
—>/deu:/Bf*du,

1
< / F(Trgna)] dt,
0
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which proves that f* = FE (f’@‘") O

A quite different class of ergodic theorems for continuous time are the local
ergodic theorems; we mention one simple instance. Local ergodic theorems
were introduced by Wiener [383]; notice how closely they are related to the
fundamental theorem of calculus, which states that

1
lim —
e—0¢

s+e
[ o=
for almost every s € Rif f € L, (see Royden [321], Ch. 5] or Theorem [A2F).
Theorem 8.16 (Wiener). Let T be a measurable and measure-preserving
flow on (X, B, ). Then, for any f € L}L,

.1 fF
tig 2 [ (i) at = (o

almost everywhere.

Here we will write m for Lebesgue measure mp restricted to [0, c0).
PROOF OF THEOREM [B.I6 Let

N = X x (0,00 {(2,1) € X x [0,00) | lim L[5 f(Tyy.0) ds = F(Tya) }
we wish to show that IV is a null set with respect to p x m. Define
N'={zx e X|(x,t) € N}
for t > 0. Finally, let
N, ={t€[0,00) | (x,t) € N}.

Now for almost every x, [ f(T;x)dt is well-defined for all s, and ¢ — f(T;x)
is integrable on [0, 7] for any T > 0. Thus the fundamental theorem of cal-
culus (Theorem [A27)) implies that m(N,) = 0 for almost every x. It follows
that (uxm)(N) = 0, and by Fubini’s theorem (Theorem [A13]), almost every ¢
has the property that u(N?) = 0. On the other hand N* = T, ' N?, so u(N?)
is independent of ¢, and therefore vanishes identically as required, since T} is
measure-preserving. O

8.6.2 Pointwise Ergodic Theorems for a Class of Groups

In this section we describe a more general version of the argument in Sec-
tion 2.6.3] and the second proof in Section 2.6.5 using once again the finite
Vitali covering lemma (Lemma[2:27]). The pointwise ergodic theorem obtained
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here applies to a large collection of groups but is far from the most general
pointwise theorems.

We assume here that G is a locally compact unimodular group equipped
with a right-invariant metric (that is, a metric d compatible with the topology
and with d(gih, g2h) = d(g1,92) for all g1, g2, h € G) and with the following
growth properties.

(P) For any r > 0 the metric 7-ball BY = BY(e) has compact closure (that
is, the metric is proper), and mg( BG\BG) =0.
(D) The metric has a doubling pmpertyi there is a constant Cg such that

mg (Bg) < Cama (BS) .
(F) The metric balls form a Fglner sequence: for any fixed s € R,

mg (BrG-i-s)
me (BY)

as r — OQ.

We will check that property (F) does indeed imply the amenability prop-
erty in Definition B just after the statement of Theorem [R19 It is clear that
any metric induced by a norm on R* x Z¢ satisfies these properties. However,
there are many other groups satisfying the properties above: for example, the
Heisenberg group (defined in Exercise [B43] with further properties described
in Examples and [@15] and in Chapter [I0) satisfies them.

We start as in Section 226 with a maximal inequality in L(G), the analog
of Lemma

Lemma 8.17. Let G be a locally compact unimodular group with o right-
invariant metric satisfying properties (P) and (D). Then for any ¢ € L*(G)
and o > 0 define the mazimal function

¢*(a) = sup

up 50 90 dmals)

and the set E¢ = {a € G | ¢*(a) > a}. Then

ame (ES) < Callolh-

PROOF. By the assumption (P), mg(BY) depends continuously on r > 0,
so ¢*(a) can also be defined as the supremum over all rational » > 0. This

* Strictly speaking this would be more naturally called a tripling condition, but it
is equivalent to a condition on the measure of balls of doubled radius, and the
term “doubling condition” is a standard one. The simplest example of a group
without this property is given by the free group F> on two generators: in the
natural word metric, |Bs2| ~ |BF2|3.
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shows that the map a +— ¢*(a) is measurable. For any a € E¢ choose some r(a)

with
1

Wﬁ())/ ¢(ga) dme(g) > o (8.14)

Bllo)
Since G is second countable (that is, has a countable basis for its topology),
we can write the open set

G
U Bliwa
aGEf;
as a union of countably many sets,
oo
0= U BTG(ai)ai
i=1

for some {ai,as,...} C E2. For brevity, write r; = r(a;). Notice that by
the assumption of right-invariance for the metric, the right translate of a
ball is also a ball: BYa = BY(e)a = BS(a) for any » > 0 and a € G. Fix
some K > 1 and apply the Vitali covering lemma (Lemma 227) to select
indices j(1),...,7(k) € {1,..., K} such that the balls

G G
BTj(l) aj(l), ey Brj(k) aj(k) (815)
are disjoint, and
Bgal U---u B?KGK - ng(l)aj(l) U---u ng(k) aj(k)- (8.16)

By disjointness of the sets in equation (815,

k
el lo[ dm
1 Z/ (i) 9O ¢
1
Z ’“m) J(Z))W/B ¢(gaj(i))dmc(9)

i@/ JBE  ai

>« Z mg(ij(i)aj(i)) (by equation (8I4).
i=1

On the other hand, by equation (8If]), right-invariance of me, and prop-
erty (D),

K
Z B aj
j=1

Together with the bound on the latter sum, this gives

k

3TJ< ) a;) < Cg ZmG(BTGj<i)aj(i))'
i—1

H'M»
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K
G
a) ma(BY) < Callél,
j=1

for any K > 1, which gives amg(O) < Cgl|¢|l1 and hence the lemma,
since ng C 0. O

We note that a right-invariant metric in a group satisfies the symmetry
relation d(g,e) = d(g~',e) for ¢ € G (which follows by right multiplica-
tion with ¢—!) and the group triangle inequality d(gh,e) < d(g,e) + d(h,e)
for g,h € G. The latter follows by combining the right-invariance and the
triangle inequality

d(gh,e) =d(g,h™") < d(g,e) +d(e,h™ ) =d(g,e) +d(h,e).

In the notation B = BY(e) for the balls of radius » > 0 around the iden-
tity e € G these properties may also be written as

(BY)™ =By

and
BYBY C BE, | (8.17)

for any r,s > 0.

Theorem 8.18 (Maximal Ergodic Theorem). Let G be a unimodu-
lar locally compact group with a right-invariant metric satisfying proper-
ties (P), (D) and (F). Let G act continuously on a locally compact o-
compact metric space X, preserving a Borel probability measure p on X, and
let f € LY X, B, ). We define the mazimal function

1
f(z) =sup W 5o f(g-x) dma(g),

r>0 TG
and for o > 0 define
El ={zxeX|f(z)>a}

Then au(EL) < Calfll:-

PROOF. In the proof below we will frequently use Fubini’s theorem (Theo-
rem [A.T3)) applied to the functions
(9,%) — f(g-x)
and
(g,2) — |f(g-2)],
for (g,2) € B x X for some fixed J > 1. Notice that
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/ Fg2)| dpu(z) = |l

since p is G-invariant, so
[ [ tga)lanto dmeto) = ma( B,
BG JXx

and therefore these functions lie in L'(BY x X, me|pg x p). In particular, for
almost every z € X,

_ J fg-w) for g € BY;
9l9) = {O for g ¢ BY

defines a function ¢ € L'(G) (suppressing the dependence on z € X and
on J).
Fix @ > 0. By Lemma 811

ama(E?) < Cgl|d])1. (8.18)

Fix some M > 0 (later we will let J — oo for M fixed). Define the restricted
maximal functions

Pula) = 0 (BO) e ¢(ga) dma(g) (8.19)
and .
Fae) = 50 ma(BF) Jpg T Aok (B0
and sets
E¢ = {a € G| di(a) > a}
and

Bl ={z € X | fy(2) > a}.
Fix a € BY_,,; and g € Bf,. Then ga € BS by equation (8IT), so

#(ga) = f(ga-x)

by definition of ¢. Substituting this into equation (8I9) and equation (820)
gives

Pm(a) = frr(a-z)

for a € BS_,;. It follows that

amga ({a € B?_M | a-z € E({M}) = amg (B?_M N EiM)
ama (ng)

<
< Calgll, (8.21)



8.6 Pointwise Ergodic Theorems and Polynomial Growth 261

where the last inequality is equation ([BI8]) again. We now integrate both sides
of the inequality (82I]) over X and use Fubini’s theorem. More concretely, for
the left-hand side of equation (82I]) we have

me(BSanELu) = [ [ Xy, (@) duta) dme
B /X ’

- /X me ({a €BY \|awe EZ:,M}) du()
(8.22)

by Fubini’s theorem and the invariance of u under the action of G. Similarly,
for the right-hand side we may write

/1l duo) // £(g-2)| dma(g) du(z)

- / / F(g-2)| dpa() dma (g) = ma(BS)| £
B? X

(8.23)
The identities (821)-([8.23]) together give
ama(BS_a)u(EL y) < Cama(BF)|f
We divide by mg(BS) and let J — oo, which gives
au(EL ) < Callf |
by property (F). Finally, letting M — oo gives the theorem. O

It will be useful to extend the notation for ergodic averages from Section[2.5]
to averages over balls for a group action, so we define

AN ) = — [ f(gr) dma(g)

me(BY) BG
for a group action of G.

Theorem 8.19. Let G be a unimodular locally compact group with a right-
invariant metric satisfying properties (P), (D) and (F). Let G act continuously
on a locally compact o-compact metric space X, preserving a Borel probability
measure 1 on X, and let f € LY(X, %, ). Then

Ar(f)(@) — E(f]€) ()

almost everywhere and in L' s Where as usual & denotes the o-algebra of G-
mvariant sets.
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The proof of Theorem will follow the pattern of the second proof in
Section [2.6.5] where the pointwise ergodic theorem is deduced from the mean
ergodic theorem using the maximal ergodic theorem. In order to use the mean
ergodic theorem, we first verify that property (F) gives equation (8I3)).

If K C G is compact and non-empty, then K C BY for some s > 0, so

BYAKBS = BENKBS U KBY~BY C BS~BY U BE, ~BY

for all r > s, since BY , C KBS C BE, | by equation (8IT). It follows that

ma(BY AK BY) < mag(BESBE )+ma(BE SBEY) = ma(Brys)—ma(Br—s),

mg(B,AKBS)
so that W

PROOF OF THEOREM [RI9. Assume first that fo € £°, so that

An(fo) = Fo = E (fo| )

as n — oo in L, by the mean ergodic theorem for L' (Corollary B14). Pick
some M with ||[Fy — Ay (fo)|l1 < 2. By the maximal ergodic theorem (Theo-
rem [BI8)) applied to Fy — Aps(fo) we have

— 0 as r — oo by property (F).

] <{3: € X| SL>118AT (Fo — An(fo)) > 6}> <e. (8.24)

By invariance of Fy under the action, we have A,.(Fy) = Fy. Just as in Sec-
tion 2.6.5 we now estimate the difference between A, (Ans(fo)) and A, (fo)
as r — 0o0. We have

Ay (Ar(fo)) (x) = m
1

- mG(Bg)mG(BI\C;}) // XBE (g)XBf[ (h) fo(hg-x) dmea(g) dme(h)
B : //XBTG(hilg/)XBg;(h) dme(h) fo(g'-x) dma(g’)

ma(BE)ma(BS))

/AMwM?@M§@Mmdm

¥(g")

by Fubini’s theorem (Theorem [A-T3]) and left-invariance of m¢. Notice that
for ¢ € BY ,, we have h='g’ € BY for all h € B, by equation (&IT).
It follows that ¥(g') = mg(BY)) if ¢ € BY ,,. Similarly, if ¢’ € BY,,,
then h='g’ ¢ BE for any h € B§;, so¢(g¢’) = 0. Finally, for ¢’ € BS, , ~BY
we have
0 <¥(g') < ma(Biy).

Thus
[Ar(Anr (fo) = Ar(fo)| < . —

’ S me(BE) ) [ma(BS)
mG(BrG+M\B§—M)

ma(BY)

¥(9)—xse(9)||folg-x)|dme(g)

[ folloc — 0 (8.25)
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as r — 00, by property (F). Together equation ([824]) and (825]) show that

u({a € X | limsup|Fo — A, (fo)| > £})

= p({z € X |limsup A, (Fo — An(fo))| > €}) <e,
which means that A,(fy) — Fo pointwise almost everywhere as r — oo. The
remainder of the proof follows the final part of the proof on p. O

Exercises for Section

Exercise 8.6.1. Fill in the details completing the proof of Theorem [R.19] as
suggested there.

Exercise 8.6.2. Prove that the doubling property (D) from page 257 (for the
left-invariant Haar measure and the right-invariant metric) implies that the
group is unimodular.

8.7 Ergodic Decomposition for Group Actions

Just as for single transformations, the ergodic decomposition for a continu-
ous measure-preserving action of a og-compact metric group may be deduced
from Choquet’s theorem as in Theorem The proof we will give in this
section is related to the proof of Theorem [6.2], but a little more involved since
we do not have a pointwise ergodic theorem for the action of G on X. We
will follow loosely work of Greschonig and Schmidt [129] where a similar but
much stronger result is found using quasi-invariance (where the action is only
assumed to take null sets to null sets).

Theorem 8.20. Let G be a o-compact metric group acting continuously on
a o-compact metric space (X,d). Let u be a G-invariant probability measure
on X, and let

& = {B C X | B is measurable and p(g-BAB) =0 for all g € G}

be the o-algebra of G-invariant sets. Then

p= [ ng du(z)
/

18 the ergodic decomposition of . That is, for p-almost every x the conditional
measure uf 18 a G-invariant and ergodic probability measure on X.

The next result will serve as a substitute for an ergodic theorem.
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Lemma 8.21. Let Py, Ps, ... be orthogonal projections defined on a separable
Hilbert space €. Define the operators

Qi=P1, Qa=Q1PQ1,..., Qui1 = QnPri1Qn

for any n > 0. Then, for any v € H, the sequence (Q,v) converges in the
norm topology to the orthogonal projection of v onto the subspace (). _; Im Py, .

As we will see in the proof, the peculiar structure of the definition of @,
will be used in two different ways. First, for any v € J# and any fixed m, the
vector Qv for n > m is obtained from an element of Im P, by a few (how
many depending on m but not on n) projections P; with j < m. Second,
the symmetry of the definition will be used in the later part of the proof to
miraculously convert weak*-convergence into strong convergence.

To see how this can be helpful, notice the following peculiar geometrical
fact. For a vector v in a Hilbert space it is possible to find a finite number
of projections Py, ..., P, so that v = P, --- Pjv is orthogonal to v but has
almost the same length as v. A geometric picture of a composition of many
projections that together behave like a rotation is illustrated in Figure

Fig. 8.5. Many projections together acting like a rotation.

The closer we require ||v'|| to be to ||v||, the more projections need to be
taken. The bound on the number of projections that appear to the left of P,
in the definition of Q,, will in this way allow us to say that Q,v has not moved
very far from Im P,,, if indeed the length has not decreased much.

ProoF oF LEMMA B2Tl Fix some v € ¢, and let w be a weak™*-limit of a
subsequence (@, v). That is, w € J satisfies

(@ny0,€) — (w,§)

as k — oo, for all £ € . Such a subsequence exists by Alaoglu’s theorem
(Theorem [B.6)) because ||Q,| < 1 for all n.
We wish to show that w € ()-_; Im P,,,. We claim first that
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for all n > 1 by induction. Forn =1, P,Q; = P12 = P since P; is a projection,
and if we assume that P,Q,, = @, for some n, then

PiQni1 = PQnPri1Qn = QnPri1Qn = Qnii.

Hence, if £ is an element of (Im P;)* = ker Py, then

<an7§> = <P1ana€> = <an,P1§> =0

for all n, and so (w, &) = 0 for all £ € (Im P;)* and w € Im Py as required.
To prove the same result for m > 1 we have to work a bit harder. To this
end, define

¢c= lim [|@nolz = nf [[Qnulls,
n—oo n—oo

where the equality holds since ||Qpn 10| = |@nPrtr1Q@nv|| < ||Qnv] as Qrn Priy1
is a product of orthogonal projections.

We start by describing (in a very rough way) the case m = 2. Notice that
when [|@,v]| is close to ¢, then the same must be true of ||PaSP,+1Qnv]|,
where S is the product of projections Py, with the property that Q,, = P, P>S.
Therefore,

[Qnr1v] = |PLrP2S Py 1 Quoll = ¢

is close to ||P2SP,4+1Qnv||, which implies that @Q,,41v is close to
PgSP,H_lQn’U € Im P,

since the orthogonal projection P; either decreases the norm significantly, or
does not move the vector much. It follows that (Q,4+1v,&) is close to zero
for any ¢ € (Im P,)*, which shows that w € Im P5. This statement replaces
equation [B26) for the case m = 2.

We now give the formal argument for any m > 1. Fix e > 0 and pick n > m
such that |@Q,—1v|| < c+e. Then @, = Qu—1PmSP,Qn—1 for some product S
of projections P, for various ¢ (this may be seen by a simple induction, starting
with n = m 4 1 and using the particular inductive definition of Q,,). Let

v = P, SP,Qn_1v € Im Py,;

we wish to show that Q,,_1v" = Qv is close to Im P,, by applying the pro-
jections Py appearing in ),,_1 successively to v’. Let P be the first projection
appearing on the right in @,,—1. Then

c< [PV <] <ete

and so

I = Po'|| = VIV[Z = IPV]2 < V(e +e)? = = Va2ee +e2.

Let i(m) be the number of projections appearing in the definition of Q.
By repeating the argument above, and using the triangle inequality, we get
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v — Quv|| = ||V — Qm—1?"|| < i(m)\/2ce + €2, (8.27)

$0 Qv is within i(m)v/2ce + €2 of Im P,,. We will use this statement as a

replacement for equation (826). If ¢ is an element of (Im Py, )", then for large
enough k£ we have

[{Qn0,6) | = [{Qnyv, &) — (v, €) | < i(m) v 2z + 2|

by equation ([827) with n = ng and v’ € Im P, depending on nj. There-
fore, (w,&) = 0 for the weak*-limit w of Q,,v for all ¢ € (ImP,,)" and
all m > 1. The claim that w € (,°_, Im P, follows.

In particular @, w = w and so

(an(v—w),v—w> = (an(v),v—w> - <’LU,’U—U)>
= {w,v —w) — (w,v —w) =0
as k — o0o. Since Q = Q,, and P; = P, = P?, we deduce that
<an (U - w),v - w> = <P"kQ"k_l(U - w)vpnank—l(U - w)>
= HPnank—l(v - w)”g —0

as k — oo. Hence ||Q,(v — w)|2 = ||Qnv — w||2 — 0 as n — oo. That is, we
have obtained norm convergence of the original sequence.

To see that w is the projection of v onto ﬂm>1 Im P,,, notice that if v’ lies
in ﬂm>1 Im P,, then

(w,v"y = lim (Quv,v) = lim (v, Q") = (v,v')

n—oo n—oo v
as needed. O
We will use Lemma B2T] together with the projections
P(f) = E.(f|#°) (8.28)

for f € L*(X, %, ), where 9 = {B € % | u(9-BAB) = 0} is the o-algebra
of g-invariant sets for a given g € G. By the pointwise ergodic theorem (The-
orem [6.1)) for the single transformation g, the operator P(f) has a pointwise
interpretation in the sense that

m—1

P(P)@) = Jim — 3" f(g') (529)

=0

defines the projection E, ( f ’%9 ), and the limit exists on the complement of
a null set N = N(f,g).

Assume first that G is countable, and write G = {¢1, g2, . .. }. The projec-
tion P, is then defined by equation (R82§) for g = g,,, and equivalently by equa-
tion (B:29). Moreover, in this case the operator of projection onto (), Im P,
is precisely the map f — E, (f‘éa), where & = ())_; %9 is as in the state-
ment of Theorem
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Lemma 8.22. Let G = {g1, g2, ... } be a countable group acting continuously
on a o-compact metric space (X,d), and let pu be a G-invariant probability
measure on X. Then p is ergodic if and only if, for any f € C.(X) (or for f
in a countable dense subset of C.(X)), we have

(@uef) (@) — / fdu

as k — oo for almost every x, for some subsequence (ny) which may depend

on f.

We note once more that for any f € L? the function (Pf)(z) in equa-
tion (B29) is also in L7, so that Q,f € ij for any n > 1 and f € C(X).
Moreover, @, f converges in Li to E#(f|co@) by Lemma B2I] so there al-
ways exists a subsequence (ny) such that @, f converges almost everywhere

to Eu(f’é)@) by Corollary [A. 12l

Proor oF LEMMA B22] Let f € C.(X) and assume that p is an ergodic prob-
ability measure. Then @,, f converges in Li to [ fdpu, so there exists a subse-
quence (ny) for which @, f — [ fdu almost everywhere by Corollary [A12]
On the other hand, if there exists a subsequence (ny) with Qn, f — [ fdu
almost everywhere, then the orthogonal projection of f onto the subspace
of G-invariant functions must give | f du. Knowing this for all f € C.(X) (or
for all f in a dense subset of C..(X)) implies, by the density of C.(X) in L2,
that there are no almost everywhere G-invariant non-constant functions, so
is ergodic. O

PRrROOF OF THEOREM [R20l Suppose first that G = {g1, g2, ... } is countable,
let D C C.(X) be a dense countable subset, and let f € D. We know that
the limit f(Y) = Py (f) defined as in equation ([829) (using g = g1) converges
on the complement of a null set. As G is countable, we may assume that the
null set is G-invariant. Similarly, £ = Py(fM), &) = P (f®) = Qa(f),. ..
(as in equation ([B29) using g = g2,9 = ¢g1,...) converges pointwise on the
complement of a G-invariant null set. Here we use the group elements g, in
the order in which the corresponding projections P, are used to define Q.
Therefore, we obtain one G-invariant null set with the property that @, (f)(x)
is defined on its complement for all n — and here the definition of @, (f)(x)
is such that we do not use properties of the measure u, but rather only use
the values of f on the orbit G-z. Taking once more a countable union of null
sets we may assume that the above holds for all f € D and all z € X', for
some G-invariant conull set X’.

Fix again some f € D. By Lemma B21] Q,,(f) converges to E#(f‘g) in
the L2 norm. It follows that there is a sequence (nj = ng(f)) for which

Quf(z) — E(f]6) = / fdus (8.30)



268 8 Actions of Locally Compact Groups

almost everywhere as kK — co. We may assume that the convergence in equa-
tion (830) also holds for x € X', for all f € D and the respective subse-
quence (ng = ng(f)).

Since & is the o-algebra of invariant sets (and so & is a g-invariant o-
algebra for each g € G), we have

gulty = p (8:31)

almost everywhere for any ¢ € G by Corollary 5224 Once more shrink-
ing X', we may assume that equation (83I]) holds for z € X', and finally
that ¢ (X’) =1 for all z € X', without losing the property that X’ has full
measure and is G-invariant.

We claim that uf is a G-invariant and ergodic probability measure for
any ¢ € X'. Invariance holds by equation ([B3T]) and the choice of X’. For
ergodicity we will apply Lemma with the measure p&. For this we
need to show, for any f € D, that Q,, (f)(z) converges u-almost every-
where to [ fdul. For x € X' we have that P;(f)(z) defined as in equa-
tion ([B29) converges. Therefore, we obtain (using an ergodic theorem ap-
plied to f and pZ) that f® can indeed be identified with the projection
of f onto the subspace of g;-invariant functions in LiE. Similarly, we obtain

that f(“)(x) as defined inductively above for x € X', can be identified, as
an element of Lig, with the outcome of the successive projections of f onto

the g1, g2, 91, - - .-invariant subspaces of Lig. In particular, as Qn, (f)(z) con-

verges for x € X' to [ fduZ, we obtain that u¢ is G-ergodic by Lemma B22)
Notice that for the transition from g to p in this argument it is crucial
that @, (f)(x) is defined in a way which depends only on x and not on the
measure £ (resp. p). This is ensured by equation (829) and the iterative
definition of @,.

Now let G be any o-compact metric group. Then there exists a countable
dense subgroup G’ C G for which the statement has already been proven.
Notice that by continuity of the action and the density of G’ in G we have
that a measure p € #(X) is G-invariant if and only if it is G’-invariant (this
is proved by the argument used to prove that (3) = (1) in Theorem [L.14]
using functions in C.(X) instead of C'(X) to get around the problem that X is
only assumed to be o-compact). Similarly, a measurable set B is G-invariant
modulo  (resp. modulo pf) if and only if it is G’-invariant modulo j (resp.
modulo 1¢) by the argument in the proof of Proposition 83 on pages 247 248l
This implies that the o-algebra & can be defined either using G or using G'.
Applying the result proved for G’, we see that the ué are G’-invariant and
ergodic probability measures almost surely; that is, p = [ p& dyp is the ergodic
decomposition for y and the action of G’. However, by the remarks above, if &
is G’-invariant and ergodic, it is also G-invariant and ergodic. The theorem
follows. O
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Exercises for Section B.7]

Exercise 8.7.1. Give a different proof of the existence of the ergodic decom-
position for a continuous action of a o-compact metric group on a o-compact
metric space using Choquet’s theorem.

8.8 Stationary Measures

As we have discussed in Section B} there are continuous group actions on
compact metric spaces that do not have any invariant probability measures.
One way to overcome this fundamental obstacle is to restrict attention to
actions of amenable groups. Another is to loosen the requirement of strict
invariance for the probability measures considered.

Rather than requiring invariance under every element of the acting group,
one can ask for invariance in some averaged sense, leading to the following
definition(®¥.

Definition 8.23. Let G be a o-compact metrizable group equipped with a prob-
ability measure v. Suppose that G acts continuously on a o-compact metric
space X . A probability measure p € A (X) is v-stationary if

u:/ g« dr(g),
G

or equivalently if

/X F(o) du(z) = /G /X F(g-z) du(z) dv(g)

for all f € C.(X).

Informally, we may think of stationarity as invariance under the random
walk on X defined by the measure v. This random walk is defined as follows:
Given some = € X, choose at random (with respect to the measure v) an
element g € GG, and then move z to g-z. This connection can be made more
formal (see the proof of Proposition[R24)), and allows one to use the arguments
we used for a single transformation to study general group actions.

Proposition 8.24. Let G be a o-compact metrizable group, and let v be a
probability measure on G. Suppose that G acts continuously on a compact
metric space X. Then there exists a v-stationary measure on X.

PROOF. Let ug € .#(X) be any probability measure on X, and define a new
probability measure vxpug by

V*uo:/ i to dv(g).
G
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Also define the averages

Zl/* vk (Vkpg) o),
_\,_/

n times

which define a sequence of measures in the compact space .Z(X). It follows
that there is a subsequence (Ny) for which py, — p for some p € #(X).
Notice that

VN, = N =~ (Vx re (vxpo) ) = o,

Ny

which shows that

‘/de*uN,c — [ sy, | < 2=
for f € C(X). Here

[ v, = [[ 1) dvig) dw, (0) (8.32)

converges as k — oo to

/ flg-z) dv(g) du(z /fdu*u (8.33)
It follows that p is v-stationary. O

Exercises for Section 8.8

Exercise 8.8.1. Check equations (8:32) and (833). Show that [ f(g-z)dv(g)
is a continuous function of x € X, which is needed to deduce equation (833)

from equation (832)).
Exercise 8.8.2. Show how to deduce Proposition [R.24] from Theorem ET1

Notes to Chapter 8

(72)(Page [229) There is a rich theory of the topological dynamics of continuous
group actions on compact topological spaces which is outside the topics covered
here. The monograph of Gottschalk and Hedlund [121] is an influential early source;
more recent sources include Auslander [9] (mainly dealing with structure theorems
for topological dynamical systems) and Akin [3].

(73 (Page[230) See also the survey of mixing properties of group actions, with partic-
ular emphasis on the natural action of SL4(Z) on T%, by Bergelson and Gorodnik [27]
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and their paper [28]; further results on higher-order mixing in special cases may be
found in papers of Bhattacharya [30], Kaminski [179] and Ward [376].

(™) (Page 233) This exercise is taken from a note by Morris and Ward [261].

(%) (Page 233) The relationship between mixing properties and rigidity for a
measure-preserving transformation is rather involved. Motivated by a problem from
the theory of transformations preserving an infinite measure, Furstenberg and
Weiss [108] defined a measure-preserving transformation to be mild-mizing if it has
no rigid factors, and showed that mild-mixing is strictly weaker than strong-mixing
and strictly stronger than weak-mixing. Just as in note on p. Bl there is a
natural sense in which the typical measure-preserving transformation is both rigid
and weak-mixing.

(76)(Page [233) The mixing behavior of measure-preserving Z%-actions for d > 1 in
general (that is, away from algebraic examples) is more involved, and in particular
there are rigid examples with the property that every element is mixing (see [81]).

7 (Page 233)) The higher-order mixing properties of Z%-actions by automorphisms
of compact abelian groups are intimately connected with subtle Diophantine prob-
lems, as shown in Section B2:2} Schmidt [333] Chap. VIII] gives an overview. There
is a sharp dichotomy between connected and zero-dimensional groups. For connected
groups Schmidt and Ward [334] showed that mixing implies mixing of all orders; for
zero-dimensional groups Masser [256] showed that the order of mixing is related to
the algebraic property of mixing shapes. Actions of non-abelian groups by automor-
phisms of a compact group behave very differently; special cases are dealt with by
Bergelson and Gorodnik [28] and Bhattacharya [30]. In a different direction, there
are certain groups with the property that mixing implies mixing of all orders for any
measure-preserving action (see Mozes [262] and Section [[T.4] where a special case
of Mozes’ work is described).

(78 (Page231) This result, a form of “S-unit theorem”, is proved by van der Poorten
and Schlickewei [296] and, independently, by Evertse [88]. In the case of a number
field, explicit bounds on the number of solutions in terms of n, [K : Q] and the rank
of I' are found by Schlickewei [331].

(79)(Page 240) Much more is true: an action of Z¢ by continuous automorphisms
of a compact, zero-dimensional abelian group is mixing of all orders if and only if
it has completely positive entropy (entropy theory extends to actions of amenable
groups). This is shown by Kitchens and Schmidt [196] as part of a wider investigation
of mixing and directional entropy invariants for such systems.

(80) (Page 240]) In fact much more is true: there is a precise sense in which examples
like that of Section B2 Tlare mixing of all orders if a small subset of times are avoided.
This is shown in certain cases by Arenas-Carmona, Berend and Bergelson [G].

(1) (Page P43)) See, for example, Halmos [I37, Sec. 56].

(82) (Page249) Amenable groups were introduced and studied by von Neumann [267],
who used them to explain aspects of the Banach—Tarski paradox; the word ‘amenabil-
ity’ was introduced later by Day [65] (see Wagon [374] for an attractive account of
the Banach-Tarski paradox). Significant monographs on the notion of amenability
include those of Greenleaf [128], Pier [285] and Paterson [282]. In addition there are
overviews of amenable groups in a survey paper of Day [66] and chapters in the books
on harmonic analysis by Hewitt and Ross [I51] Sect. 17] and by Reiter [308], Chap. §].
The rich articulation between amenability, property (T), rigidity, and lattices in Lie
groups is addressed in the monograph by Zimmer [395]. The ergodic theory of actions
of amenable groups was given enormous impetus by the comprehensive work of Orn-
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stein and Weiss [276] in which the entropy and isomorphism theory for such actions
is developed. The pointwise ergodic theorem and relationship between entropy and
mixing have been developed by Lindenstrauss [233] and Rudolph and Weiss [326]
respectively. The theory of orbit equivalence and restricted orbit equivalences, in-
terpolating between orbit equivalence and isomorphism, for amenable group actions
has been developed by Kammeyer and Rudolph [180].

(83) (Page 254) Ergodic theorems for group actions have a long history, and we
refer the interested reader to the extensive surveys by Nevo [272] and Gorodnik and
Nevo [120], and the monograph of Tempelman [360]. In particular, [272] Sect. 4]
discusses the relationships between growth conditions on metric balls, unimodularity
and asymptotic invariance in general, and [272] Sect. 5] describes pointwise ergodic
theorems for ball averages. The use of Vitali covering lemmas and growth conditions
goes back to Wiener [383] and Riesz [315], and was also used by Calderon [45]. These
methods have been applied, for example, by Bourgain [41] to develop pointwise
ergodic theorems along subsequences of arithmetic interest, and by Ornstein and
Weiss [275], [276] in developing ergodic theory for amenable group actions.

(84) (Page BBY) This notion was introduced by Fustenberg [I04], and there is a large
body of research related to it which we do not go into. In the setting of Proposi-
tion the set of v-stationary measures is a compact convex subset of .7 (X). If
in addition G is abelian then for any measure v with the property that v(H) = 1
for a closed subgroup H < G implies that H = (G, any v-stationary measure is in-
variant (in the terminology of [104], this means that any action of an abelian group
is a stiff action). A striking recent result of Bourgain, Furman, Lindenstrauss, and
Mozes [42] gives a dichotomy for v-stationary measures on T? if the support of v
generates a sufficiently large subgroup of SL2(Z). A more general (but less effective)
stiffness result for homogeneous spaces has been found by Benoist and Quint [24].
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Geodesic Flow on Quotients of the Hyperbolic
Plane

In this chapter we will start our analysis of actions on locally homogeneous
spaces by studying the geodesic flow on hyperbolic surfaces. Since, throughout
the book, we will not assume prior knowledge of Lie theory or differential
geometry, the material needed will be introduced here. As an application, the
geodesic flow will be used to give another proof of ergodicity for the Gauss
measure.

The connection between the geodesic flow and continued fractions goes
back to work of Artin [§](®%).

9.1 The Hyperbolic Plane and the Isometric Action

Before we can discuss the geodesic flow we need to introduce the space on
which it acts. Indeed, even the space on which it acts will be approached via
a simpler space.

A convenient model for the hyperbolic plane is the upper half-plane

H={z+iyeC|y>0}

with the hyperbolic metric. To define this metric, we need to introduce the
tangent bundld] TH = H x C comprising the disjoint union of the tangent
planes T,H = {z} x C for all z € H. One should think of T,H as a plane
touching H tangentially at z and having no other intersection with H. This
suggests that T,H is the natural space for derivatives in the following sense.
If ¢ : [0,1] — H is differentiable at ¢ € [0, 1] with ¢(¢) = z, then we define the
derivative of ¢ at t by

D g(t) = (¢(t), ¢/ (t)) € T-H.

* The tangent bundle can be defined abstractly on any manifold, but for our pur-
poses we may think of it as the space in which derivatives live and use an ad hoc
definition.
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Here ¢'(t) is the derivative of ¢ as a map into C. We give T.H the structure
of a vector space inherited from the second component in T, H = {z} x C.
The hyperbolic Riemannian metric is defined as the collection of inner
productsﬂ
(v, w)s = (v w)
for z = x +iy € H and v,w € T,H. Here (v - w) denotes the usual inner
product in C under the identification of C with R? as real vector spaces.
The hyperbolic Riemannian metric induces the hyperbolic metric d(,-).
mentioned above as follows. If ¢ : [0,1] — H is a continuous piecewise dif-
ferentiable curve (we will refer to these as paths), then its length is defined
by

L(g) = / 1D 68l ooy dt

where || D ¢(t)]|4() denotes the length of the tangent vector

Do(t) = (¢(t), ¢ (1)) € Ty(r)H

with respect to the norm derived from (-, -)4@). We will refer to || D ¢(t)][ 4
as the speed of the path ¢ at time ¢. The hyperbolic distance is now defined
as

d(z0,21) = igfL(@

where the infimum is taken over all continuous piecewise differentiable curves ¢
with ¢(0) = zp and ¢(1) = z1. It may be checked that this does indeed define
a metric on H.

Moreover, the hyperbolic metric on H induces the same topology on H as
that induced by the Euclidean norm || - ||z on C D H (see Exercise @T.T)).

The real line R C C together with a single point co (from the one-point
compactification of C) is called the boundary OH of the hyperbolic plane.
Notice that the hyperbolic distance from any point z € H to any point o € 0H
is infinite, where the distance is defined as an infimum over paths

¢:[0,1] - HUOH

with ¢(t) € H for t € [0,1), ¢(0) = z and ¢(1) = o

We are going to introduce a group action on H by isometries of the hyper-
bolic metric. This will serve two purposes. First, it will help us to understand
the hyperbolic metric; second, it will allow us to define important quotients
of the space H. Looking back at some of the natural examples of measure-

preserving systems from Chapter 2 shows that very few arise naturally on
spaces like R or R?, but instead live on the spaces T = R/Z or T? = R?/Z2,

* The scaling by y~2 may seem arbitrary, but it is this exact scaling that gives a
metric with respect to which the action of SL2(R) on H by Mé&bius transformations
is isometric (see Lemma [0.T]).
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which have finite volume with respect to a natural measure. In that setting,
the subgroup Z or Z? acts by translation, which is an isometry of the Euclidean
metric on R or R2.

Recall that an action of a group G on a set X is said to be transitive if
for any x1,z9 € X there is a g € G with g-x1 = x9, and is simply transitive if
there is a unique g € G with g-z1 = z».

Let SL2(R) denote the special linear group consisting of 2 x 2 matrices
with real entries and determinant one. The group SLy(R) acts on H by the
Moébius transformations

ab az+b
Notice that cz +d # 0 for z € H since cz + d = 0 requires z = —g R

S
unless ¢ = 0, in which case d = 0. If we identify z € C with the point i) in
projective space P1(C), then this is simply the natural linear action

az+b
ab\ (z _ az+b N Czid
cd) \1 cz+d 1
viewed in affine coordinates. This implies that equation ([O.I]) defines an action
once we have verified that g(z) € H for all z € H and g € SLz(R), and an
easy calculation shows that
S(z)
x e
3 (0(2) = o
which proves that ¢ (H) C H for all g € SLy(R). Notice that the matrix
-10
=(0'4)

acts trivially on H, so equation (@] defines an action of the projective special
linear group

(9.2)

PSLy(R) = SLy(R)/{£L}.

It will be convenient to continue to write (ZL Z) for the element + (CCL Z)
of PSLa(R).

Lemma 9.1. The action of PSLy(R) on H defined by equation (@) has the
following properties.

(1) The action is isometric, meaning that

d(g9(20),9(21)) = d(20, 21)

for any zo,z1 € H and g € PSLy(R). Moreover, the action of PSLy(R)
on TH defined by the derivative D g of the action of g € PSLa(R) on H

preserves the Riemannian metric.
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(2) The action is transitive on H: given any two points zo, z1 € H there is a
matriz g € PSLa(R) with g(zo) = #1.
(3) The stabilizer

Stabpgr,r) (i) = {g € PSL2(R) | g(i) = i}
of i € H is the projective special orthogonal group

PSO(2) = SO(2) /{+1>}
where SO(2) = {(‘3059 _Sm9> E R}.

sin@ cosé
Notice that property (3) gives an identification
H = PSL,(R)/ PSO(2),

and under the identification the coset g PSO(2) is sent to g(i).

The derivative action D g of g € PSLy(R) used in (1) is defined as follows.
Notice that g when viewed as a map from H to H is complex differentiable,
moreover

1

9/(2) = m

Now Dg: TH — TH is defined by

Dfz.0) = (o2 (o) = (E0 s )

cz+d’ (cz+ d)?
which for a fixed z € H is a linear map
(D g)z : TZH — Tg(z)H.

The chain rule for differentiation shows that this really defines an action.

PROOF OF LEMMA (1): Since the metric is defined in terms of the
Riemannian metric, we need to start by proving the second claim. For v, w
in T.H we have (D g).v, (D g).w € Ty)H and equation (0.2) shows that

@000~ () (bar wrar)

= %(v,w) = (v,w),, (9.3)

where we have used the property that multiplication of v and w by a complex
number \ changes the Euclidean inner product by a factor of |A|?. In particu-
lar, equation (@3] shows that D g does not change the length of a vector when
the lengths are defined using the corresponding base points. This implies that
for any continuous piecewise differentiable curve ¢ : [0, 1] — H the action of g
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does not change its length: L(g o ¢) = L(¢) (see Exercise @I.2)). Finally it
follows that

d (9(20), 9(21)) = d(20,21)
for all zg, z; € H.
(2): Tt is enough to show that for any z = x + iy with y > 0 there is a

matrix g with ¢(i) = z. The matrix VY :c/ﬂ) sends i to x + iy.
g with g(i) ( 0 1/vy y

(3): If g(i) = i, then we must have |c + id| = 1 by equation ([@2)). Thus
there is a § € R with ¢ =sinf, d = cos. Now g(i) = i, equivalently

ai+b
T
sinfi +cosf
is equivalent to a = cosf and b = —sinf. Thus the stabilizer of i is the
subgroup PSO(2) of PSLy(R). O

By Lemma[@.](1), the action of D g preserves the length of tangent vectors.
Write
T'H = {(z,v) € TH| |jv|. = 1}

for the unit tangent bundle of H consisting of all unit vectors v attached to
all possible points z € H. The restriction of D g defines an action of PSLa(R)
on T'H (naturally extending the action on H itself).

Lemma 9.2. The action of PSLa(R) on TYH is simply transitive.
Notice that this allows us to describe the unit tangent bundle to H as
T'H = PSLy(R). (9.4)

In order to do this, we have to choose an arbitrary reference vector (zo,vg)
in T'H which corresponds to Iz € PSLy(R); the identification is then given
by g — Dg(z0,v0). We will make the convenient choice zop = i and vy = i.
That is, the reference vector is the upward unit vector based at the imaginary
unit i € H. Under the resulting identification the action of PSLo(R) on H is
conjugated to the action of PSLy(R) by left multiplication on PSLy(R).

PROOF OF LEMMA Since we already know that the action on H is tran-
sitive, it is enough to consider vectors v € TiH with base point i, and here we
compute

(Dg); (v) = mv = (cos(20) — isin(20)) v.

So by varying 6, (D g); (v) could be any vector of modulus one. To see that
the transitivity is simple, notice that (D g); (v) = v implies that

20=0 (mod 2m),
so 0 € Zm, and g = £1>. O
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Exercises for Section

Exercise 9.1.1. Prove that the hyperbolic metric on H is indeed a metric,
and that it induces the same topology as does the Euclidean norm || - |2
on C D H.

Exercise 9.1.2. Using equation (@3], verify that L(g o ¢) = L(¢) for any
continuous piecewise differentiable curve ¢ : [0,1] — H and g € PSLa(R).

9.2 The Geodesic Flow and the Horocycle Flow

In this section we describe some basic hyperbolic geometry, starting with dis-
tances, geodesics, and their parameterizations. We have defined the distance
between two points zg,z; € H by an infimum over paths from zg to zi; it is
not clear a priori whether this infimum is attained by some minimizing path.
The first step is to show that this is indeed the case, starting with a simple
special case.

Lemma 9.3. Let zo = yoi and z1 = y11 with 0 < yo < y1. Then

d(20,21) = logy1 — logyo

o(t) = 4o (z—)

fort € [0,1] defines a path in H from zo to z1 with constant speed log y1 —log yo,
so that L(¢) = logy1 — logyo. Moreover, the curve ¢ is uniquely determined:
if ¥ 1 [0,1] — H is any path from zo to zy with L(¢)) = d(zo, 21) then there is
some increasing piecewise differentiable map f :[0,1] — [0,1] with ¢ = ¢o f.

and

Lemma 93] says that any two points on the vertical line {yi | y > 0} have
a unique path of minimal length joining them, and that minimizing path also
lies in {yi | y > 0}. For that reason, the whole set {yi | ¥ > 0} will be called a
geodesic curve for H or simply a geodesic, and the minimizing path ¢ will be
called a geodesic path.

Proor oF LEMMA [03] It is readily checked that the path ¢ defined in the
lemma has constant speed equal to logy; —logyo = L(¢) as claimed. It follows
that

d(Zo,Zl) § 10gy1 — 10gy0.

Suppose now that 7 : [0,1] — H is another path joining zp to z1, and
write n(t) = n,(t) + in, (t) with 1, (t),n,(t) € R. Then

Ol U 0) o
L(")‘/o 7y (0) dt?/o 1 (D) ‘“2/0 () OF = logun — logto.
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Equality holds in the first inequality if and only if . () = n,(t) = 0 for
all t € [0,1], and in the second if and only if n; (t) > 0 for all ¢ € [0, 1]. This
implies the remaining statement of the lemma. O

From now on we will always parameterize geodesics so that they have
constant speed equal to 1 (and therefore have a domain whose length is equal
to the length of the path). Thus Lemma [0.3 may be thought of as saying that
for zg = iyp, 21 = iy; there is a unique path

¢ :[0,d(z0,21)] = H

with unit speed and with ¢(0) = zp and ¢(d(z0,21)) = 21, and that unique
path is defined by
gb(t) = yoeti.
It is clear that an isometry g € PSLa(R) sends a geodesic path (or curve)

to another geodesic path (curve). The next result is a converse to this obser-
vation, and gives a description of all geodesics in H.

Proposition 9.4. For any two points zg, z1 € H there is a unique path
d) : [O,d(ZO, Zl)] —H

of unit speed with $(0) = zo and ¢(d(20,21)) = z1. Moreover, there is a unique
isometry g € PSLa(R) such that ¢(t) = g(e'i).

PROOF. We first claim that there exists a ¢ € PSLa(R) with g7 1(2) = i
and g~ !(z1) = iy; for some y; > 1. By Lemma [I1}(2) we can certainly find
some g € PSLy(R) with g7*(20) = i, and we want to modify g to also sat-
isfy the second condition. By Lemma [0.1)3) any element of PSO(2) fixes the
point i. Hence we may suppose without loss of generality that S (g7'(21)) is
maximal within § (PSO(2)g*(z1)). Let

b — cosf —sin 6
~ \sinf cosf

and g~ *(z1) = Z1 +i¥1, so that

~ Y1 .
& (h(g 1(21))) = m (by equation ([@.2I))

I and taking the derivative

has a maximum at # = 0. Choosing ¢~' = hg~
shows that this implies that Rg~1(21) = 0.

Moreover, we must have g~ 1(z;) = y; > 1 since if y; < 1 then the

map k = ((1) _01) would increase the imaginary part, contradicting the maxi-

mality assumption. By Lemma [0.3] there is a unique geodesic path ¢o(t) = e’i
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of unit speed from i to iy; so that ¢(t) = g(e'i) is the unique geodesic path of
unit speed connecting zp and z;.

Finally, we claim that not only is the geodesic unique, but so is the el-
ement g € PSLy(R). To see this, suppose that ¢ — g;(efi) is any geodesic
path from 2zp to z;. Then t — g~ 'g;(e’i) is a geodesic path from i to y;i of
unit speed, and so must be equal to the path ¢ — e’i. Taking the derivative
at t = 0 we see that D (¢g7'g1) (i,i) = (i,i), which shows that g~'g; = I by
Lemma O

Finally, we claim that a Mobius transformation g maps the geodesic
curve {yi | y > 0} either to another vertical line (that is, a line normal to
the real axis, with constant x coordinate), or to the upper half of a circle

(&= f)?+y* =17

with center in the real axis (equivalently, meeting the real axis at right angles).
Moreover, all of those curves do arise as images of {yi | y > 0}, so that this
list of curves is precisely the list of geodesic curves in H.

To see this, note first that a Mdbius transformation of the form z — az+0
maps the vertical line {yi | y > 0} to the vertical line R(z) = b and maps
the upper half of the circle (z — f)? + y?> = r? to the upper half of the
circle (x — (af +b))? + y* = a®>r?. Now the subgroup

U_{<(1)[1)> |beR}<SL2(R)

together with w = (_01 (1)> generate SLa(R), since

wa—lz{(_lb(D |beR}.
1

So it remains to check that the Mobius transformation z +— —= corresponding
to w maps a vertical line or a semicircle with center in R to another vertical

line or semicircle. In polar coordinates (7, ¢) the transformation z — —% is

the transformation (r, ¢) — (4,7 — ¢). The claim follows since both vertical

lines and circles with real centers can be defined by equations of the form
ar? 4+ freos¢g+v =0

with (o, 8,7) # (0,0,0).

Historically, the hyperbolic plane H was important in solving a classical
problem in geometry: the points and geodesics in H satisfy all the classical
axioms of geometry apart from the parallel axiom, thus showing that the
parallel axiom is not a consequence of the other axioms. Indeed, we have for
instance that for any two different points in H there is a unique geodesic
through them, and any two different geodesics intersect in at most one point.
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Angles and areas will be defined later, and they will behave well (if a little
unusually). However, for every point z € H and geodesic ¢ not containing z
there are uncountably many geodesics through z that do not intersect ¢ and
which are therefore “parallel” to /.

Proposition [@.4] shows that any two points zg, 21 € H determine a unique
geodesic ¢ passing through zy and z;. Alternatively, a geodesic ¢ is also
uniquely determined by a base point z € H and a unit vector v € TLH
under the requirement that ¢ passes through z in the direction of v. The
unique geodesic through i in the direction i is illustrated in Figure [@.1] while
a geodesic through z in the direction v in general position is illustrated in
Figure 0.2

Lo

Fig. 9.1. The geodesic £y through the pair (i, 1).

Fig. 9.2. The unique geodesic £ defined by a pair (z, V).

In fact there is a unique g € PSL2(R) with Dg(i,i) = (z,v), and ¢ is
the image of {iy | y > 0} under the Mdbius transformation corresponding
to g. Moreover, the vector v gives ¢ a direction and defines the unit speed
parametrization g(e’i) of the geodesic £ starting at 2.

The geodesic flow g, : T'H — T'H is defined by following the uniquely
defined parametrization of the geodesic ¢ determined by (z, v) for time ¢. Here
the direction of the image in T'H is the direction of the geodesic ¢ at time t.
In the case of the reference vector (i,1) this means that
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ge ((i.1)) = (e"i, e'i)

where we write g: ((z,v)) for the action of the geodesic flow.
Notice that (e'i,ei) is also the image of (i,i) under the derivative action

of the matrix
et/2
( 0 et/2) ’

w69 =0 (%) %) 6.

A word about notation: we will use (z,v) +— g ((z,v)) for the geodesic flow
for time ¢t on T'H; the corresponding action on the group PSLz(R) under the
identification in equation (@4) will be written h — R, h. We now explicitly
describe this flow in terms of matrices.

For an arbitrary point (z,v) = ¢(i,1) the isometric Mobius transformation
defined by g maps the unit speed parametrization of the geodesic defined by
the reference vector to the one defined by (z,v). It follows that

that is

t/2

o ((29) =D 0 (60) =D (D (T a) 6D =D (g )

e /2 0
“w=\ 0 e2)"

This describes the geodesic flow on T'H = PSLy(R) as right multiplication by
the inversdl of the matriz a;, which we write as

where we write

Ra,(9) = ga; '

for g € PSLy(R). Recall that the derivative action of PSLy(R) on
T'H = PSLy(R)

corresponds to left multiplication.

The second flow on T'H = PSLy(R) that we will study is the horocycle
flow. As we will see, the horocycle flow is intimately linked to the geodesic
flow, and it is in this context that we introduce it.

Notice first that the geodesic for our reference vector (i, 1) and for a second
vector (z +1,1) for any « € R are both vertical lines. The respective geodesic
trajectories move along parallel to each other, with

gt ((ivi)) = ( tiveti);
gt (z +1,1)) = (z + e, e'i)

* The inverse in the multiplication on the right is the only way to define an action
of the full group PSL2(R), which we will consider later.
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for ¢t € R, and so the hyperbolic distance between their base points does not
exceed LiJ (since this is the length of a horizontal path from e'i to z+e'i). This
suggests that points ¢, ((i,1)) and g¢ ((z +1,1)) on the orbits of the two points
under the geodesic flow approach each other as t — oo. On the other hand
if (z,v) has the property that the distance between the base point of ¢; ((i,1))
and that of g ((z,v)) converges to zero, then ¥(z) = 1 and v =i (see Exer-
cise[@2T]). Combining these two statements, we expect that the set of upward-
pointing vectors on the horizontal line through i will form the stable mani-
fold for the geodesic flow through the point (i,1). That is, these are precisely
the set of points (z,v) with the property that the distance between g¢; ((i,1))
and g: ((z,v)) converges to zero as t — co. We will be able to verify this once

we have defined a metric on T'H. The orbit of (i,i) under the subgroup

()]

is precisely the set described (see Figure [@.3)).

G A O VA
N4

Fig. 9.3. Two particular orbits of the stable horocycle U~ on T H.

More generally, for any (z,v) = Dg(i,i) we similarly define the (stable)
horocycle flow on TH by

() =0 (o1 7)) @i

with the corresponding description on PSLy(R) by
Ry (s)(h) = hu™ (—s)

1ls
01

= () )

for h € PSLy(R) and u™(s) = (
subgroup

) € U~ . Similarly, one may check that the
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gives rise to the unstable manifolds, and the corresponding flow is the unstable
horocycle flow.

In order to make the discussion above meaningful, we need to define a
metric on T'H 22 PSLy(R) with respect to which we can determine whether
or not a pair of sequences with no limits in the space may nonetheless be
converging to each other. This metric will be constructed in a more general
setting in the next section.

Exercises for Section

Exercise 9.2.1. Show directly that if (z, v) has the property that the distance
between the base points of ¢; ((i,1)) and that of g; ((z,Vv)) converges to zero
as t — oo, then §(z) =1 and v =1.

Exercise 9.2.2. Show that the action of PSLy(R) on H (and hence also
on TH) is proper. That is, for any compact set P C H there exists a compact
set L C PSLy(R) such that z,g(z) € P for some g € PSLy(R) implies g € L.
Deduce that the bijection between T'H and PSLg(R) is a homeomorphism.

9.3 Closed Linear Groups and a Left Invariant
Riemannian Metric

The general linear group GL4(R), comprising invertible d x d matrices over
the reals, has a natural topology when viewed as a subset of Matgq(R) =2 Rd2,
and in this topology it is an open subset. A closed linear group G is any group
which can be embedded into GL4(R) for some d > 1 such that the image is a
closed set in GLg(R). What we are going to describe in this section also works
for the larger class of Lie groups, but we will not need this level of abstraction.
Since the map det : GLg4(R) — R is continuous, a simple example of a closed
linear group is SL4(R), the group of real matrices with determinant 1.

The group PSLy(R), which plays such a big role in this chapter, is also a
closed linear group. To see this, define

(¢(g)) (m) = gmg™"

for g € SLy(R), m € Matoa(R), and notice that ¢(—1I) = ¢(I) is the identity
map. This shows that ¢ descends to a homomorphism

~

(b . PSLQ (R) — GL(MatQQ (R)) = GL4 (R),

where here and below we write GL(V') for the group of invertible linear auto-

o~

morphisms of a vector space V. We claim that ¢ is injective. Moreover, ¢ (or,
equivalently, ¢) is a proper map: that is, $~1(K) is compact for any compact
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set K C GL(Mataz(R)). To see this, consider first the basis vector m = (8 (1))
of Matas (R). If the image

(e0) (o0) (5 2) = (25%)

is m, then ¢ = £1 and ¢ = 0. Moreover, if this image is bounded then both «a

and ¢ are bounded. A similar argument using m = ((1) 8) shows injectivity

and that if the image is bounded then b and d are bounded. It follows that a
is proper with a closed injective image in GL(Mataa(R)).

9.3.1 The Exponential Map and the Lie Algebra of a Closed
Linear Group

Our goal is to define a left-invariant Riemannian metric on any closed linear
group G. For this we need to identify the tangent bundle TG, and we begin
this by analyzing the tangent space of G at the identity using the exponential
and logarithm maps. The exponential map exp : Matyq(C) — Matqq(C) is
defined by the absolutely convergent power series

exp(v) = Z lv" (9.6)

for v € Matgq(C). We will mainly use this for real matrices, but the properties
are most easily seen if we allow complex entries. The following basic properties
of the exponential map are readily checked.

a1 V12 ... Vid
o Ifv= - | € Matgq(C) is upper-triangular, then so is exp(v),
aq
and the diagonal entries of exp(v) are e®,..., e%d.

e If v € Matyq(C) and g € GL4(C), then

exp(gvg™') = gexp(v)g ™.

e It follows that
exp (Matdd(R)) C GL4(R)

and
det (exp(v)) = (™), (9.7)

where the trace tr(v) is the sum of the diagonal entries in v.
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If v is an upper-triangular matrix then equation (@.7) follows from the first
property of the exponential map. More generally, for any matrix v there is
some g € GLg(C) for which gvg~! is upper-triangular, and hence (using the
complex case of the first two properties)

det(exp(v)) = det(g) det(exp(v)) det(g™")
= det(g exp(v)g ™)

= det(exp(gvg "))
— etr(gvgfl) — etr(v)7

in which the last equality follows from the easily checked property
tr(vw) = tr(wo)
for v, w € Matgq(C).

e If v,w € Matyq(C) commute, then

exp(v + w) = exp(v) exp(w) = exp(w) exp(v).

This can be shown directly using the power series. In particular,

exp(nv) = (exp(v))"

for any v € Matgq(C) and n € Z.

e For any v € Matyq(R) the map ¢ — exp(tv) from R to GL4(R) is a
homomorphism; the image is called a one-parameter subgroup.

e Taking the derivative of such a homomorphism ¢ — exp(tv) with respect
to t gives

d d 1 -
i exp(tv) = =n z:: ; (tv)" 7;) n't" L™ = vexp(tv) = exp(tv)v.

e The exponential map exp : Matgq(R) — GLg(R) is locally invertible at 0.
Its inverse is given by the logarithm map

n+1

1ogg—z (g—D",

which is convergent when ¢ is close enough to the identity (for then the
absolute value of the entries may be bounded by a convergent geometric
series).

e The derivative of exp(-) at 0 € Matgq(R), and the derivative of log(-)
at exp(0) = I € GL4(R), are the identity map I € GL(Matqq(R)).

The next result is one of the main reasons why the exponential and loga-
rithm maps are useful in studying closed linear groups.
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Proposition 9.5. For any closed linear group G C GL4(R) there is a neigh-
borhood B of I € G with the property that log B C Matgq(R) is a neighborhood
of 0 inside a linear subspace g C Matqq(R). Here g is characterized by either
of the properties

e g is the subspace consisting of all derivatives ¢'(t) of paths
¢ [a,b] — G C GL4(R)

at points t € [a,b] with ¢p(t) = I; or
e g is the mazximal linear subspace of Mataq(R) with exp(g) C G.

Thus the exponential and logarithm maps give a canonical linear coordi-
nate system to a neighborhood of the identity in GG. The following lemma will
be useful for the proof of Proposition [3.5

Lemma 9.6. There is a neighborhood B of 0 € Matgyq(R) such that for
any v € B, and any sequence (vy,) with v, — v as m — oo, we have
1 m
(I + —’Um) — exp(v)
m

as m — oQ.

PRrROOF. If v is sufficiently small, then for large m we may use the geometric
series to get the estimate

1 1 1
mlog(]—i——um) :m(_vm__vfn+...)
m m 2m?

This implies that mlog (I + %’Um) is still small, and that it converges to v
as m — o0o. Thus

exp (mlog (I+ %vm)> = (I—I— %vm)m — exp(v).

O

The argument below can be described roughly as follows. We study the
group multiplication of elements exp(v) and exp(w) for small v,w € g up to
an error of smaller order, and then Lemma will be used as a magnifying
device.

PROOF OF PROPOSITION [0.5 Define
g = {v € Matgy(R) | exp(tv) € G for all t € R}.

We claim that g is a linear subspace of Matgq(R). It is clear that Rg = g,
so it remains to show that g is closed under addition. Suppose that v,w € g



288 9 Geodesic Flow on Quotients of the Hyperbolic Plane

are given, and choose ¢ > 0 so that ¢(v + w) € B (where B is chosen as in
Lemma [9.6). Define a sequence (g,,) in G by

gn = ((exp (L0) exp (Lw) )"

for all n > 1. The approximation
exp (Lu) =T+ Lu+0(1/n?)

shows that n
gn = (I+ 1 (t(v +w)+0 (l/n))) .

By Lemma [0.6]
gn — exp (t(v +w)) € G

since G is a closed subgroup of GL4(R). In other words, for every v,w € g
and every sufficiently small ¢ € R we have exp (t(v +w)) € G. This implies
that v +w € g by the definition of g, as required.

Let V' C Matgq(R) be a linear complement of the subspace g in Matgq(R)
and consider the map

P:gxV — GLy(R) C Matdd(R)
(u,v) — (exp(u)) (exp(v)).

The derivative of ¢ is the embedding g x V' — Matg,(R) obtained by adding
the components. By the choice of V' as a linear complement to g, this map
is invertible. It follows that ¢ is locally invertible, and thus every ¢ in some
neighborhood B; of I € GL4(R) can be written in the form g = exp(u) exp(v)
with u € g and v € V. Notice that since G is a group, exp(v) € G if g € G.

The main statement of the proposition is that there is some neighbor-
hood B C B; of I for which

log(BNG) Cg.

If this were not the case then by the argument above there would exist a
sequence (vy,) in V{0} with v,, — 0 as m — oo with exp(v,,) € G. Now by
compactness of the unit ball in V' and after passing to a subsequence, we may
assume that v

s weV.

[0l
Moreover, exp (Zv,,) < G. Thus the sequence of discrete subgroups Zv, <V
(whose generators become arbitrarily small) converge to the subspace Rw
in V. This implies that exp (Rw) C G, and hence w € g which contradicts
the definition of V. More formally, for any ¢t € R there exists a sequence (my,)

in Z with my,||v,|| — t and

exp(tw) = lim exp mn||vn|\v—n = lim (exp(v,))"" € G.
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The equivalence of the two characterizations of g given in the proposition now
follow easily. O

Although we will not need this, an argument similar to the proof of Propo-
sition shows that g is closed under another operation, namely the Lie
bracket (see Exercise [@.31]). For v,w € Matyq(R) we define the Lie bracket
of v and w by

[v, w] = vw — wo.

Then the Lie algebra g is the linear subspace of Proposition [0.5] together with
the restriction of the Lie bracket [, -] to g. It may readily be checked that the
Lie bracket satisfies the properties

e (v,w)+— [v,w] is bilinear;
o [v,w]+ [w,v] =0 for all v,w € g; and
o [u,[v,w]] + v, [w,u]] + [w, [u,v]] = 0 for all u,v,w € g.

The third of these is the Jacobi identity. Part of the general theory of Lie
groups(®9) develops the precise relationship between abstract Lie algebras
(vector spaces with a map [ -, -] satisfying these three properties) and abstract
Lie groups (which generalize closed linear groups).

Recall that in a topological space X the connected component of a
point € X is the largest connected subset of X containing z. Also note
that we use the ambient vector space Matgq(R) > G to determine whether a
function f : O — G defined on an open subset O C R™ is differentiable.

Corollary 9.7. For any closed linear group G C GL4(R) the Lie algebra g
uniquely determines the connected component G° of the identity in G. In-
deed, G is the group generated by exp(g). Moreover, G° is an open, closed,
normal, subgroup of G, and is path-connected via smooth curves.

PROOF. Define, forn > 1,

(exp(g))" = {exp(v1) exp(vs) - - exp(vn) | v1, ..., vn € g}

and

H=J (exp(a)"

By definition, H is closed under multiplication, and under taking inverses
since exp(v) ™! = exp(—wv) for v € g. It follows that H < G is a subgroup.

By Proposition [0.5 exp(g) is a neighborhood of I inside G. Therefore,
for every g € (exp(g))” the set gexp(g) C exp(g)"*! is a neighborhood of g
inside G which shows that H is open in G. This implies that any coset Hg
is open for g € G, so the complement GNH of H in GG, which is a union of
cosets of H, is open and therefore H is closed. It follows that G° C H.

To prove that H C GV it is enough to show the last claim of the corollary,
namely that any two points g1, 92 € H can be connected by a differentiable
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curve. Since translation by a group element is a homeomorphism, it is sufficient
to consider the identity I and an arbitrary

g =exp(vy)---exp(v,) € H.

In this case the path defined by

o(t) = exp(tvy) - - - exp(tvy,)

for ¢ € [0, 1] is smooth, and has ¢(0) = I and ¢(1) = g.

It remains to check that H < G is a normal subgroup. For g € G the
conjugation map h — ghg~! sends G to G, and for some neighborhood B’
of I we also have

gB'g"'C B

where B is chosen as in Proposition 0.5l This implies that
g(log(B")g~" =log(9B'g™") C g

and so ggg~! C g by linearity. Taking the exponential shows that

gexp(g)g~' C exp(g)
and therefore gHg™' C H. O

We will see more examples of the relationship between closed linear groups

and their Lie algebras later; for now we return to the important example
of SLd(R).

Ezample 9.8. By definition
SL4(R) = {g € Matyq(R) | det(g) = 1}

is the closed set of solutions to the polynomial equation det(g) = 1; by the
basic properties of the determinant it is a closed subgroup of GL4(R). By
equation ([@.7) we have for v € Matgq(R) that

exp(v) € SLg(R) < v € s14(R) = {v € Matyq(R) | tr(v) = 0}

which shows that slg(R) is the Lie algebra of SLyq(R). We claim that SLy4(R)
is connected, so that SLy(R) is uniquely determined by slg(R) in the sense
of Corollary @71 Let E;; denote the matrix with a single non-zero entry 1 in
the 7th row and jth column. In order to prove the claim, it will be enough to
show that SL4(R) is generated as a group by the subgroups

UijZ{I+tEij|t€R}

with i # j. Equivalently, it is enough to note that any g € SLy4(R) can be
reduced to I by a finite sequence of row operations consisting of adding a
multiple of the jth row to the ith for any i # j.
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9.3.2 The Left-invariant Riemannian Metric

As indicated earlier, our main goal in this section is to define a left-invariant
Riemannian metric and to derive a left-invariant metric from it. For this we
need to identify the tangent bundle TG. We have already described the tan-
gent space at the identity in Section[@.3.1] and using the group structure again
allows us to define TG as G x g. There are two ways to make this precise, de-
pending on a choice of left or right multiplication; we will use left translation
as follows.

Definition 9.9. The tangent bundle TG to the closed linear group G is defined
to be G x g with the understanding that for a path ¢ : [0,1] — G which is
differentiable at tog € [0,1] the corresponding tangent vector is

D ¢(to) = (¢(to), ¢(to) ' ¢'(t0)) -
For g € G we define the tangent space of G at g by T,G = {g} X g.
Note that the derivative ¢’(to) is meant in the usual sense:
¢ :[0,1] - G C Matgq(R)

is viewed as a vector-valued function of dimension d2. In order to be sure this
definition makes sense, we need to check that

D 6(t) € TG;
that is, that ¢(tg) "¢/ (to) € g. We know that the curve defined by
n(t) = ¢lto) " o(t)
has values in G and has 1(tg) = I. By Proposition [0.5]
1 (to) = é(to) "' ¢/ (to) € g
as required.

Proposition 9.10. Let G be a closed linear group, let ¢ : [0,1] — G be a
continuous curve which is differentiable at to € [0,1], and let g € G. Then the

curves (go)(t) = go(t) and (pg=1)(t) = ¢(t)g~' are also differentiable at to,
and if D ¢(to) = (¢(to), v) then

D(go)(to) = (96(to), v);
D(¢g~")(to) = (¢(to)g ", gvg™").

PROOF. By definition,

D(g9)(to) = (90(to). (9¢(t0)) " 94 (to)) = (9¢(t0), $(to) ~'¢' (t0))
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which shows the first claim since the g component is unchanged by g. Similarly,

D(sg~")(to) = (6(to)g™ ", (d(to)g™") "¢/ (to)g™")
= (¢(to)g ™", g(o(to) "¢ (to))g™") .

O

By reading the chain rule for differentiation backwards, Proposition [9.10
may be interpreted as follows. The derivative of left translation

Ly:G — G
h — gh

at a point h is the map
(D Lg)h : ThG — TghG

sending (h, v) to (gh,v). Thus the derivative of left translation moves the base
point but acts as the identity in the fiber. Similarly, the derivative of right
translation

Ry:G— G
h+— hg™!

at a point h is the map
(DRy)p : TG — Ty G

sending (h,v) to (hg™!, gug™1).

As obtained in the proof of Corollary @7 for ¢ € G and v € g we
have gug~! € g. This action of G on g is called the adjoint representation,
and is denoted by

Ady(v) = gug ™"

for v € g,¢9 € G. Notice that the linear map Ad, describes conjugation by g
on GG within the Lie algebra g in the sense that
exp (Adyv) = gexp(v)g ™.

In particular, Ad, : g — g is the derivative of the conjugation map h — ghg™!
at the identity.

Now choose an inner product (,-) on g, and define a Riemannian metric
by letting

<u7 U>g = (u, U> (9'8)

for u,v € TG; one might equally write ((g,u), (¢, v)) for this, but as the base
point is the same it is moved to a subscript. Equation (@.8)) means that for any
two vectors in the same tangent space, we define their inner product using our
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initially chosen inner product (-,-). This construction is similar to the case of
the hyperbolic plane on p. 274} where the hyperbolic metric was constructed,
and equation (@8] above is analogous to equation ([@3]) on p. prdl.

Corollary 9.11. For any closed linear group G, the Riemannian metric de-
fined by equation (A8)) defines a left-invariant metric on G°. That is, if we
define the length of a piecewise smooth curve ¢ : [0,1] — G by

1
L) = [ 1D 60 s .
and use this to define a metric

dG(QOv gl) = H;)f L(¢)a

where the infimum is taken over all such curves with ¢(0) = go and ¢(1) = g1,
then

da(hgo, hg1) = da (g0, 91)
for all h, go, g1 € G°.

The first statement in Corollary is an immediate consequence of
Proposition 010 and the definitions, and the rest follows just as in our earlier
discussion of the hyperbolic plane H. The only difference lies in the fact that we
need to restrict to go, g1 € G in order that the definition of the metric makes
sense. More generally, it is enough to require only that gg, g1 lie in the same
coset of G°. We may extend the metric by initially defining dg(go,g1) = o0
if goG° # ¢1G° and then defining a metric dg in the usual sense by

dalgo.91)  if 0G0 = ¢, GO
B g0 =01 3
q , — ) 1+da(g0,91)

a(90,91) {1 otherwise.

* More correctly, in the definition of the hyperbolic metric we used - as a cor-
recting factor for the inner product, and later showed that with this factor the
Riemannian metric is invariant under the action of SLz(R). In equation ([O.8]) we
do not have a normalizing factor which might be surprising. The explanation lies
in the way we have chosen to realize the tangent bundles as concrete objects: In
the case of H we defined TH as H x C with the understanding that when we take
the derivative of a curve in H we consider it as a curve in C. In the case of G we
defined TG in Definition [0.9] as the product of G' with the tangent plane g of G at
the identity, and then used left translation to define the derivatives of curves pass-
ing through other points in G. This has the effect of making the derivative D L, of
the left translation map L4 look very simple: it is the map that moves (h,v) € TG
to (gh,v). Recall that the derivative of the action of SLa(R) was not that simple.
We respond to this by making a simpler definition in equation (@.8]), which gives
us the left-invariant metric that we are after.
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Lemma 9.12. For any closed linear group G the topology induced by dg
(or dg) is the subspace topology inherited from G (or, equivalently, from the
space Matgq(R) ). Moreover, for any g € G there is a neighborhood on which dg
and the metric derived from any norm on Matgq(R) are Lipschitz equivalent.

PROOF. We may assume that the norm on Matgq(R) and the inner product
on g are both induced from an inner product on Matgg(R). In what follows all
topological statements are meant (unless stated otherwise) with respect to the
topology induced from Matq4(IR). To prove the lemma it is sufficient to find, for
any g € GG, a neighborhood B which is also a neighborhood with respect to dg
such that dg and the norm on Matgq(R) are Lipschitz equivalent if restricted
to that neighborhood. Left multiplication by g and by g~! are both Lipschitz
maps with respect to the norm on Matgg(R) and are isometries with respect
to dg, so it is enough to consider the case g = e. Let B be a neighborhood
of I € G with the property that log B C g is a neighborhood of 0 € g as in
Proposition @5l We may assume that B is compact and connected, indeed we
may assume that log B is a closed metric ball around 0 € g.

Now fix a compact neighborhood B’ contained in the interior B° of B (see
Figure [@.4). Since for a piecewise smooth curve ¢ : [0, 1] — B left multiplica-
tion by ¢(t)~! in the definition of D ¢ cannot change the norm of ¢'(t) too
much, there is some ¢ > 0 with

cl|$(0) = d(1)[| < L(¢)-

Note that the restriction to curves that stay in B is necessary to make this
uniform statement.

This implies that curves which start in B’ and leave B must have a certain
positive length, that is there is some ¢y > 0 such that any piecewise smooth
curve ¢ with ¢(0) € B’ and ¢(t) ¢ B for some t € (0, 1] has length at least ¢;.
Hence, for some constant ¢/,

llgo — g1l < dealgo, 91)

for any go,g91 € B’ (the constant ¢ needs to be modified to accommodate
paths that leave B; since there is a positive lower bound on the lengths of
such paths, ¢’ is still positive).

For the reverse inequality, note that for gg, g1 € B the path

#(t) = exp (log go + t(log g1 — log go))

stays in B and that both the exponential and logarithm maps are Lipschitz
on small neighborhoods. This gives

L(¢) < Cligo — g1l

for some constant C', which implies that
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B

Fig. 9.4. The neighborhoods B and B’.

da(90,91) < Cllgo — g1l

for all gg, g1 € B. Thus dg and the metric induced from the norm on B’ are
Lipschitz equivalent (which implies that the respective topologies agree). [

Notice that by definition, if H < G is a closed subgroup of a closed linear
group then H is also a closed linear group. Naturally the Lie algebra b of H is
a subspace of the Lie algebra g of G. Given an inner product on g we get the
restriction to b, and thence Riemannian metrics on G and H. As discussed
above, this results in a left-invariant metric dg on G and a left-invariant
metric dgy on H. However, it is not automatically the case that dy is the
restriction of dg to H: in the restriction of dg to H we use paths ¢ : [0,1] — G
connecting points in H, and among those we may find shorter paths than any
path entirely in H connecting the same points. Clearly any path in H is
also a path in G, so all we can say in general is dg(ho, h1) < dg(ho, h1)
for hg,h1 € H. Before we show in an example that an inequality between dg
and dg may really arise, notice that locally dg and d g are Lipschitz equivalent
by Lemma

Example 9.13. The Heisenberg group

lxz
G= ly| |zy,2z€eR
1
has the Lie algebra
0uww
g= 00v | |u,v,weR
000
The closed subgroup
10z
H = 10)]z€eR

1
has Lie algebra



296 9 Geodesic Flow on Quotients of the Hyperbolic Plane

00w
h= 000 ] |weR
000

Notice that we simply omit matrix entries if they are always zero, which makes
it easier to focus attention on the structure of the groups in question; for the
Lie algebras we retain the zeros because there are no non-zero diagonal entries
to orient positions in the matrices. Pick an inner product on g for which the
vectors corresponding to the variables u, v, w are orthornormal. The restriction
to b gives rise to dg, which is the usual metric on H = R. However, it is clear
that

120 100
do 10), 1) <|zf, dg Ly . I|<lyl,
1 1
and so
120 100 1—-z0 10 0
dg 10 ly 10 1—y |, I| <2z|+ 2|y

1 1 1 1

by left invariance and equation (&I7)F]. Thus if we choose

10z 120 100 1—-z0 10 0
h = 10] = 10 ly 10 1—y
1 1 1 1 1

with z > 0 and x = y = /2, then dg(h, I) < 4y/z. For large enough z, this
shows that dy is not the restriction of dg to H.

Notice that Proposition @10 also shows that L(¢g™') < L(¢)| Ad, ||
where || Ad, || is the operator norm of the adjoint representation with respect
to the inner product on g. In particular, the map R, : G — G is Lipschitz.

9.3.3 Discrete Subgroups of Closed Linear Groups

As we will see in the rest of this chapter, an important(®”) role is played by
discrete subgroups in closed linear groups; the example to have in mind is the
discrete subgroup SLa(Z) of SLa(R).

Recall that a subset D of a metric space is discrete if every point x € D
has a neighborhood intersecting D only in the point z. Moreover, if a sub-
group I' C G of a closed linear group is discrete, then it is automatically
uniformly discrete in the following sense: there exists some 1 > 0 such
that dg(vy,7’) > n for all v,4" € I" with v # +'. To see this, notice that if there
is a sequence of pairs of points v,,v,, € I with dg(v),,7.) — 0 as n — oo,

* The formula equation ([BI7) was derived for a right-invariant metric, but the
same argument applies to a left-invariant metric.
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then we also have dg (v, 1), e) — 0 which gives points in I" arbitrarily close
to the identity.
We define a metric on the space X = I'\G of right cosets I'g of I" in G by

dx(I'g1,I'g2) = inf dg(y191,7292) = inf dg(g1,792)- (9.9)
Y1,v2€l” ~yel’

The equality between the two expressions in equation ([@3) for dx follows
from the left invariance of dg. The triangle inequality for dx follows by a
simple argument from the first expression. The second expression is useful for
the following reason. As we have seen, Ry, is a Lipschitz map, so I'gs (like I")
is uniformly discrete, and hence

71r€11frdc;(g1,vgz) >0

unless g1 = ygo for some v € I', showing that dx is a metric on I'\G.

Notice that the right translation map R, : X — X sending I'h to I'hg™*
is well-defined on X (in general, the left translation Ly is not well-defined
on X).

Proposition 9.14. Let G be a closed linear group and I' < G a discrete
subgroup. Then for any x € X = I'\G there exists some r > 0 such that the
map from
Bf ={g€G|dalg.e) <r}
to
BY(z) ={y € X | dx(z,y) <r}

defined by g — xg is an isometry. For a compact subset K C X we can
choose v > 0 so that the above property holds for all z € K.

The number r arising in Proposition [0.14] is called an injectivity radius
at x. The proposition shows that locally X still looks like G, but the radius
of the domain to which that isometric similarity extends potentially varies
with x.

Proor oF PROPOSITION .14l Let x = I'h and fix some r > 0. Then,
for g1, g2 € BTG,

dx (I'hg1, hge) = inf dg(hgr,vhg2) = inf da(g1, h™ 'vhge).
yel' yel'

We wish to show that (with a suitable choice of r > 0) the infimum is achieved
for v = e. Suppose that v € I" has

da(g1, h™'vhg) < da(gr, g2) < 2r

then
da(h™'yhga,e) < 3r
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and
do(h™'yh,e) < 4r.

Since h™'I'h is also a discrete subgroup, for small enough r > 0 this implies
that v = e and therefore proves the first claim in the proposition.

The last claim follows by compactness and since for x and r as above it is
easily checked that any y € Bi(/g (z) satisfies the first claim of the proposition

with 7 replaced by r/2. O

Notice that by definition of the metric dx, the canonical projection map

TG — X=I\G
g—1Iyg

satisfies
dx (m(g1),7(92)) < dg (91, 92)

for g1, 92 € G, and so is continuous.

Of course the simplest example of such a space is the torus T? = Z4\R?,
which is itself both a compact metric space and a compact abelian group. We
end this section with an example in which the coset space X is not a group.

Ezxample 9.15. Let
lzz
G = ly| |zy,2z€eR
1

be the Heisenberg group of Example [0.13] and define the discrete subgroup
I'=Gn Mat33(Z).

We claim that the quotient space X = I'\G is compact but is not a group
with respect to the canonical multiplication of coset representative inherited
from the group structure on G. The statement that X is not a group is simply
the statement that I" is not a normal subgroup, which is easily seen:

120 100 1—-20 10z
10 11 1 0] = 11)¢r
1 1 1 1

if ¢ ¢ Z. To see that X is compact it is enough to find a compact subset K C G
with the property that the canonical quotient map

7:G— X
g—1Ig

restricted to K is onto. Let
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lxz
K= 1y |0<2,y,2<1
1
and
lzz
g= ly| edG.

1

Then (recall that we write {-} for the fractional part and || for the integer
part)
1—|z] O 1{z} 2
L=yl |g=| 1 {»}]=4¢
1 1

already has two entries in [0, 1], and

10 —[2] 1{z} {}
1 0 |g= 1 {y} | eK.
1 1

This shows that m(K) = X. Notice that while X is obtained from K = [0, 1]
by gluing parallel faces, the resulting space is not T? since some of the sides
are twisted in the gluing processﬁ. We will study dynamics on this quotient
space in Chapter

Exercises for Section

Exercise 9.3.1. Prove that the Lie algebra g of a closed linear group (as
in Proposition [@.5) is closed under the Lie bracket [v,w] = vw — wv in two
different ways, as follows.

(a) Do this by taking the limit of

2

(exp(2) exp(%) exp(—2) exp(—2))"

as n — 0o.
(b) Do this by taking the derivative of

Adexp(v) (w) = log (exp(tv) exp(w) exp(—tv)) € g
with respect to t.

* The group G is simply connected (topologically it is R*) and the map 7 : G — X
is a covering map, so the fundamental group of X is isomorphic to I, whereas
the fundamental group of T? is Z3.
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Exercise 9.3.2. Show that the series in equation ([@:6) defining the exponen-
tial of a matrix converges absolutely, and use this to check the claimed basic
properties of the exponential function.

Exercise 9.3.3. Describe the gluing of the faces in Example [0.15] to give an
explicit description of the space I'\G.

Exercise 9.3.4. Let X = I'\G be as in Example [0.15], and define

T: X —-X
lac
to be the map defined by multiplication on the right by the matrix 16
1

(a) Show that T preserves the measure m induced on X by Haar measure
on G.

(b) Prove that if T is ergodic with respect to m, then 1,a and b are linearly
independent over Q.

(c) Can you prove that if 1,a,b are linearly independent over Q, then T is
uniquely ergodic? (The methods to prove this are slightly beyond the material
in this chapter, and will be discussed in Chapter [I0)

9.4 Dynamics on Quotients

Using the last section we will now introduce a metric on PSLy(R) = T H.
For any inner product on the Lie algebra of PSLy(R), we can associate to it
a left-invariant metric on PSLs(R) using Corollary 0. 111

Using this metric we can verify the claim made on p.[283] that the orbit of
a point go € PSLy(R) under the right action of U~ gives the stable manifold
in the following sense (U~ is defined in equation ([@3])). A point g1 € PSLa(R)
is in the orbit goU~ if and only if

d (Ra,(90), Ra,(91)) — 0 (9.10)

as t — oo. To see this, note first that by using left invariance we have

d (Ra,(90), Ra,(91)) = d (goa; ' qra; ') = d (I2, argy 'qra; ') -

. b _
Now if ((CL d) =g, Lg1, then

ab\ _; a be”t
YU\eq)® T \eet d

and it follows that the convergence ([@.I0) holds if and only if gg lgr = ((1) [1))

for some b € R, or equivalently g; € goU ™.
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In fact, this argument shows that g; belongs to goU ™ if and only if there
exists C' > 0 such that

d (Rat (90)7 R(lt (gl)) g C'e*t

Even though the discussion above gives a satisfactory picture of the local
dynamics of the geodesic flow in terms of stable and unstable directions, the
global dynamics of the geodesic flow on T'H is not very interesting: Given
any g € PSLo(R) the orbit eventually leaves any compact set, so the dy-
namics exhibits no recurrence. As indicated in Section [@.3] in order to obtain
interesting dynamics we need®® to look at quotients of PSLsy (R) by a dis-
crete subgroup I'. In a sense we will be most interested in the case of discrete
subgroups where the quotient I'\ PSL2(R) is small. It turns out to be too
restrictive to ask for a compact quotient; the most useful requirement is that
the quotient space has finite volume in the following sense.

9.4.1 Hyperbolic Area and Fuchsian Groups

Lemma 9.16. The hyperbolic area form dA = y% dzdy on H, and the hy-
perbolic volume form

1
dm = — dxdydf
Y

on TYH, where 0 gives the angle of the unit tangent vector at z = x + iy, are
both invariant under the respective actions of PSLa(R).

az+b :
cz+d 18 (cz+d

Therefore, for any continuous function f : H — R with

PROOF. Recall that the complex derivative of z — g(z) = 325 SO

the Jacobian is m.
compact support we may apply a substitution to obtain (using equation ([@.2])

once more)
/ fogdA = / fg —— dzdy

/ f |cz+d| du dy

|cz+d|4

’ 1 2 dy =
_/Hf(z)r(zl))?d dy /HfdA

where # = z + iy and 2/ = g(z) = x(2') + iy(2’). The proof for T'H is
identical once we have calculated the Jacobian for the derivative action D g
of g € PSL2(R) on T'H in the (x,y,6) coordinate system. We claim that in
these coordinates, the derivative D (D g) of D g takes the form

(D*g ?) . (9.11)
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Here D g stands as before for the derivative of ¢ acting on H and describes
the derivatives of the z-coordinate along the z-coordinate which we see since
the action of D g on T'H extends the action of g on H. The last column of
the matrix in equation (@.IT]) stands for the derivatives of the z-coordinate
and the #-coordinate along the #-coordinate. Again because the action of D g
on T'H extends the action of g on H the former must be zero. Moreover, we
know that g is complex-differentiable and so D g only rotates for a given z the
angle 0 — that is, the derivative of D g along 6 is precisely the third column of
the matrix in equation ([@.IT]). Thus the Jacobian of D g (the determinant of
the matrix in equation ([@IT))) is equal to the Jacobian of g. O

Definition 9.17. A Fuchsian group is a discrete subgroup I' < PSLa(R). A
lattice in PSLy(R) is a discrete subgroup I' < PSLa(R) such that a fundamen-
tal domain for the quotient space I'\ PSLa(R) has finite measure with respect
to m. A lattice is uniform if the quotient space is compact.

Here a fundamental domain F for I'\ PSLy(R) is a measurable subset
of PSL2(R) with the property that for every g € PSL2(R) we have |[FNI'g| = 1.
We will also use a slightly more relaxed definition of fundamental domain
(in which the intersection can be larger or the union smaller, but only by
null sets). Where the distinction becomes important, we will refer to a strict
fundamental domain.

A particularly important non-uniform lattice is the modular group

PSLy(Z) = SLa(Z) /{=12}-

The next result is well-known and a proof may be found in any number theory
book dealing with the modular group; this argument is taken from the book

of Serre [339].

Proposition 9.18. The set E = {z € H | |z]| > 1,|R(z)| < &} illustrated in
Figure is a fundamental domain for the action of PSLa(Z) on H in the
following sense:

AWENE) =0 (9.12)
for v € PSLyo(Z)N Iz}, and
H= |J ~E (9.13)
~EPSL(2)

In particular, PSLa(Z) is a lattice in PSLy(R).

Sets ' and yF for v € PSLy(Z) with the property in equation (O.12) are
called almost disjoint. This property should be understood as a replacement
for the more restrictive requirement that yENE = @& for all v € PSLo(Z)N 12}
mentioned above. Notice that it is easy to obtain a measurable subset £’ of E
which is a fundamental domain in the strict sense by removing parts of the
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Fig. 9.5. A fundamental region for PSL2(Z) acting on H.

boundary of E. Moreover, the set F' = {g € PSL2(R) | g(i) € E’} is then a
strict fundamental domain for PSLy(Z)\ PSLy(R).
In order to start to understand the action of PSLy(Z) on H, consider the

action of the elements 7 = <(1] 1) and o0 = <(1] _01> on the set E. Notice

1

that oz = =2, 72 =2 + 1, and
0% = (07)% = I, (9.14)
the identity in PSLa(R).
7! I T

-1 0 1

Fig. 9.6. The action of o and 7 on F.

The images of E under a few elements of PSLy(Z) are shown in Figure[@.06l
To see how this picture is explained, notice that the boundary of E is made out
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of three pieces of geodesics, and that a Mébius transformation v € PSLy(Z)
will map a geodesic to a geodesic. To determine the image geodesic it is enough
to consider the images of the two limit points of the original geodesic on OH.

Proor or PropPOSITION [0.I8 Let z € H. We first show that there is some
element v € PSLy(Z) with vz € E, proving equation (@I3)). Recall that

for v = (Cchl>’

3(2)
R = —0. 9.15
Since ¢ and d are integers, there must be a matrix v € PSLy(Z) with
S(vz) = max{S(nz) | n € PSL2(Z)}. (9.16)

Choose k € Z so that |R (7%72) | < 5. We claim that w = 7%z € E:if [w| < 1
then S(—1) > (z), contradicting equation ([@.I6). So |w| > 1 and w € E as
required.

Now let z, w € E have the property that vz = w for some v € PSLy(Z). We
claim that either |R(z)| = 3 (and z = w+1), or |z| = 1 (and w = —1/2). This

shows equation ([@.12)). Let v be given by the matrix (Z Z) If S(vz) < S(2)

replace the pair (z,7) by (v(z),7~!) so that we may assume without loss of
generality that $(yz) > $(z). This gives |cz + d| < 1 by equation ([@I5).
Since z € E and d € Z, this requires that |¢| < 2, so ¢ =0, £1.

If ¢ = 0, then d = £1 and the map ~ is translation by +b. By assump-
tion, |R(z)| < % and [R(y2)| < 3 so this implies that b = 0 and y = I, or
that b = +1 and {R(z ) R(v2)} ={3.—3}-

Now write kK = —1 + 1‘/_ If ¢ = 1, the condition z € F and |z 4 d| <
implies that d =0 unless z =k or z = —R. Taking d = 0 forces |z| < 1 and

s0 |z| = 1. If ¢ = —1 then replace (Z Z) by (:Z :Z), which defines the same

element of PSL(Z), and apply the argument above.

This shows that F is a fundamental domain in the sense given.

Finally, to estimate the volume of the fundamental domain F, notice that
any z € E has 3(2) > v/3/2, so

12 qed
volume(£) = / /\/_/2/1/2 z :

_/f/zy_d :7

O

As mentioned above, with a little more work all the overlaps between E
and vE for 7 € PSLa(R) can be described, and moreover it may be shown
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that the elements o and 7 generate PSLo(Z). Indeed there are no relations
other than those in equation (@I4)). That is,

PSLy(Z) = (0,7 | 0® = (07)% = L)

is a presentation of PSLy(Z) as a free product of a cyclic group of order 2 gen-
erated by ¢ and a cyclic group of order 3 generated by o7 (see Exercise 044
or Kurosh [216] for a complete proof).

The fact that the fundamental domain E of PSLy(Z) is a rather concrete
geometrical object is not a coincidence. In fact, for every Fuchsian group
one can define a hyperbolic polygon which gives a fundamental domain (see

Section [TT.T]).

9.4.2 Dynamics on I'\ PSL2(R)

Let I' < PSLy(R) be a lattice, for example I" = PSLy(Z) as in Proposi-
tion @18 Let X = I'\ PSLy(R) be the quotient viewed as a metric space. The
geodesic flow on X is still defined via right multiplication

R, (x) = xa;l

for any z = I'g € X and t € R. The name geodesic is still appropriate since I’
can also be used to define a hyperbolic surface I"\H whose unit tangent bundle
(up to some minor technicalities®)) can be identified with X, and the flow
can be understood as following the arrow for the given amount of time. In the
specific case I" = PSL2(Z) we can also use the fundamental domain E and
its induced set F' C PSLy(R) from Proposition [0.I8 to view this action, as in
Figure

Fig. 9.7. Geodesic trajectories viewed on X = PSLy(Z)\ PSL2(R) via pieces of
hyperbolic geodesics in F.

Suppose that x = I'g € X = PSLy(Z)\ PSL2(R) satisfies g € F and
represent x by the corresponding arrow based at the point g(i) € E. Then
the geodesic flow R,,(g) follows the geodesic determined by the arrow until



306 9 Geodesic Flow on Quotients of the Hyperbolic Plane

it hits the boundary of E (if it ever does) with the arrow pointing outwards
from E, and at that point we apply 7+! or ¢*! so that the image is again in
the boundary of E with the arrow pointing inwards to E. Then the geodesic
flow follows the geodesic determined by the new arrow until the next time the
boundary of E is hit (see Figure [0.7)).

Note that every g € PSLa(R) still acts on X by the right translation

Ry(x) = zg™"

which defines an action of PSLa(R) on X. In particular, the action of the sub-
groups U~,U" < PSLy(R) discussed earlier is still defined and we will still
refer to them as the stable and unstable horocycle flows (see Exercise [0.4.T]).
Thus whenever I is a discrete subgroup we have many one-parameter sub-
groups acting on X. The reader probably already expects that in the case
of a lattice, we should have a finite (and after normalization, a probability)
measure mx on X which is invariant under the right action of PSLy(R). This
will be the start of ergodic theory on X.

Proposition 9.19. If I' < PSLy(R) is a lattice, the hyperbolic measure de-
fined by the volume form dm = y%dx dydf in Lemma induces a fi-
nite PSLy(R)-invariant measure mx on X = I'\ PSLa(R). In fact if

m: PSLy(R) — X

is the canonical quotient map w(g) = I'g for g € PSLa(R) and F is a finite
volume fundamental domain, then

mx(B) =m (FNnr 'B)

for B C X measurable defines the PSLa(R)-invariant measure on X .

9.4.3 Lattices in Closed Linear Groups

Rather than prove Proposition in isolation, we give some general com-
ments which will lead to a natural generalization (Proposition [0:220). Notice
that the measure m on PSLy(R) is invariant under the left action of PSLy(R)
on PSLy(R) by Lemma [0.T6] that is m is a Haar measure on PSLy(R).

Recall from p. that the left Haar measure m¢g of a locally compact
metric group G is unique up to scalar multiples (see Section [C2), and note
that right multiplication by elements of G sends m¢ to another Haar measure,
since

(Rg), ma(hB) = ma(hBg) = ma(Bg) = (Ry), ma(B)

for all measurable sets B C G. Since Haar measures are unique up to scalars,
this defines a continuous modular homomorphism mod : G — R~ into the
multiplicative group of positive reals (such a homomorphism is also called a
character) by
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(Ry), (mg) = mod(g)mg-.

A group G is unimodular if mod(G) = {1}, that is if m¢g is both a left and
a right Haar measure on G. Part of the proof of the following more general
statement consists of showing that the group G appearing is unimodular.

Proposition 9.20. Let G be a closed linear group, and let I' < G be a lattice
in the sense that I' is discrete and that there is a fundamental domain F
for X = I'\G with finite left Haar measure. Then any fundamental domain
has the same measure as F, G is unimodular, and the Haar measure mg
induces a finite measure mx on X via

mx(B) =mg (n7(B)NF)

for all measurable B C X . Moreover, the natural right G-action Ry(z) = zg~!

for x € X and g € G leaves the measure mx invariant.

Despite the fact that in general X is not a group, we will nonetheless refer
to the measure myx on X as the Haar measure on X.

PROOF OF PRrRoPOSITION [1.20. We first show that any two fundamental do-
mains F,F’ C G for I'\G have the same volume. In fact we claim that
if B,B" C G are measurable sets with the property that 7|g and 7|/ are
injective, and 7(B) = 7(B’), then mg(B) = mg(B’).

By assumption, for every g € B there is a unique v € I' with g € vB’, so

B=||BnyB
yel'
and similarly
B'= || BnvyB.
y'er

However, these two decompositions are equivalent in the sense that one can
be used to derive the other: given v € I' and a chosen set BN ~B’ we get

v Y BnyB')=BnNy"'B.
For the left Haar measure mqg we therefore have

ma(B) = mag(BNyB') =Y ma(B' Ny~ 'B) =ma(B).
yel’ yel’

This proves the claim, and in particular mg(F) = mg(F’) for any two fun-
damental domains F' and F”.

Now notice that for any g € G the set F' = Fg is another fundamental
domain whose measure satisfies

ma(F) = me(F') = mod(g)ma(F).



308 9 Geodesic Flow on Quotients of the Hyperbolic Plane

Since our assumption is that mqg(F') < oo, and mqg(F') > 0 since I is discrete,
we deduce that mod(G) = {1} and that G is unimodular.

Now let B C X be a measurable set. We define mx (B) = mg (7~ (B)NF)
and note that this definition is independent of the choice of fundamental
domain F by the claim above. Now write C'= 7—1(B) N F and note that

Cg=n"YBg)nF' C F' = Fy.
Then by the above mg(C) = mg(Cg) and
mx(Bg) = ma(Cg) = ma(C) = mx(B)

so mx(B) =mx (R, (B)) as claimed. O

Exercises for Section

Exercise 9.4.1. Let I' C PSLy(R) be a uniform lattice and fix a point x
in X = I'\ PSLy(R). Show that U~ consists precisely of all points y € X for
which

d (Rllt (‘T)7 Rat (y)) —0

as t — 0.

Exercise 9.4.2. Show that the closed linear group

t/2
T— {(e e—iﬂ) | s,t € R}

does not contain a lattice. That is, T" does not contain a discrete subgroup
with a fundamental domain of finite left Haar measure.

Exercise 9.4.3. Show that [SL4(R), SL4(R)] = SL4(R) where
lg.h] =g~ 'h" gh

for g,h € G denotes the commutator of g and h in a group G, and [G, G]
denotes the commutator subgroup generated by all the commutators in G.
Deduce that SL4(R) is unimodular for all d > 2.

Exercise 9.4.4. Prove that PSLs(Z) is a free product of an element of order 2
and an element of order 3.

Exercise 9.4.5. Extend the arguments of Proposition .18 to show that the
subgroup PSL(Z) is a non-uniform lattice in PSLa(R).
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9.5 Hopf’s Argument for Ergodicity of the
Geodesic Flow

The fundamental result about the geodesic flow on a quotient by a lattice,
proved in greater generality than we need by Hopf [I56] (see also his later
paper [157]), is that it is ergodic.

Theorem 9.21. Let I' < PSLa(R) be a lattice. Then any non-trivial element
of the geodesic flow (that is, the map R,, for some t # 0) is an ergodic
transformation on X = I'\ PSLa(R) with respect to mx.

In the proof we will use the following basic idea: If a uniformly continuous
function f: X — R is invariant under R,,, then it is also invariant under U~
and U™, and is therefore constant.

To see this, we will consider the points z,y = zu~ € X and will show
that R} (y) = R, (z)afu~a; " and Ry, (x) are very close together for large
enough n, and so by invariance and uniform continuity of f,

f) = f(Ra,(2) = f (R, (1) = f(y) (9-17)

are close together for large n, which shows that f(x) = f(y) as claimed.
Essentially the same idea will be used in the proof for a measurable invariant
function, which is what is needed to prove ergodicity. In this outline, we could
use a large n, but when working with a measurable function (as we must
to establish ergodicity) we will need to be more careful in the choice of the
variable n.

For the proof we will make use of Proposition 8.6, which gives a kind of
“ergodicity” for the right action of a locally compact group on itself.

Proor orF THEOREM [0.:2Il Normalize the Haar measure mx to ensure
that mx(X) = 1 and let f : X — R be a measurable R,,-invariant func-
tion for some ¢ # 0. Fix ¢ > 0 and choose a compact set K C X of mea-
sure m(K) > 1 — ¢ with the property that f|x is continuous (this is possible
by Lusin’s Theorem, Theorem [A.20).

We claim that

n—1
B={:v| lim %ZXK (RS, 2) > % } (9.18)
=0

has measure myx (B) > 1 — 2e. (Roughly speaking, simultaneous times ¢ > 0
with Rgtx € K and Rﬁty € K will be used below much like the argument
outlined in equation ([@.I7), and knowing that more than § of the future
belongs to K will allow us to find similar times for x and y.) In fact

n—1

1
g*(x) = nh—>n;o E Z XK (Rf;tx) S [0, 1]
(=0
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exists almost everywhere, and [ g*dmyx = mx(K) > 1 — ¢ by the ergodic
theorem (Theorem 230)). So

and thus mx(B) > 1 — 2¢ as claimed. This argument should be compared
with the discussion in Section motivating the maximal ergodic theorem
(Theorem 2:24)).

Suppose now that z and y = R,,- (5)x for some s € R both belong to the
set B. Then

f(z) = f(Ra, (@), f(y) = f(Ra,(y)) (9.19)

for all £ > 1, by R,,-invariance of f, and as discussed earlier,

dx (Rit (x), Rf;t (y)) =dy (a:at_é, xuf(—s)at_é)

< dpsiy(r) (12, afu™ (—s)a; “) — 0

as { — oo.

Since asymptotically both x and y spend more than half of their future
in K, there is a common sequence £,, — oo for n — oo of these close returns
with

Ry (), Ry: (y) € K.

On the set K, f is uniformly continuous by compactness and so f (Rﬁ;l (:v))
and f (Rﬁ;l (y)) are closer and closer along an unbounded sequence of n. To-
gether with equation (@I9]), this implies that

f(x) = f(Ru*(s)(x))

whenever z and R, - (5 () are in B.
If €1 < € then we can choose a compact subset K1 C X with

mx(Kl) >1—¢1

for which f|g, is continuous. We may assume that K C K; since continu-
ity of f|x and f|x, implies continuity of f|xuk,. Hence the set By defined
from K just as in equation (O.IS8) satisfies By 2 B. Since € was arbitrary
we conclude that there is a set X’ with mx(X’) = 1 with the property that
for z,y = R, (5 (z) € X' we have f(z) = f(y).

The same argument applied to R;tl gives the same conclusion for points z
and y = Ry+(5)(2) in X on some other set of full measure X”. Taking the
intersection X7 = X’ N X" we get both conclusions on X;. Therefore, if (for
example)

g=u"(s4)u" (s3)ut (s2)u"(s1) (9.20)
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then the set

Xg=XinR2 (X)NRL o)y (X1)

—1 —1 "
MR (g yut (sayu- (s1) (X1) N By (XT)
has full measure, and we claim it satisfies

f(x) = f(Ry(x))
for all € X,. This follows from the argument above:

r € XN R;}(Sl)(Xl) = f(‘r) = f(Ru*(sl)(w)%

Yy = Ru*(sl)(x) eXin R7:+1(S2)(X1) - f(i[:) = f(y) = f(Ru+(sz)(y))7

and continuing in this way implies the claim.

Row operations (only involving adding one row to another) show that
the subgroups U and U~ generate SLa(R) (cf. Exercise [@.5.]]). Indeed, ev-
ery element g € SLy(R) can be written as a product of four elements as in

equation ([@:20).
Assume now that f : X — R is not constant almost everywhere with
respect to mx. Then there exist disjoint intervals I, I C R for which

for j = 1,2, are neither null nor conull sets with respect to mpgp,®). By
Proposition B0l it follows that there is some g € G with

mpsr,®)(C1 N Cag) > 0.
However, we then have that the set
D, ={h e PSLy(R) | I'h € X,}
is a conull set with respect to mpgr,(r), and so there is some element
he CiNCygnDy.
This gives a contradiction since
f(rh) = f(I'hg™)

by definition of Dy and X, f(I'h) € I and f(I'hg™') € I> by definition of Cy
and Cj. O

A shorter and more abstract proof of Theorem [0.21] will be given in Sec-
tion
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Exercises for Section

Exercise 9.5.1. Prove that the subgroups U and U~ generate SLy(R).

9.6 Ergodicity of the Gauss Map

In this section we use the ergodicity of the geodesic flow established above
to prove ergodicity of the Gauss map. Arguably the most direct proof is the
one given in Chapter Bl but the connection between the Gauss map and the
geodesic flow is important in itself.

We write Xo = PSLy(Z)\ PSLa(R). Since —I5 is an element of SLy(Z),
we can also think of X5 as SLa(Z)\ SL2(R), which will be useful later. Recall
that there is a unique geodesic through any pair (z,v) in T*H, as illustrated
in Figure For any geodesic for which v # +i (that is, for a geodesic that
looks like a semi-circle in H) there are two uniquely associated real numbers;
the first is the limit point in OH for the past of the geodesic, the second is
the limit in OH for the future of the geodesic. As in Figures and we
will write —g and y (respectively § and —y) for these points according to the
orientation of the geodesic. Most of the arguments in this section will take
place in H using some simple geometry. We will be studying the geodesic flow
in a similar way to the discussion in Section[@.4.2] When referring to a geodesic
line in H we will simply say “geodesic”, while for the orbit in X5 under the
geodesic flow we will use “geodesic flow”.

iy -1 0 v 1

Fig. 9.8. The real numbers y and § associated to a geodesic; the point (ib,v) € Cy.

Define subsets of T H by
Cy ={@b,v) | Rv >0,3v <0,y €[0,1),5 > 1 as in Figure 0.8}

and
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Fig. 9.9. The real numbers y and § associated to a geodesic; the point (ib, v) ¢ C_.

C_={(ib,v) | Rv <0,3v<0,y€0,1),g>1}.

In Figure[@.9we see a vector that does not belong to C_ since its forward limit
point —y € JH of the geodesic flow is to the left of —1. Write C' = CL U C_.
There are natural coordinates for Cy and C_ given by (y, z) where

1 1
2= —— < —
y+y 14y

is the reciprocal of the diameter of the geodesic.

The connection between the Gauss map and the geodesic flow is described
in the following lemma. Recall that 7 denotes the quotient map from PSLs(R)
to X = PSLy(Z)\ PSLy(R). Using our usual identification between T'H
and PSLz(R) we will also use the same letter for the induced map from T'H
to X.

Lemma 9.22. Let x = (ib,v) be in Cy with natural coordinates (y,z). The
next visit, if there is one, of the geodesic flow to the set w(C') occurs in w(C_)
and has coordinates

T(y.2) = ({4} .01 -42).

A similar property holds for points in C_.

Proor. The isometry z +— —% sends the usual fundamental domain F to
another fundamental domain illustrated in Figure [ 10 this figure also shows
a geodesic that never returns to them.

Write D = {(z,v) € T'H | R®(z) = 0} for the collection of arrows attached
to the vertical geodesic through i € H. The image of the geodesic in Figure[@.10]
under the isometry o : z — —2 is shown in Figure[@.11l Notice that the map o
always reverses the orientation of the geodesic, so the new geodesic goes from
right to left. The next return of the geodesic flow to 7(D), which is marked
as (1), is not in 7(C') because the corresponding limit point for the future does
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We work in these two
fundamental regions.

This part of the geodesic
v never returns.

-y —1 0 Y 1

Fig. 9.10. A geodesic that never returns to K UoFE.

not satisfy the property required for Cy nor for C_. In this case, we continue
the geodesic flow to the next return to 7(D) and repeat this until the return is
to 7(C). Indeed, if we apply the isometry 7" for that n uniquely determined
by the property that —% +n € (—1,0], as illustrated in Figure 012 then
the intersection of the image of the geodesic with {z | R(z) = 0} describes

this first return to 7(C'), which is to 7(C_) since the orientation was reversed
once.

=)

.\

-1 0 1/7 T
Fig. 9.11. The first visit (1) to 7(D) is not in 7w (C).

The new coordinates

are as claimed, since
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-1 n=-1/y 0 1
Fig. 9.12. The return to = (C).

as required. (I

For x € (C) the function
ro(x) =min{t |t > 0, R,z € 7(C)} (9.21)

is called the return time function for the geodesic. Note that the function r¢
gives the hyperbolic length of a geodesic between two intersections with verti-
cal geodesics at integer coordinates. From this it follows that r¢ is smooth on
the sets where this integer does not change; in the natural coordinate system
this is the case for (y, z) with n%rl <y < L for some n > 1. Also notice that
for large values of n the return time r¢ is large (that is, given n > 1, the set of
points on which r¢ takes the value n is non-empty), so that r¢ is unbounded.
Lemma will show how the unboundedness of r¢ is connected to the very
complicated dynamics of the geodesic flow. We now show how the geodesic
flow can be reconstructed in a measurable way from the Gauss map and this
function r¢.

Following Chapter B we say that a homomorphism ¢ : R — MPT(Y, i)
into the group of invertible measure-preserving transformations of a measure
space (Y, u) is a flow. We will also consider flows of the positive reals defined
by a map ¢ : RT — MPT(Y, u) with ¢ 0 ¢y = ¢psy for all s,¢ > 0. In either
case, the flow is ergodic if any measurable function f :Y — R with f = fo ¢,
almost everywhere for all (positive) ¢ is equal to a constant almost everywhere

(see Section [BT]).

Lemma 9.23. Let T : (Y,u) — (Y, u) be an invertible measure-preserving
map on a probability space, and let r : Y — RY be a measurable function.
Then a flow may be defined on the space

X, ={(y,8) |y €Y,0< s <r(y)},

(with measure m,. defined by the restriction of u x mg to X,.) by
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(y, s+t) if 0< s+t<r(y),
(Ty, s+t—r(y)) if 0<s+t—r(y) <r(Ty),
Ti(y,s) = (T?y, s+t—r(y)—r(Ty)) if 0< s+t—r(y)—r(Ty) <r(T?y),

(see Figure @.13).

PrOOF. The proof is a measurable analog of the construction of the mea-
sure my in the proof of Proposition [0.201 Define the map

T(y,s) = (Ty,s —r(y))

on the space Y x R, which we equip with the infinite measure ;1 X mg. Notice
that T preserves p x mp. The inverse of T is

TN y.s) = (T 'y s + (T 1y)
so T defines a Z-action on Y x R (which plays the role of the isometries in I').

The set X, defines a fundamental domain for this action in the sense that

° T”XTHXTZQfor all n # 0;
e for ux mp a.e. z = (y,s) €Y x R there exists a unique n € Z with the
property that 7"z € X,..

The first property is easily seen from the definition. To see the second property
let & C Py be the o-algebra of T-invariant sets, so that

n—1
E (r’éa) (y) = lim %Zr(Tky) = /rduf >0
k=0

almost everywhere, by Theorem and Theorem [5.14] Therefore, for almost
every y € Y we have ZZ;& r(T*y) / oo (which is trivial if » is bounded
from below by a positive constant, which will be the case considered later).
Soif (y,s) € Y x R has s > 0 then there exists some n for which

n

5— Z r(T*y) <0
k=0

but .
s— Z r(T*y) >0
k=0
Then
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The case s < 0 is similar. Clearly T' commutes with the flow T} (y, s) = (y, s+t)
defined on Y xR. Therefore, the image T;(X,) is another fundamental domain
which can be decomposed into pieces for which a power of T brings them
back to X,.. The definition of T; on X, precisely describes this process. Since
both T; and T preserve the infinite measure u X mr on Y x R, the action
on X, preserves the restriction of the measure. 0

Ty Yy

Fig. 9.13. The flow built under the ceiling function r.

The flow constructed in Lemma [0.23] is called the special flow for T built
under the ceiling function r.

Lemma 9.24. For the special flow in Lemma[0.23]

(1) the measure m, is finite if and only if r is integrable, and

(2) assuming m,. is finite, the map T is ergodic if and only if the flow {T}} is
ergodic.

In the space X, = {(y,s) |y € Y,0 < s <r(y)}, we call a set of the form

Fy={(y,8) | 0< s <r(y)}

a (vertical) fiber (see Figure [0.13)).
Proor oF LEMMA [0.24] The first statement is clear, since

mT(XT)z/X me=/Yr(y)du(y)-

r

Assume first that the map 7T is ergodic, and let f be a bounded function
on X, with foT; = f almost everywhere for all £ € R. We claim that f can
be modified on a null set to ensure that foT} = f everywhere for all ¢ € R (just
as in Proposition B3)). Indeed, we may assume that f o T; = f everywhere
for all ¢ € Q simply by taking a union of countably many null sets (and
redefining f to be 0 on the resulting null set). It follows that for every x € X
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the function f, : R — R defined by f;(¢t) = f(Ti(x)) is translation invariant
under Q. In particular,

1 t+1
/ fu(s)ds = fz(s)ds
0 t

agrees with f,(¢) for all ¢ (first for t € Q, and then by continuity of the integral
for t € R), and so by Fubini’s theorem we also have

f(a) = / F(Ta(a)) ds

almost everywhere, which proves the claim. In particular, f(y) = f((y,0)) de-
fines a T-invariant function on Y which must be constant p-almost everywhere
by ergodicity of T'. This implies that f is m,-almost everywhere constant, and
so the flow is ergodic also.

The reverse direction will be more important for us. Assume that the
flow T} is ergodic with respect to m,, and let f = f o T be a measurable
function on Y that is strictly 7-invariant. We define f(y, s) = f(y) and obtain
a measurable function on X, that is strictly invariant under the flow (that
is, f = f o T, everywhere and for all t+ € R). By ergodicity, this implies
that f is constant almost everywhere, which implies that f is constant almost
everywhere and hence that 7' is ergodic. O

Proposition 9.25. The Gauss map T(y) = {%} on [0,1] =Y is ergodic with
11
log2 1+«

respect to the Gauss measure dy = dx. The return time function rc

is integrable.

ProOF. We will prove ergodicity for the invertible extension of the Gauss map
discussed in Section .4l Recall that this system is the map T : Y — Y given
by
T(y,z) = (Ty,y(1 - yz))
on the set o
Y={2)el0.1?]0<2< L)

(the set Y is illustrated in Figure3.2). This implies the ergodicity of the Gauss
map easily: if f is an invariant function for T on Y = [0, 1], then f(y, 2) = f(y)
is an invariant function for 7" on Y. To take care of the alternating sign in the

cross-section C we define L
Y=Y x {+1}

and the transformation 7: Y — Y by

T(y7 2, 5) = (T(yv 2)7 _E)'
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We will write r¢(y, ) for the return time of a point in 7(C') with natural coor-
dinates (y, z, €); because of the symmetry between C and C_ the function r¢
is independent of €. _

We claim that the special flow X, of T" under r¢ can be embedded into

X, = PSLy(Z)\ PSLy(R)

in the sense described below. Indeed, for (y,z,¢,5s) € Y x {£1} x R satisfy-
ing 0 < s <re(y,z) we define

Qb(y,Z,E,S) = Rq, (I(yazaa)) (922)

where z(y, z,¢) € w(C) is the point with natural coordinates (y, z, €). Notice
that ¢(y, z, €, s) ¢ 7(C) unless s = 0.

More generally, we claim that ¢ : X,., — X5 is injective. Suppose therefore

that

T = ¢(y1, 21,61, 51) = P(y2, 22, €2, $2).
Then s1 = min{s | R, ,(z) € n(C)} = s2 as r¢ is defined to be the time of
the first return from 7(C') to w(C). It follows that (yi1,z1,€1) = (y2, 22,£2) are
the natural coordinates of the point R,_, (z) € 7(C).

We next claim that ¢(Ti(y, z,¢,5)) = Rq, (¢(y, z,€,$)). This means that
the special flow under r¢& corresponds under the map ¢ to the geodesic flow.
After the discussion below concerning the measures, we will know that the
geodesic flow is actually conjugate to the special flow. The claim follows by
considering the various cases used in Lemmal[0.23 to define the special flow Ty.
If 0 < s+t <re(y, z), then, by equation ([9.22]),

¢(Tt(y7 Z, 8, 8)) = (b(yv 2,8 + t) = Ras+t (‘T(yv 2 5)) = Rat ((b(yv Z,&, S)) .
If re(y, 2) < s+t < re(T(y,2)), then
¢(Tt(y7 2,8, S)) :¢(T(yv Z)v —&,8 +i- TC(yv Z)) :Ras+t77‘c(y,z) (‘T(T(yv 2)7 _5))'

However, by the properties of the first return to 7(C) discussed above and
the definition of r¢ as the time of first return, we also have

Ra?"c(y,z) (x(y,2,¢)) = (T(% 2), _5) )

This gives

¢(Tt(ya 25 &, S)) = Ras+t (I(ya 2, E)) = Rat (¢(ya 25 &, S))

in this case. The other cases follow in the same way, or by applying the
argument above with a sufficiently small value of ¢, sufficiently often.

We will describe ¢u(m..) (see p. @9), where m,. is the measure in
Lemma constructed for the special flow for T on Y with respect to r¢
and ¢ is as defined above. This gives a measure on Xs, which at this stage
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is not known to be finite. Our claim in regard to this image measure is
that ¢.(m,.) = emy, for some finite ¢ > 0.

Let us assume the claim for now. Then it follows that m,. is a finite
measure (and so r¢ is integrable), which may be normalized to be a probability
measure. Moreover, in this case ¢ is a conjugacy between the special flow of T
under r¢ and the geodesic flow (measurability of ¢~! is automatic since ¢
is defined by a piecewise differentiable invertible map). As the geodesic flow
is ergodic with respect to mx, by Theorem [@21] so is the special flow of T
under r¢. By Lemma this gives ergodicity of T, which in turn gives
ergodicity of the invertible extension T of the Gauss map, since an invariant
function for T immediately gives an invariant function for 7.

Therefore, the claim that ¢.(m,,) = cmx, for some finite ¢ > 0 im-
plies all the statements of the proposition. The main idea of the proof is that
the smoothness of ¢ gives absolute continuity of ¢.m, ., with respect to the
(smooth) measure mx,, and then the ergodicity of the geodesic flow shows

that the Radon—Nikodym derivative 9. (mrg)

dmx,
where.

To see the absolute continuity of ¢.m, . with respect to mx,, we apply the
substitution rule in the form of Lemma [A-26 For this we have to check that ¢
is injective (which we already know) and smooth with non-vanishing Jacobian.
Instead of computing the Jacobian, we will study the map step-by-step, and
will work in T*H instead of X. Without loss of generality we only consider
points (y,z,+1) € Y corresponding to points in w(C ). Notice that we may
assume that y > 0 and z > 0, which leads to the endpoints y and —y = —% +y
of the geodesic that defines the point x(y,z,+1) = (ib,exp(if)) € C4. One
can check easily that the map

() () wtcso

is smooth with non-vanishing Jacobian for y > 0,z > 0. Now consider the
Jacobian of

= c is constant almost every-

Y ’ st

a’ +ib -
¢: |z H( o )eHx(—E,g) (9.23)
s

for some y > 0,z > 0 and s = 0. As the application of R, is smooth, this Ja-
cobian exists. From the structure of the map, the derivative of equation (3.23))

at s = 0 is of the form

00 %
%k |

* %k Xk

where the rows correspond to a’,b’, 0" and the columns to y, z, s. However, as
the partial derivative of a’ with respect to s is non-zero (since § # —7), it
follows that the Jacobian is non-zero for s = 0. Moreover, application of R,
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is smooth on T'H with smooth inverse R, __, which shows that the same holds
for any (y, 2, s). Therefore, by Lemma[A:26] we have that ¢.m,.. is absolutely
continuous with respect to dadbdf, and hence with respect to dmx, by
Lemma [0.16] It follows that

d(¢.my.) = Fdmx, (9.24)

where F' > 0 is the Radon—Nikodym derivative. However, as m,., is invariant
under the special flow by construction, and ¢ intertwines the special flow and
the geodesic flow (that is, R4, 0 ¢ = ¢ o T}) we get

(Rat)*¢*mrc = (Rat¢)*mTc = (Qth)*mrc = @My,

showing invariance of ¢.m,., under the geodesic flow. Applying this to equa-
tion ([@:24), together with invariance of mx,, gives

/foRathmX2 :/demX2 :/fFoRat dmx,

for any measurable f > 0. This implies that F' = F o R,, almost everywhere
for all ¢ € R, which by ergodicity shows that F' = ¢ almost everywhere for
some constant c. It remains to check that ¢ > 0 is finite. This follows from
smoothness, which makes it easy to find an open set of finite measure in the
special flow (viewed as a subset of R3) that is sent onto an open set in Xs. [J

Exercises for Section

Exercise 9.6.1. Show that real numbers z and y in [0, 1], with continued
fraction digits (an(z)),, and (an(y)),s,, have the property that the digits
eventually agree (there is some N and k with a,(z) = a,4x(y) for alln > N)

if and only if z = % for some “ b> € GLy(Z). Here GL2(Z) denotes

cy+d cd
the 2 x 2 integer matrices with determinant +1.

Exercise 9.6.2. Describe the forward and backward orbit closure of the
geodesic through the point

z=p+i
in the direction i, where p is the golden ratio %5

Exercise 9.6.3. (%0 Describe the orbits of the geodesic flow corresponding
to the real numbers constructed in Exercise 3311
Exercise 9.6.4. Give a different proof that

oo

r(TFy) = r(Ty) =

k=0 k=0



322 9 Geodesic Flow on Quotients of the Hyperbolic Plane

almost everywhere as follows. Let Y, = {y € Y | r(y) > 1}. Show that

Y = G Y,
n=1

and deduce the result by applying Poincaré recurrence to the set Y.

9.7 Invariant Measures and the Structure of Orbits

In this section we show that there are many invariant measures for the geodesic
flow. The real thrust of the conclusion is that there are invariant measures
for the geodesic flow that cannot be described algebraically. Because this is
a negative result (it is paucity of invariant measures rather than abundance
that has powerful consequences) the arguments will only be outlined.

9.7.1 Symbolic Coding

In Section @.6] we constructed a return-time function r¢ : ¥ — R and in
the proof of Proposition a map ¢ from the flow associated to T and
the function r¢ into X3. Moreover, this proof shows that every invariant
probability measure for T induces an invariant measure (possibly an infinite
one) for the special flow, and hence for the geodesic flow.

Lemma. After removing a countable union of line segments and curves, there
is a bijection from Y to N? that intertwines the map 7 : Y — Y and the
shift o : N2 — NZ.

The Gauss map T : [0,1) — [0, 1) is conjugated, after removing [0,1) N Q,
to the one-sided shift
o: NNV NN

via the continued fraction expansion itself (cf. p.[B3]). The lemma extends this
to the invertible extension of both maps.

Notice that the size of the digits in the continued fraction expansion can be
used to bound the circumference of the corresponding geodesic. This shows
that the height b of the point (ib,v) € C in the construction is similarly
bounded (by a function of the digits). After applying o we also get a lower
bound for b. Together this implies that r< is bounded by a function depending
on the first two digits in the continued fraction expansion.

Corollary. Any rapidly-decaying probability vector p € [0, 1] induces an
invariant measure on X, via the probability measure p% on NZ.
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The corollary follows from the above construction: the rapid decay as-
sumption ensures integrability of rc so that we obtain a finite measure.

There are many more measures than those described in the corollary. For
any stochastic matrix P = (p;;) there is an associated measure p on {1,2}%
defined by

1% ([a()v at, ..., an]) = VagPapar """ Pan_1a,

where v is a normalized left eigenvector for P. All these measures are sup-
ported on closed invariant subsets, of which there are also many.

All of these examples are still concrete and relatively well-behaved in
many aspects. However, there are many more invariant probability measures
on {1,2}% with unusual behavior.

9.7.2 Measures Coming from Orbits

There are other means of showing results of this kind. For example, one can
construct orbits of various behaviors using the shadowing lemma of hyperbolic
dynamics (see Exercise and Katok and Hasselblatt [I82] Sect. 18.1]).
These orbits can then be used to construct measures by the method of The-
orem [l Similarly, weak*-limits of orbit measures give invariant measures.
For any point x,

1 T
z, T — —+ Ra 51 dt
/’l’ ;T T/O ( t)*

is a measure supported on the part of the geodesic starting at x and ending
at Rqpx. Any weak™-limit of p, 7 along a sequence T; — oo is an invariant
measure (though there is no guarantee this will be a probability measure). To
get some idea of what may arise in this fashion, note the following.

e Any ergodic invariant measure can arise, simply by taking = to be a generic
point for that measure.

e More generally, for any set £ € &%« of ergodic measures there exists
an initial point x with the property that the set of weak™-limits obtained
from = contains F. Again this kind of result is easy to see for the shift
on N%. Here it is enough to consider a countable set E since the set of
limit points is closed and the space of probability measures is separable,
and a suitable point can be constructed by concatenating longer and longer
orbit pieces approximating each measure in turn, using either the symbolic
description from Section or orbit shadowing (see Exercise [0.7.2)).

e Non-ergodic measures may also arise as weak™-limits. For example, let po
denote the Bernoulli measure on N% corresponding to the probability vec-
tor (%, %, 0,...) and let u3 denote the Bernoulli measure corresponding to
the probability vector (%, %, %, 0,...). Let (z,,) be a sequence in N” that
is equidistributed with respect to ue, and let (y,,) be equidistributed with
respect to p3. Then the point

Z = ("'71)17x1ay17x1aIQ,y17y27x17x27x3ay17y2ay37--')
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in which the blocks chosen from (z,) and from (y,,) keep growing linearly
in length, has the property that the weak*-limit exists (both on N* and
on X») and coincides with the non-ergodic convex combination % L+ % 143

e Mass can be lost: If 2 corresponds to the reference vector (i,i) whose
geodesic tends to infinity, then p, r converges to the zero measure. This
again can be combined with other possible behaviors to produce a partial
loss of mass in the weak*-limit.

Exercises for Section

Exercise 9.7.1. Describe the measure on the shift o : N* — N# correspond-
ing to the Gauss measure for the continued fraction map via the symbolic

coding (see Section [@77T)).

Exercise 9.7.2. (a) Show the shadowing lemma for the geodesic flow on the
space X = I'\ PSLy(R). That is, show that for any two nearby points z and y
there exists another point z with the property that R,,(z) and R, (z) are
close for all ¢ > 0 while R, (y) and R,,(z) are close for all ¢ < 0.

(b) Given two nearby points z,y and times s,t > 1 such that R, (z)
and R,, (y) are also close to x and y, find a point z with the property that
the weak*-limit of the orbit measure for z exists, and is supported on some
neighborhood of the set

{R,, (2) |0<r <s}U{Rq (y) |0 <r <t

If these two pieces of the orbits of x and of y are significantly different, ensure
that the weak*-limit is not supported on periodic orbits.

Notes to Chapter 9

(85) (Page @T3)) Artin’s work [8] showed how the continued fraction relates to the
geodesic flow on the modular surface. Hedlund [144] proved ergodicity for the con-
tinued fraction map and deduced ergodicity for the geodesic flow; we reverse the
direction of this argument and use the geometry of the geodesic flow to show ergod-
icity for the continued fraction map. Hedlund earlier showed ergodicity for the flow
defined by a specific Fuchsian group with compact quotient [I143], and Martin [254]
showed ergodicity (meaning that an invariant measurable set of positive measure
has a complement of zero measure) for the action of the modular group on the real
axis, also using properties of continued fractions. The papers of Manning [242] and
Series [337], [338] are accessible sources for this material.

(86) (Page 289) We will not pursue the general theory of Lie groups and Lie algebras
here; an extensive treatment may be found in Knapp [204], with the theory of closed
linear groups in Chap. 0. Lie theory is developed in the context of ergodic theory in
the book of Feres [90].
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(87) (Page 296) The monograph [248] by Margulis provides an extensive treatment
of discrete subgroups in Lie groups and their importance in ergodic theory.

(8%) (Page BOT)) This is analogous to the action of a hyperbolic matrix in SL4(Z)
on R%: every point apart from the fixed point moves to infinity, converging to the
expanding subspace. More interesting dynamics is found after projecting the action
onto the quotient R*/Z<,

(89) (Page B05) The technicalities mentioned arise in the following way. For the
surface PSL2(Z)\H the points corresponding to i and % + i@ are special, because
their open neighborhoods are not injective images of neighborhoods of i and k in H
respectively. These special points can be very useful (see Serre [339]) but we will
ignore them and work in I"\ PSL2(R).

(90) (Page BZT)) See the paper of McMullen [259]; this gives bounded closed geodesics
of arbitrarily long length.
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Nilrotation

In earlier chapters we have seen how ergodic circle rotations and their associ-
ated properties (which include unique ergodicity in Example [£11] absence of
mixing in Example [Z40] equidistribution in Example LT])) provide an impor-
tant example of the Kronecker systems studied in Section [6.4l In this chapter
we introduce the wider class of rotations on quotients of nilpotent groups by
studying an important example: the continuous Heisenberg group.

10.1 Rotations on the Quotient of the Heisenberg Group

We begin by recalling from Example[0.13] the continuous Heisenberg group

lxz
G= ly| |zy2z€eR
1

and the lattice
1/ n

I = Im | |¢mneZ
1

from Example[@.15l By the argument in Example[@.T5 the quotient space I'\G
is compact and the set

lac
F= 1b)]0<abe<
1

is a fundamental domain for I" in G.

Even though G is non-abelian, it is nonetheless very close to being abelian
in the following sense. Recall from Exercise [0.4.3] that the commutator of the
elements g, h € G is the element
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l9,h] =g~ 'h~"gh,

so that the commutator is a measure of the extent to which g and h fail to
commute (since [g, h] = I, the identity, if and only if g and h commute). For

lzz lac

g= ly], h= 10

1 1

we find
1l—zzaxy—=z 1l—aab—c lzz lac
[g,h] = 1 —y 1 =b 1y 10
1 1 1 1
10 bx —ay
= 1 0 , (10.1)

1
so the commutator subgroup is

10z
6.6l = (oW | gheG)=3 | 10]|z€R
1

The calculation in equation ([I0]) also shows that an element g € G commutes
with all elements h € G if and only if g € [G, G], so the center of G is

10z
Co={geG|gh=hgforallhe G} = 10| ]zeR
1

We write C' = Cq = [G, G] for the center of the Heisenberg group. The map

lac
oG 10|+ (a,b)
1

is a homomorphism ¢¢g : G — R? with kernel C, so ¢¢ induces an isomor-
phism G/C = R2. Thus G is close to being abelian in this sense: the center
of G is an abelian normal subgroup C' and the quotient G/C' is abelian. A
group with this property is called a 2-step nilpotent group (see Section
for the general definition).

The normal subgroup C' <G is also useful in the discussion of the quotient
space X = I'\G. The homomorphism ¢¢ sends I" to Z* C R?, so that

re /=,

Equivalently, the group C/I'NC = T acts on X by right multiplication, since
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Rz = ey ' =Tgy =y lg=2
if v =I'g and v € I'N C. Finally, the map
lac
'l 1b]+—(a,b) (mod Z?)
1
should be thought of as the quotient map
ox: X =I\G —’FC/C\G/Cg T2 (10.2)

by the action of C/C' N I" 2 T. In more geometrical language, X is a bundle
over T? with fibers equal to T.

10.2 The Nilrotation

lad
We fix some 7 = 1 8] € G, and define S(x) = 7. Notice that the factor
1
map ¢x in equation (I0.2]) is really a factor map between the continuous
transformation S : X — X and the rotation map

T:T? — T2
(a,b) — (a,b) + (a, B) (mod Z?).

We recall from Corollary that the factor T is ergodic with respect to
Lebesgue measure m2 if and only if 7" is uniquely ergodic if and only if 1, a, 8
are linearly independent over Q.

It is easy to see that the 3-dimensional Lebesgue measure on R? is sent to
the (simultaneously left- and right-invariant) Haar measure mg on G under
the map

lac
R? > (a,b,c) — 16| eq.
1

It follows that the Haar measure mx on X (more precisely, the measure
induced on X by Haar measure on G, which we will also refer to as Haar
measure) is just the 3-dimensional Lebesgue measure on F', which may be
thought of as [0,1)% using the same coordinates as above. It follows that the
measure-preserving system (T2, %2, my2,T) is a factor of (X, %X,mX,DSﬁ.
This observation gives the downward implications of the following theore

we only need to note that ergodicity of S with respect to mx implies ergodicity
of T with respect to mre.

)

* Notice that § does not play a role in the theorem.
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Theorem 10.1. For the transformation S(x) = xz7 on X, the following are
equivalent:

e S is uniquely ergodic.
e S is ergodic with respect to mx.
lad

o T = 18| and 1,«, B are linearly independent over Q.
1

10.3 First Proof of Theorem 10.1

Assume that 1, o, 8 are linearly independent over Q (in the notation of The-
orem [[0.7)). Even though Theorem [£21] does not apply directly, since X is
not topologically the direct product T? x T, the argument used to prove that
theorem does generalize to give Lemma (see Exercise [0.3.T} we will not
give a proof here). Instead of the product, we have a factor map ¢x : X — T?
with the pre-image of each point being given by orbits of C/I"N C = T.

Lemma 10.2. If S is ergodic (and hence T is uniquely ergodic) with respect
to mx, then S is uniquely ergodic.

Thus what is left in order to prove Theorem [I0.] is the implication that
linear independence of 1,«a, 3 over Q implies that S is ergodic. In this first
proof we will use matriz coefficients; this argument is a simple instance of a
more general principle that will be discussed in Section The method in
this case uses invariance of a function under 7 to deduce invariance under all
of C', reducing the problem to the 2-torus.

FIRST PROOF OF THEOREM [I0.1l Assume that 1, o, § are linearly independent
over Q, and let f € L?(X) be an S-invariant function. We associate to the
function f the matriz coefficients

m(g) = (Ugf, [);
m defined in this way is a continuous function on G' by Lemma B7 Moreover,
mirgr ) = [ florgr " T dm
= /f(ygrfn)f(yT*") dmx (since mx is T-invariant)

= /f(yg)@dmx (since f is S-invariant)
— m(g) (10.3)

for all n > 1. Now let
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10
g= 10
1

and compute

Lno (5)af+ny\ [1e0\ [1-na ("3Y)aB—ny

ThgT " = 1 ns 10 1 —nf
1 1 1
1e —nep
= 1 0
1
for n > 1. For any fixed ¢ € R we may now choose n. = L%J so that n.eff — ¢
as ¢ — 0. Taking the limit in equation (I03]) as € — 0 shows that
10—t 1
m 10]|=m 1 = ||f113.
1 1

Thus (Unf, f) = (f, f) for any h € C. This equality in the Cauchy—Schwartz
inequality can only occur if U, f = f, so we deduce that f is invariant un-
der C. Hence, up to a set of measure zero, f = F o ¢x for some function F
on T2. Since f is S-invariant, F' is T-invariant, and so must be constant mre-
almost everywhere since T is ergodic. This shows that f is constant almost
everywhere, so that S is ergodic with respect to my. By Lemma [[0.2 S is
also uniquely ergodic. O

Exercises for Section [10.3

Exercise 10.3.1. Give a more general formulation of Theorem [£.21] that in-
cludes both that theorem and Lemma [I0.2] and check whether the method of
proof of Theorem .2T] also applies to the generalization.

Exercise 10.3.2. Find the eigenfunctions of the transformation S : X — X
(assuming ergodicity).

10.4 Second Proof of Theorem 10.1

In this section we give an independent prooﬁ of the difficult direction in
Theorem 0.1l We assume again that 1, a, 3 are linearly independent over Q,
and that p is some S-invariant ergodic probability measure on X. We will
conclude by showing that p = mx Y.

* We will be using essentially the same calculation in G, but will argue quite differ-
ently, in particular without applying Theorem .21} It may be argued that the two
proofs are the same at a deeper level, but both arguments are worth presenting
as they generalize in inequivalent ways.
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10.4.1 A Commutative Lemma; the set K

Lemma 10.3. Let S : X — X be a continuous map on a compact metric space
with an S-invariant and ergodic Borel probability measure . Let R: X — X
be another continuous map that commutes with S. If there exists a point x € X
that is p-generic with respect to S such that R(x) is also p-generic, then R
preserves [i.

PROOF. The proof proceeds quite directly from the definitions. Let f € C'(X);
it is enough to show that

/de*u:/foRdu:/fdu.

Notice that by continuity of R, we also have fo R € C'(X). Since z is generic
with respect to p and S, we have

N—-1
/foRdu = A}iinoo% > f(RS™x) (since fo R € C(X))
=0

(S"Rx) (since RS = SR)

I
T
gE
=|

3
L[]
~

= /f dp  (since Rz is generic),

which proves the lemma. O

Clearly in the setting of Theorem [I0.I] we may use Lemma 0.3 with
the map R(z) = zc for any ¢ € C, since C is the center of G. However,
as we don’t know anything about g initially, we do not know whether the
assumption regarding the existence of generic points x, xzc can be satisfied.
We will construct many such tuples below by a limiting argument; in order
to ensure that the limit points are indeed generic points we restrict ourselves
in part of the argument to a compact subset consisting entirely of generic
points. Recall that p is ergodic for S, so by Corollary {20 the set X’ of pu-
generic points for S has full g-measure, and therefore there exists a compact
set K C X' with u(K) > 0.99 say.

10.4.2 Studying Divergence; the set X,

Let x,2' € X be two nearby points. Then there is some g € G close to the

identity with 2’ = xg; we refer to this g as the displacement between x and z’.

We now analyze how 2 and 2’ move apart under iterates of S (if they do), in
lac

terms of g = 16 |. This is quite straightforward: Replacing the pair z, x’
1

by Sz = x7, Sz’ = 2’7 replaces the displacement g by 7~ 'g7 since
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(1) (17 gT) = 29T = 2'T.

This can be iterated so that S"a’ = (S™z)(7~"g7"), but (as we will see) for
large n the element 77" ¢g7™ may become large and so may not represent the
shortest displacement between S™z and S™z’. We calculate

1 —na (";rl)aﬁ —nd lac 1 na (g) +nd

gn =T "gT" = 1 —nf 1b 1 ng
1 1 1
1ac+n(af —ba)
= 1 b (10.4)
1

for n > 1, and see that there are two possibilities. Either (a8 — ba) = 0,
in which case the two points have parallel orbits (that is, the displacement
between the points g, = ¢ is constant), or (a8 — ba) # 0, and the two
points drift apart at linear speed and in the direction of C, as illustrated in

Figure IO

S /
, S /
x == i
g\ g1 g2| ~TTT7
r S S S

Fig. 10.1. Linear growth in displacement in the Heisenberg group.

Assume that we are in the latter situation, and that g is very close to the
identity. Then we can choose n so that g, is close to

10t
10| eC
1

for some fixed ¢ € R. If the original pair of points x,z’ are generic, then so
are S™x,S™2’ (this is easy to check), and these two points differ approxi-
mately by the fixed element in C. If we could take the limit of the tuple of
points S™x, S™x’ along a sequence which constantly improves the strength of
the statement that they differ approximately by

10t
10
1

and ensures that the points remain generic points, then Lemma [I0.3] could be
applied. However, we can only do this if S™z, Sz’ lie in K, since in general the
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set of generic points is not closed]. This in turn restricts the possible values
of n we may use. Happily the maximal ergodic theorem (Theorem [2.24 also
see Example 2.27]) applied to the set B = X K shows that the set

N—1
1
X1 = {x €X| N Z Xk (S™z) = 0.9 for all N} (10.5)

n=0

has p(X71) > 0.9. Thus if we choose our initial points x, 2" both from X7, then
the restriction mentioned above is a mild one: Regardless of the value of N,
for most (at least 80%) of the integers n € [0, N — 1] both S™z and S™z’ lie
in K.

10.4.3 Combining Linear Divergence
and the Maximal Ergodic Theorem

After the motivational discussion above we are now ready to start the formal
argument.

SECOND PROOF OF THEOREM [I0.1l From the discussion above, we will need
the following ingredients:

e the compact set K of generic points with p(K) > 0.99.
e the calculation of the displacement g,, between S™x and S™z’ from equa-

tion (I04); and
e the set X; defined in equation (I0.3).

Suppose for now that we can find, for any ¢, = % > 0 two points xy, 2, € X1,
with displacement
1 Qyp Cyp
g(f) - 1 by
1

satisfying |ag|, |be|, |ce| < § and ag8 — by # 0. Fix ¢ > 0, and define

t
Ne= Laeﬁ - béalJ '

Then, as discussed above, for at least 80% of all ny € [0, Ny — 1] we have

S™x, ™y € K.

Choose some ny € [N@;l , Ny — 1] with this property (notice that at least 30%

of all n € [0, Ny| satisfy all three conditions); it follows that
t
g < |ag5 — bgOz|ng <t

* Of course once we have established unique ergodicity we know that the set of
generic points is closed.
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for large enough ¢. Thus we may choose a sequence ¢; — oo for which
Sty — z € K,

i !
S™ix' — 2 e K,

and
10¢
gT(lZ@i.) =7 gldne ¢ = 10
' 1

as i — oo, for some t’ with |t/| € [+¢,t]. By Lemma [0.3, 4 must be preserved
by c. Since t > 0 was arbitrary, it follows that p is invariant under a dense
subgroup of C', and so p must be invariant] under all of C (or equivalently,
under C/I'NC 2 T). As (¢x), p is a T-invariant measure on T? and T is
uniquely ergodic by the hypothesis on 1, «, 3, we must have (¢x), u = mre.
It follows that, for any f € C'(X),

[ ran= /T [ ) dnto) a0

- /¢ [ #ae) dmeen

—1
PBr2-measurable

= // f(zc)dmr(c)dmx (since (¢x), p = (dx), mx)

Z/fdmx,

so = mx as desired. In order to reach this conclusion, we relied on the
assumption that for any e, we can find points x,, 2}, € X; with special prop-
erties for this chosen small displacement. Below we will dispense with this
assumption, thereby completing the proof.

Lemma 10.4. Fiz ¢ > 1. If V is a sufficiently small neighborhood of e € G
and z € Supp p|x, , then for p-almost every x € 2V NXy there exists an m > 1
such that ¥’ = S™x € zV N X1, and the displacement

lac
g= 16
1

between x and x' = g satisfies |al, |b|,|c| < + and a3 — ba # 0.

* This follows from the argument used in the proof on p. that (3) = (1) in
Theorem [4.14]
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PrROOF. The first claim regarding the existence of such an m is just Poincaré
recurrence (Theorem [ZTT)) since p(zV N X1) > 0 by assumption. Also, the
displacement g lies in V="'V (since we may choose h,h’ € V with z = zh
and 2/ = zh/, and then 2/ = xh~'h/). If V is sufficiently small this will
guarantee that |al, [b], |c| < 3. Now write @ = I'h, 2’ = S™x = 'ht™ = T'hy,
which shows that ht™ = ~yhg. Taking this modulo C' (that is, taking the image
under ¢¢) gives
(ma,mp) = (a+1i,b+ j)

ab

for some 4,7 € Z. If aff — ba = det (aﬁ

) = 0 then there is some s € R

with @ = sa and b = s@ and hence

a (m—s)a _ ma—a i
G e mib S

contradicting the assumption that 1, a, 3 are linearly independent over Q. [J

This completes the second proof of Theorem [I0.1] O

10.5 A Non-ergodic Nilrotation

In this section we describe a case where the equivalent conditions of Theo-
rem [[0.1] fail. For simplicity, we only consider the case

100
T = 1517,
1
which gives the map S the form
lac lac 100 lac+ap
S| 16 =TI 16 18| =TI 1047
1 1 1 1
lac
More concretely, assume that 1b) €F,s00< a,b,c<1. Then
1
10 —|c+af] lac+ap la{c+aB}
1 —|b+ 3] Lo+ | =1 1 {b+p}
1 1 1
lac
is the coset representative in F' of the image of 1 b ] under S. This de-
1

scription shows that for any a € [0,1) the set
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lac
X, =T 1b||bcel0,1)
1

is invariant under S, and that S restricted to X, is the rotation map
(b,¢) — (b+ B,c+aB) (mod Z?)

on the torus T?. Depending on whether or not 1, 3, a3 are linearly independent
over Q, this restriction to X, may or may not be (uniquely) ergodic. To give
this observation more structure, notice that

1a0
Xo=T 10| H
1
is an orbit of the group
10¢
H = 16| bceRrR
1

These remarks make the following result straightforward to prove (see Exer-
cise [O5.T)).
Proposition 10.5. Let X = I'\G, and let

100
S:rxr—uzx 10
1

for x € X be the rotation defined above, with (3 irrational. Then for any x the
forward orbit {S™x | n > 1} is L for some closed subgroup L C H containing

100
L5,
1

the map S restricted to xL is uniquely ergodic, and in particular the point x
is generic for the unique L-invariant probability measure on xL.

Exercises for Section [10.5

Exercise 10.5.1. Prove Proposition [I0.5
Exercise 10.5.2. State and prove an analog of Proposition 0.5 for the map
130
S:x+—=x 10
1

with [ irrational.
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10.6 The General Nilrotation

In this section we discuss generalizations of the Heisenberg group and their
corresponding nilsystems. The simplest generalization of the Heisenberg group
to higher dimensions is the (2n + 1)-dimensional group

laxy 290 --- x, 2
1 0--0

Hn: Lot . xh”"{[;n,yh...,yn,ZER
10 Yn—1
1y,
1

The group H,,, which is also called a Heisenberg group, shares many properties
with the group G = H; considered in Section [[0.1l For example,

10--- 0 z

C:[Hn,Hn]:CHn: zeR
10
1

is again the commutator subgroup and the center of H,,, and H,, is still a 2-
step nilpotent group.

A different generalization of the Heisenberg group is the (full) upper tri-
angular group

1 a/12 ...... a/ln
1 asgs - aon
U = aijERforj—i21
1 Gp—1,n
1

The group U is an (n — 1)-step nilpotent group in the following sense. The
lower central series or descending central series of any group G is the sequence
of subgroups

G=G>Gap>-->GypD>---

in which Gp,4+1 = [Gy,G], the subgroup of G generated by all commuta-
tors [v,u] with v € G, and u € G, and G is a k-step nilpotent group if the
lower central series of G terminates in the trivial group in k steps. For U, we
find that

ng[U,U]z{e—i—(aij)iﬂaij eRandai‘j:Oforj—i<2},

U3:[U2,U]:{6+(aij)ij |aij€Randaij:Oforj—i<3},
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and so on, ending with U,,—1) = {e}, showing that U is an (n — 1)-step
nilpotent group.
Let

F:{UZG—F(CLU)W‘ |aij€Zbut aij:()forj—i<1};
then I is a lattice in U, and
F:{u:e+(aij)ij|aij€[0,1) but aij:Oforj—i<1}

is a fundamental domain for I" in U.

Now let G be a k-step nilpotent closed linear group, with I" a lattice in G,
and let 7 € G. We can define the transformation Sz = 7 for x € X = I'\G,
and the topological dynamical system (X, S) is called a nilsystem. It turns
out that the quotient map

¢c: G — G/[G,G] =G

from G onto the abelianization G(®P) of G sends I into a lattice in the abelian
group G/[G,G], and GP) takes the form R* x Z*2 for some k;, ks € Ny.
Hence it makes sense to ask whether the rotation map 7' induced by ¢g(7)
on G®P) /¢ (I") = X (@P) is ergodic, and this is characterized by Theorem EI4l

The next two theorems are not needed later and will not be proved here(¥2).

Theorem. In the notation above, the following are equivalent:

T is uniquely ergodic;

T is ergodic with respect to m y (n), the measure induced by Haar measure
on G(@b).

S is uniquely ergodic; and

S is ergodic with respect to mx, the measure induced by Haar measure
on G.

Just as in Section 0.5 the non-ergodic case is also highly structured.

Theorem. In the notation above, let z € X = I'\G. Then there is a closed
subgroup L < G such that the forward orbit closure

{S"z|n>1} =aL

is the closed L-orbit of x, and x is generic with respect to the S-ergodic L-
invariant Haar measure m,, on the orbit zL.

Exercises for Section [10.6!

Exercise 10.6.1. Generalize Theorem [[0.1] to the group H,.

Exercise 10.6.2. Prove Theorem [I0.] for nilsystems on I'\U.
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Notes to Chapter 10

(91)(Page [B3T) The argument we present is a variation of the H-principle intro-
duced by Ratner in a different context, see [300], [301]; see also a paper of Witte
Morris [387].

(92)(Page B39) The first of these may be found in the monograph of Auslander,
Green and Hahn [I0] (which also contains several earlier results in this chapter).
The second theorem follows from more general work of Ratner [306]. More recent
results in this direction have been shown by Lesigne [226], Leibman [223], [224], and
others.
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More Dynamics on Quotients of the
Hyperbolic Plane

In addition to the geodesic flow, whose study we started in Chapter @, we
introduced the natural action of PSLa(R) on X = I'\ PSLa(R). In this chapter
we will study this natural action in more detail. We will show ergodicity(®®) of
the horocycle flow, mixing of PSLs(R), and go on to deduce from the mixing
property of the geodesic flow an “almost unique ergodicity” property for the
horocycle flow, which we will refer to as an instance of rigidity of invariant
measures. Finally, we shall use this together with the ergodic decomposition
to establish equidistribution for individual orbits of the horocycle flow.

In many ways the horocycle flow is complementary to the geodesic flow
considered in Chapter [0l It has already featured in the proof of ergodicity for
the geodesic flow, and this link between the two flows will become stronger in
this chapter, where we will use them alternately to prove stronger and stronger
statements about both flows. We will see that despite this close linkage, the
two flows have fundamentally different dynamical behaviors — indeed they are
in many senses opposite extremes. For instance, as discussed in Section .71
the geodesic flow has an abundance of invariant measures, while (as already
mentioned) we will see that the horocycle flow exhibits rigidity of invariant
measures.

In this chapter we will switch back and forth between a geometric and
an algebraic point of view. For the latter we will consider the slightly more
general setting of quotients of SLo(R) instead of quotients of PSLy(R).

11.1 Dirichlet Regions

In Chapter @ we constructed a standard fundamental domain for the discrete
group PSL2(Z) in the group PSLy(R), and used its geometry to understand the
relationship between the geodesic flow and the Gauss map. Here we present
a generalization(®) of Proposition which will give a description of the
geometry of fundamental domains for other Fuchsian groups. This description
will be needed later in the discussion of dynamics on more general quotients.
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Definition 11.1. Let Z be a locally compact metric space carrying an action
of a countable group I' by homeomorphisms. The action is said to be properly
discontinuous if for any compact set P C Z the set {y € I' | yPNP # &} is
finite. A measurable set F' C Z is a fundamental domain if [’z N F| =1 for
all z € Z. An open set F C Z is called an open fundamental domain for the
action if

(1) if g1 # g2 then g1 ' N goF' = @, and
(2) Uyeg 9t = 2.

Thus, for example, the interior of the set F' in Proposition Q.18 is an open
fundamental domain] for the natural action of PSL, (Z) on H.

Recall from Definition that a Fuchsian group is a discrete sub-
group I' C PSLy(R). Write d for the hyperbolic metric as in Section [@.11

Lemma 11.2. An infinite subgroup I' C PSLa(R) is a Fuchsian group if and
only if its action on H is properly discontinuous.

PRrROOF. If I' is not discrete then we may choose a sequence of elements (g,,)
with g, # eforalln > 1 and g, — e as n — oo. If P is a compact set
containing an open set, then g, P N P # & for all large n, showing that the
action of I is not properly discontinuous.

Conversely, assume that I" is discrete. Then {g € I' | gP NP # @} will be
finite for any compact P if the set B = {g € SL2(R) | gPNP # @} is compact.
(This follows easily from Exercise[0.2.2] but we give a concrete argument here
which effectively solves it.) Since the set P is compact, B is certainly closed,
50 it is enough to show that B is a bounded set in SL2(R) when viewed as a
subset of R*.

By compactness, there are constants R,e > 0 such that every w € P

has |w| < R and S(w) > e. It follows that if g = (ZL Z) € B (and so gz € P for
some z € P), then gjig‘ < Rand & (gjig) = % > ¢ by equation (Q.13)).
Thus ) R
lez +d* < =S(2) < =
€ €
and
R3

laz + b]* < R*|cz 4+ d|* < —.
5

Since z belongs to some fixed compact subset of H, this readily implies that
the coefficients in the matrices of B lie in a bounded subset of R*. (I

* Just as in the discussion after Proposition we will be interested in cases
where I does not differ from a fundamental domain F’ too much. In the case we
will consider we will only need to take the union of F' with some subset of the
lower-dimensional boundary OF to obtain F’.
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Definition 11.3. Let I' be an infinite Fuchsian group, and let p € H be a
point not fixed by any element of I' other than the identity. Then the set

D =D(p) ={z € H|d(z,p) <d(z,7p) for all v € I"{e}}
1s called a Dirichlet region for I'.

Notice that Dirichlet regions always exist; since a Fuchsian group is count-
able and any non-trivial element can only fix at most two points in C (indeed,
at most one in H), there must be points in H not fixed by any non-identity
element. Moreover, a Dirichlet region is the intersection of the hyperbolic half
planes

{zeH|d(z,p) <d(z,7p)}
for each v € I'™N{e} (see Lemma [IT.4] for a justification of the terminology).

Lemma 11.4. For any v € PSLy(R) the open set

Dy ={zeH|d(z,p) <d(z,7p)}

is the connected component of HNL, containing p, where L~ is the geodesic
in H defined by the equation

d(z,p) = d(z,7p).

It follows that a Dirichlet region is connected and convex in the sense that the
hyperbolic geodesic path joining any two points in D lies entirely inside D.

Proor. To see that L, is a geodesic and the description of D, is valid,
notice that both depend only on the points p and yp. We may apply an
isometry g € PSLa(R) to map those two points to —r+1i and r+1i respectively;
choosing r suitably we can ensure that d(—r+1i,7+1) = d(p, yp), and then the
existence of g follows from Proposition However, the set of points in H
equidistant from the points —r+1i and r+1 is precisely the upper half of the y-

axis. Clearly, D, is convex (which is again easily seen in the case p = —r +1
and yp = r+i) and the intersection of convex sets is again convex. Therefore D
is convex as claimed. O

Lemma 11.5. Any Dirichlet region for an infinite Fuchsian group I' is an
open fundamental domain for the action of I' on H. The boundary of a Dirich-
let region is made up of geodesic segments contained in geodesics defined by

L,={z€H]|d(z,p) =d(z,7p)}

for v e I'{e}.
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PROOF. Let D = D(p) be a Dirichlet region. Since the action of I" is properly
discontinuous by Lemma [I1.2] we have that for any z € H there are only
finitely many v € I'" with

d(vz,p) < d(z,p) + 1,

say vi,...,%n. Note that for 2 € Bj/y(2), this list of elements will include
those v € I" for which d(yz’,p) < d(2/, p). In particular, there is some w € I'z
with

d(w,p) <d(vz,p) =d(z,7"'p)

for all v € I'. Without loss of generality, assume that z = w. If z € D then a
point 2z’ close to z belongs to D, N---N D, by Lemma [IT4] so that 2’ € D
and hence D is open. If z ¢ D then z belongs to some of the boundaries of
the sets D.,,...,D,, — assume that

2€Ly,N---NLy, ND,  N---ND,.

Then by Lemma[[T 4 the geodesic path ¢ joining z to p will have ¢(0) = z ¢ D
but ¢(t) € D for t € (0,1], so z € D.

To see property (1) of Definition [T.0] assume that points z and w in D
have z = yw for some v € I"™\{e}. Then

d(w,p) < d(w,y"'p) =d(z,p)

and
d(z,p) < d(z,7p) = d(w,p),

which is a contradiction. O

As before, we write .
H=HUJH

for the union of H with its boundary 0H = R U {co}.

Let D be a subset of H. We will also sometimes write 98D and D for
boundaries and closures taken in the set H. Given a finite set of points in H, we
can define a convex polygon by successively taking points on geodesic paths
connecting two vertices or points obtained earlier. The smallest set of points
that can be used to define a given polygon is the set of vertices. Alternatively,
given a unit-speed parametrization of a subset of 0D, we will refer to the
points where the parametrization is not locally along a geodesic as vertices

of D. Moreover, any point of D" N OH will be called a vertex also.

Lemma 11.6. The boundary of a Dirichlet region 0D is the union of at most
countably many connected components. Each connected component of 0D is
the image of a piecewise geodesic path ¢ : R — H. FEither D is a conver
polygon and this path periodically traverses 0D, or any such path connects
two (not necessarily distinct) points of (vertices of D in) OH.
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PrOOF. Fix some R > 1 and write Bg for the hyperbolic ball of radius R
around p, the chosen point defining D. Then we may find finitely many el-
ements v = I,71,...,7 € I such that if z € Br and v(z) € Bgr for
some v € I' then v = ~; for some 4,0 < i < n (since the action of I" is
properly discontinuous). This implies that

DN By = ﬂD%ﬂBR
=1

and

n
(D) N Br = <a N D%) N Bg.
i=1
It follows by induction on n that (_, D, can be described as in the lemma.
If for some R > 0 we have D C By then D =()._, D., is a convex polygon.

If not, then letting R — oo (increasing n as needed) we see that for every R
the boundary (90D)N Bp, is as claimed. Notice that as R increases, the number
of connected components of (0D) N Br can increase (when a new D., is
needed to describe DN By and its boundary does not connect to the previous
boundary pieces) or decrease (when the boundary pieces contained in some L.,
and some L, connect).

Fix some z € 0D and let ¢ be a piecewise geodesic parametrization of the
boundary component of ()_; D., normalized to have ¢g(0) = z. As R —
the paths ¢r converge to some path ¢ — indeed for fixed ¢, ¢r(t) = o(t)
when R is sufficiently large. After applying some isometry we may assume
without loss of generality that z = i, part of the boundary of D is a segment in
the imaginary axis, and D C {z | R(z) > 0} (see FigureIT.I]). Then it follows
that R (¢(¢)) is eventually monotone, both for ¢t — oo and for t — —o0.
Therefore, the limits lim; . ¢(#) and lim; . ¢(¢) taken in H exist and
belong to OH. O

Fig. 11.1. A possible (and representative) scenario in the proof of Lemma [[T.6]
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As mentioned above, the sides of a Dirichlet region are segments of
geodesics. A much less obvious result is that a Dirichlet region for a lattice
in PSLo(R) is in fact a hyperbolic polygon.

Theorem 11.7. A Dirichlet region for a lattice in PSLa(R) has finitely many
sides. That is, it is a convex hyperbolic polygon.

Before proving this result, we show how the hyperbolic area form from
Lemma [0.16] gives a simple classical formula for the hyperbolic area of a poly-
gon (a region bounded by finitely many geodesics).

Proposition 11.8. [GAUSS-BONNET FORMULA] Let P be a hyperbolic n-
sided convex polygon in H with n > 3 wvertices in H, with angles o, ..., ay at
the n vertices. Then the hyperbolic area of P is

(n—=2)m— (a1 4+ ap).

Here we measure angles between geodesics intersecting in H using the inner
product at the intersection point; equivalently this is the angle in C between
the circles (one of which might be a line) at the intersection point. For a vertex
in OH we set the angle to be zero since the circles are tangential there.

PrOOF OF PROPOSITION [IT.8 Assume for the purposes of an induction that
the formula holds for all polygons with no more than (n — 1) sides, and let P
be a polygon with n sides as in the statement of the lemma. By cutting off
one triangle T' (see Figure [T.2)) to leave an (n — 1)-gon @ we see that

Area(P) = Area(Q) + Area(T)
=n=3)1— (1 +-+an3+ (an—2—PF)+ (an-1— 1))
+m — (b1 + B2 + an)
=Mn-2)1— (a1 + -+ an),

showing that the result reduces to the case of a triangle.

Fig. 11.2. Decomposing a hyperbolic n-gon into a triangle and an (n — 1)-gon.
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It is therefore enough to show that the formula holds when n = 3, so let T'
be a triangle with angles a1, o, 3. If T has a vertex z; at infinity (this means
the corresponding angle is zero), then we may apply a suitable transformation
from PSLs(R) to place the other two vertices on the unit circle (Lemma .16
shows that such a transformation preserves area) obtaining the triangle shown
in Figure Then

cos(ag) o dy
Area(T) = / (/ —2) de =7 — (a2 + ).
cos(m—a) Vi—zZ Y

zZ1 = 00
a1 = 0
a2

22 a3

z3

Fig. 11.3. A hyperbolic triangle with one vertex at infinity.

Now assume that all three vertices lie in H and assume without loss of
generality that z; and zo do not have the same real part. Continue the geodesic
through z; and z3 to meet the real axis at w (a point at infinity), as shown
in Figure T4l Then the triangle z;z3w has interior angles m — ay, 3,0 while
the triangle zoz3w has interior angles as, a3 + 3, 0.

Thus
Area(z12923) = Area(zaz3w) — Area(z123w)
=7~ (ar a5+ B) — (7~ (x o+ B))
=7 — (a1 + a2+ asz),
showing the formula holds for a triangle. O

PrROOF OF THEOREM [II.7l Recall that the Haar measure on PSLy(R) is
(under the isomorphism to T'H) given by
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w

Fig. 11.4. A hyperbolic triangle with all vertices in H.

1
dm = — dzdydb,
Y
where 6 € [0, 27) corresponds to the angle of the unit vector, and
1
dA = — dzdy
Y

is the hyperbolic area form (see Lemma and Proposition [@0.T9). This
shows that a Dirichlet region D = D(p) (which is a fundamental domain by
Lemma [[TH) for a lattice I' must have finite hyperbolic area.

Recall that the interior angle of a vertex at infinity is zero. We claim
that the Gauss—Bonnet formula (Proposition IT.8) shows that the number of
vertices at infinity cannot exceed 1 Area(D) + 2, and in particular is finite.
For if we had more points on the closure of D (taken in H) that lie on OH
we could take such points zi,..., 2, with n > %Area(D) + 2 and consider
the convex polygon P generated by them. By the Gauss-Bonnet formula we
have Area(P) = (n —2)m > Area(D). To obtain a contradiction, approximate
each z; by some w; € D, so that the resulting polygon ) generated by the w;
will satisfy @ C D by convexity of D and have Area(Q) > Area(D), which is
impossible. Below we will ignore the boundaries for arguments like this one,
and simply say that P is essentially contained in D.

We proceed by again using the Gauss-Bonnet formula to describe the
boundary 0D of D that is contained in H. For example, it follows that the
boundary of D lying in H can only have finitely many connected components.
Let C be one of the finitely many connected components of dD. Pick an
arbitrary point in C and a direction. Let x1,zs,... be the vertices in C along
that chosen direction, and let wq,ws, ... be the corresponding internal angles.
Of course we would like to show that there can be only finitely many vertices.
As a first step towards this, we claim that all but finitely many of the angles
must be close to . That is, 0D is almost straight at most of its vertices.

Write T}, for the triangle with vertices zy, k41, p and write ag, Ok, e for
the respective internal angles as shown in Figure Thus wi = Br—1 + ok
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Fig. 11.5. A connected component C' of 9(D).

for 1 < k. Since D is convex, for any n the triangles T1,...,T,_1 all lie
essentially in D and are essentially disjoint, so

n—1 n—1
Z Area(Ty) = Z m— (o + B +€k)
k=1 k=1

n—1 n—1
:W_Oél_ﬁnfl‘FZ(Tr_wk)_ZEk
k=2 k=1

< Area(D) < 0.

Now the angles e are those for disjoint arcs at p, and so Zz;ll € < 2.
Therefore

n—1
Z(w —wg) < a1 + Bno1 + 7+ Area(D)
k=1
is uniformly bounded. This establishes our claim. In particular, it follows that
we can only have
(7T — wk) >

INE

for finitely many k, so
|{k | wr < 22} < o0. (11.1)

Since we have already established that there are only finitely many connected
components of 9D this holds across all vertices of 9D. We will now use this
claim twice to establish that there are only finitely many vertices.

We show next that any vertex of D has only finitely many other vertices
of D in its I'-orbit. Choose a vertex xy of D in H, let ywxr = zg, Vork, ...
(with vy =1, v; € I', and v,z # ;x5 for i # j) be the vertices of D that lie
on the orbit of x; under the action of I', and let the internal angles of D at
these vertices be 01,02, . . ..

For any j > 1, xj is a vertex of 7;1D with internal angle §;. The sets
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D=~'D,v'D,...

are pairwise disjoint since the Dirichlet region D is an open fundamental
domain by Lemma [IT.5 Hence

01+ 0o + -+ < 27 (11.2)

It follows from equation (II]) that the number of vertices

Tk = V1Tk, V2Tky - - -y YnTk

on the I'-orbit of x;p must be finite.

We finish the proof by showing that every class of these finite subsets of
orbits described above has to contain at least one vertex whose internal angle
is smaller than 2% < 3T. Together with the bound (III) this then implies
that there are only finitely many vertices of D.

To do this, choose again a vertex zy, let v1,...,7, be as above, and let

Iy ={yel'|yz, =1}

be the stabilizer of x; in I'. The group I}, is conjugate to a discrete subgroup
of the compact group PSO(2) and so must be finite. Using I, we now refine
equation (IT.2) as follows. The images of D under the action of I" which
have ) as a vertex are precisely those of the form v, 'D for all v € I},
and 1 < ¢ < n. Since D is a fundamental domain, these are all disjoint and
together they essentially cover a neighborhood of zy, so

ITu|(5y + -+ + 6,) = 2,

Since 0 < 0; < 7 for 1 < j < n, we must have n > 3, and hence 0; < %’r for
some j. As explained above, this implies the desired statement. 0

The geometry of a Dirichlet region for a lattice detects whether or not the
lattice is uniform.

Lemma 11.9. A lattice I' C PSLy(R) is uniform (that is, I'\ PSL2(R) is
compact) if and only if every vertex of any Dirichlet region for I' lies in H
(that is, has compact closure).

PrOOF. Let D be a Dirichlet region for I'. If the boundary of D lies in H,
then the closure of D is a compact subset of H. The compact subset

F = {g € PSLy(R) | g(i) € D}

then maps continuously onto I'\ PSL2(R), so I" is uniform.

Conversely, assume that I" is uniform. By Proposition there is, for
every € X a neighborhood B (z) which is the isometric image of the
neighborhood BY(g) where x = I'g. By compactness of X = I'\ PSLy(R)
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there is a finite subcover of the open cover defined by the set Bf:T(w)(:zr),
and so there exists some bounded subset B C PSLg(R) which maps onto X.
Let p € H be not fixed by any non-trivial element of I', and let D = D(p)
be the Dirichlet region defined by p. Then for any z € H there is some g €
PSLy(R) with g(p) = z, some v € I with v¢g € B, and hence v(z) € B(p).
By the argument in the proof of Lemma (that is, the properness of
the PSLy(R)-action on H), the set B(p) C H has compact closure. It follows

that the vertices of D lie in H. O

Let D be a Dirichlet domain for a lattice I" in PSL2(R). Points of the
closure of D taken in H that belong to OH (that is, those that are elements

of ﬁHﬂaH) are called cusps. Thus, for example, if I" = PSLy(Z) then oo € 9H

is a cusp. More precisely, if there are several points in D" NOH then we identify
points on the same I'-orbit (for the natural action of I' C PSLy(R) on 9H = R)
— cusps are then the equivalence classes. We will see an example where this
distinction is important in the next section.

Exercises for Section I1.1]

Exercise 11.1.1. Show that a lattice in PSLy(R) is finitely generated. Hint:
Choose a Dirichlet region D for the lattice, use Theorem [IT.7 to show that
there are only finitely many elements v with D NyD # @, and finally show
that these elements must generate the lattice.

Exercise 11.1.2. Show that the fundamental domain for PSLy(Z) in PSLy(R)
constructed in Section [3.4]is a Dirichlet domain.

11.2 Examples of Lattices

In order to avoid the impression that PSL2(Z) is the only interesting lattice
in PSLy(R), in this section we will discuss some other lattices.

Notice first that the canonical map SLa(R) — PSL2(R) = SLo(R)/{+1>}
is two-to-one and the push-forward of the Haar measure on SLy(R) under
this map gives the Haar measure on PSLy(R). As before, we may identify
the Haar measure on PSLy(R) with the measure m described in Section
(which we use to normalize the measure on SLy(R)). It follows that we can
determine whether a discrete subgroup of SLo(R) is a lattice by analyzing
a fundamental region for its action on H. In particular, it follows that any
lattice in PSLy(R) gives a lattice in SLo(R) by taking the pre-image under
the map SLy(R) — PSLa(R).
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11.2.1 Arithmetic and Congruence Lattices in SL2(R)

Notice that any discrete subgroup of SLs(R) which contains a lattice is itself
a lattice. Moreover, a finite-index subgroup A of a lattice I is also a lattice,
since in this case the union of finitely many copies of a fundamental domain
for I' will form a fundamental domain for A. A principal congruence lattice

of SLa2(R) is a discrete subgroup of SLa(R) of the form

r(N) = {<Z2> €SLy(Z) [a=d=1,c=b=0 (mod N)}
for some N > 1. A congruence lattice is a lattice that contains a principal con-
gruence lattice. A discrete subgroup A with the property that ANSLs(Z) has
finite index in both A and in SLy(Z) is called an arithmetic lattice of SLa(R)
(equivalently, a lattice is called arithmetic if it has the property that ANSLy(Z)
is also a lattice).

We note that there are other arithmetic and congruence lattices that are
not constructed from SLy(Z) but from other types of integer lattices (see also

Exercise [T.6.3).

Ezample 11.10. The subgroup I'(2) described above has index 6 in SLo(Z)
since SLy(Z)/I'(2) = SLy(F2) has order 6. The subgroup

() = {(‘CL Z) €SLy(Z) | ¢=0 (mod 2)}

is a congruence lattice of index 3 in SLy(Z). The index may be seen by applying
the orbit-stabilizer theorem to the natural linear action of SLa(Z) on the vector

space F3; I(2) is the stabilizer of ((1)) € F3, which has an orbit of size 3.

11.2.2 A concrete principal congruence lattice of SL2(R)

Let D be the convex 4-gon spanned by the points —1,0,1,00 € JH as in
Figure [L1.0l

Lemma 11.11. The image of the lattice I'(2) (cf. Example[ITI0) in PSLa(R)
is freely generated by ((1) ?) and (; (1)), and D (as in Figure [[1G]) is its
Dirichlet domain for the point p = 1i.

The proof that I'(2) /{£1} is a free group is based on a simple version of the
so-called ping-pong lemma. Notice that the fact that I'(2) is a lattice with D
as its fundamental region in H can also be deduced from Proposition [0.I8 by
analyzing I'(2)\ SLz(R). We will give an independent proof here.
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D
-1 0

1

Fig. 11.6. The convex polygon D.

FA—I* FA*

FB—l* FB*

-1 0 1

Fig. 11.7. Connected components of H\ D.

ProoFr or LEMMA [IT.T1l We begin by analyzing the action of A = ((1) ?)
10
21
connected components of H\D, labeled as in Figure [1.7.

A calculation shows that

and B = ( ) on H with respect to the partition of H into D and the four

A(HNFy1,) C Fae, A7V(HNFAL) C Faony (11.3)
since the action of A on H is given by A(z) = z + 2. Similarly,
B (H~Fg-1,) C Fp., B '(H\Fg.) C Fg-1,. (11.4)

This can be checked either by calculating the images of the geodesics (which
may be done by finding the images of the end points of the geodesics in OH)
under B and B~!, or by conjugating with <(1) _01

tion (IIA4) to the case of equation (IT3).

Now let w = A% B9t A" B72 ... A'm Bf be any reduced word in the genera-
tors A and B of I, ;. We claim that the image w(D) of D uniquely determines
the exponents ig, ji, %1, 2, - - -, im, £ € Z, which implies that the group (A, B) is

>, thereby reducing equa-
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freely generated. To prove the claim it is sufficient to show that w(D) C Fy+1,
if and only if the reduced word begins on the left with a positive power of A*!
respectively, and similarly for B. For words of length one (that is, for the gen-
erators A, B and their inverses), this follows from equation (IL3) and equa-
tion (IT4). Using these equations again in an induction argument then proves
the claim.

By the Gauss—Bonnet formula (Proposition[[T.8)) the four-gon D has finite
volume. We claim that D is a Dirichlet domain in H for the action of (A, B).
Note that the vertical line # = —1 (or = 1) coincides with the line L, in
Lemma where v = A~! (or v = A respectively) for the point p = i.
Similarly, one may check that the other two geodesic boundaries of D are of
the form L. for suitable . It follows that D is contained in the Dirichlet
domain for (A, B) and p = i. Moreover, the argument above shows that no
two interior points of D are images of one another under the action of (A, B),
so D is the Dirichlet region as required.

It remains to show that A, B and —I together generate I'(2). This may
be seen by the following version of the Euclidean algorithm. Let

v = <i Z) er(2).

Notice that a is odd, c is even,

((1) i) (ccz Z) _ <at2cbtl2d) | 1s)
G (1)) (Ccl Z) - <c—f2a d—f%) ' (11.6)

/AN,
If |a] > || then equation (T3] can be used repeatedly to find A"y = <ac Z)

with |a'| < |¢|. If |¢| > |a| then equation (ILG) can be used repeatedly to

find B"vy = (g, b

J with |¢/| < |al. Iterating these two cases shows that there

is an element C' € (A, B) such that Cy = < b> with a = +1 and b even.

a
0d
Clearly d = a, and so Cy = A?(al) as required. O
11.2.3 Uniform Lattices

In this section we outline two constructions of uniform lattices in PSLy(R).

Lemma 11.12. There is a uniform lattice in PSLy(R).
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In the proof a convex n-gon will be called regular if all of its interior angles
are equal and all its sides have the same length.
SKETCH PROOF OF LEMMA [II.T2 First notice that there is a regular four-

gon D for which all of the internal angles are equal to 5. To see this, draw
two geodesics intersecting at i in a normal angle, and consider the four points
on this pair of geodesics at distance ¢ from i. For small values of ¢, the area of
the regular four-gon spanned by these points is small, and the internal angles
are close to % (these are equivalent statements by the Gauss-Bonnet formula
(Proposition [[T.8))). As ¢ — oo these angles converge to zero, so for some ¢
they must be equal to % (it is clear that the angles vary continuously in ).
In Figure [T this is visualized in the disc model®® of H, which is obtained
from H by applying an inversion with respect to a circle outside H but tangent

to OH (for example, the map H 3 z — - € C).

-
.

Fig. 11.8. A regular polyhedron and a tiling in the ball model for H.

Now notice that 6 copies of D that are isometric under the action
of PSLy(R) can be put together edge-to-edge to cover a neighborhood of one
of their vertices. By iterating this, we obtain a tiling of H by tiles isometric
to D. That is, we end up with countably many isometric images of D with the
property that any two of the images intersect either in one of the sides, or in
one corner, or not at all. Notice that the same tiling can be constructed from
any of the copies of D in the tiling by placing new copies of D edge-to-edge
to already existing copies.

Now consider the group I" of all matrices in PSLy(R) that map the tiling
onto itself. It is clear that I is discrete since the set of vertices of the copies
of D in the tiling forms a discrete subset of H and must be mapped onto itself
by I'. Finally, any copy of D in the tiling can be mapped to any other by
some element of I'. It follows that D contains a fundamental region and so I’
is a uniform lattice. O

Another construction of co-compact lattices I" C SLa(R) comes from the
uniformization theorem®%) which states that any connected Riemannian sur-
face is a quotient of H or of C, or it has a bijective holomorphic map to the
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Riemann sphere C. Moreover, if the surface has genus two or more, it must
be a quotient I'\H. Thus it is enough to construct some Riemann surface of
genus two, and one way to do this is illustrated in Figure [[1.9]

AN

Fig. 11.9. A Riemann surface of genus two.

The Riemann surface is constructed by gluing the big circles labeled A
together via the holomorphic inversion on the circle followed by the correct
translation, and similarly for the smaller circles B and C. Strictly speaking,
the manifold is defined by two charts which are small neighborhoods of the
regions between the big and small circles and the chart maps. This produces a
surface that topologically can be viewed as the surface of a three-dimensional
body in the shape of a figure eight.

Another arithmetic construction of uniform lattices in SLy(R) will be dis-
cussed in Exercise

Exercises for Section [11.2

Exercise 11.2.1. Show rigorously that the tiling used in the sketch proof of
Lemma [[T.12] exists.

Exercise 11.2.2. Show that the Hecke triangle group G, for n > 3, generated

by
0—1
5=(19)

12cosZ
n=(o"77)

is a non-uniform lattice in SLo(R). Find the associated Dirichlet region for
the point p = 2i.

and

Exercise 11.2.3. This exercise shows how to contruct uncountably many
non-conjugate lattices. Fix a parameter x € (—1,1), and let

(D6
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The matrix V, acts on C via Mobius transformations as in equation (@1I);
verify that V() = « for any ¢,. Now add the requirement that V,(—1) = 1,
and check that this uniquely determines ¢, in terms of x.

L 2> and V;, is a lattice in SLa(R),

(a) Prove that I, the group generated by <O 1

freely generated by <(1) %) and V;, and show that the domain illustrated in
Figure is a fundamental domain for I',.

—1 T 1
Fig. 11.10. A fundamental domain for I;.

(b) Calculate the trace of the element

vy=V <(1)§>€Fx,

and deduce that I\ SL2(R) contains a periodic orbit, say of Iyg, for the
geodesic flow associated to v in the sense that yg = ga for some diagonal
element a. Express the length of the period as a function of x.

(c) Show that for any lattice I' C SLo(R) there are only countably many
periodic orbits for the geodesic flow on I'\ SLa(R).

(d) Show that if I'Y = gI'g~! is the conjugate of a lattice I C SLy(R) by
some element g € SLy(R), then the sets of lengths of the periodic orbits
on I'\ SL2(R) and on I'%\ SLy(R) agree.

(e) Deduce that SLy(R) has uncountably many non-conjugate lattices.

11.3 Unitary Representations, Mautner Phenomenon,
and Ergodicity

The “Mautner phenomenon” has its origins in his study of geodesic flows [257].
The phenomenon refers to situations where invariance of an observable (a
function) along orbits of one flow implies invariance along the orbits of certain
transverse flows(®”). An instance of this has already been seen in the proof of
Theorem
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11.3.1 Three Types of Actions

For any discrete subgroup I' < SLy(R), the geodesic flow is defined on the
space X = I'\ SL2(R) by

_ et’2 0
Ry, (2) = wa, t=u ( 0 et/2>

for x € X and t € R. The stable (and analogously unstable) horocycle flow is
defined by

Ry-(o)(x) = zu~(—s) = 2 ((1) ‘18)

for x € X and s € R. This represents a unit-speed parametrization of the
stable manifold of the geodesic flow g;.

b on ]

Fig. 11.11. The action of the horocycle flow.

Taken together, the subgroups

{7 e
{9

contain representatives of all but one type of element of SL2(R) in the following
sense. Recall that group elements g1, g2 € G are said to be conjugate if there
is some h € G with g; = hgah™?!, and recall also the group SO5(R) defined in
Lemma

and

Lemma 11.13. Every g € SLa(R) is conjugate to an element of £A, £U ™,
or SO2(R).

Proor. If g € SLo(R) is diagonalizable over R, then it is conjugate to an
element of A or —A; if it is diagonalizable over C but not over R then it is
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conjugate to an element of SO5(R). In fact the two eigenvalues must be A\, A~!
for some A = ¢!, and so in the right basis the matrix is a rotation by 6. If g
is not diagonalizable, then it can only have one eigenvalue A\, which must
satisfy det(g) = A2 = 1. It follows that the Jordan normal form of either g
or —g belongs to U ™. 0

Lemma is useful because of the following result.

Lemma 11.14. Let I' < G be a discrete subgroup of a closed linear group.
Suppose that go = hgih™"' for g1,92,h € G. Then the maps Ry and Ry,
on X = I'\G are conjugate via Ry. In particular, if I' is a lattice, then
the measure-preserving systems (X, Bx,mx, Ry, ) and (X, Bx,mx, Ry,) are
conjugate (measurably isomorphic).

Proor. This is clear since Ry, = Ry Ry, R,:l, and if I" is a lattice then R,
preserves the finite measure my. 1

Thus the study of the dynamics of elements of SLy(R) on X reduces to
three cases (ignoring the possibility of a negative sign), namely:

e diagonalizable elements (that is, those elements with a conjugate in A),
which are called hyperbolic;
elements conjugate to an element of U™, called parabolic; and
elements that are conjugate to an element of SO(2), called elliptic.

Since the latter group is compact it exhibits litt1dd interesting dynamics. For
example, the ergodic measures for the SO(2)-action are precisely images of
the Haar measure mgo(2). More precisely, consider a point x € X and the
map

¢2(9) = Ry(x) = g™

for g € SO(2). Then (¢.), (Mgo(2)) is an ergodic measure for the SO(2)-action
for which the resulting measure-preserving system is a factor of the action
of SO(2) on itself. These are all of the ergodic measures (see Exercise [T.31]).
This shows that we have to exclude elements of SO(2) in the discussion of
ergodicity.

11.3.2 Ergodicity

Theorem 11.15. Let I" < SLa(R) be a lattice, and write X = I'\ SLa(R).
Let g € SLa(R) be an element that is not conjugate to an element of SO(2).
Then R, acts ergodically on (X, Bx, mx).

* There are nonetheless interesting dynamical properties of compact orbits (for
example, one can ask about the behavior of compact orbits under translation by
other group elements), but they are not relevant to the discussion in this chapter.
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As discussed above, we have to consider two cases, namely (after replac-
ing g by g2 if necessary) elements of A and elements of U~. Even though we
already dealt with the former, we will give here a different proof covering both
cases using the language of unitary representations.

Definition 11.16. Let G' be a metrizable group and let 7€ be a Hilbert space.
An action Gx 3 — 7 of G on J is a unitary representation if every g € G
acts unitarily on F and for every v € A the map g — g(v) is continuous
with respect to the metric on G and the norm on .

Lemma 11.17. Let X be a locally compact metric space, and let i be a prob-
ability measure on X. Assume that G is a metrizable group that acts contin-
uwously on X (see p.[229) and preserves the measure . Then the action of G
on Li(X) defined by g : f — fog~! is a unitary representation.

In particular, this lemma may be applied to the right action on X = I'\G
where I is a lattice in a closed linear group G and u = mx is the Haar
measure.

The induced action on L2 (X) may also be written (g(f)) (x) = f(zg); we
avoid the usual notation for the unitary operator associated to a measure-
preserving system to avoid confusion with the distinguished subgroups U®.

Proor or LeEmMMA [[IT7 Since every g € G preserves u, we already know
that f +— g¢(f) is unitary on Li(X ). All that remains is to check the continuity
requirement, and this follows from the more general result in Lemma R7 O

Since ergodicity of an action is characterized by the absence of invariant
functions in L2 (the space of square-integrable functions with integral zero)
(see Chapter 2] and Exercise in particular), the following proposition
(Proposition [TI8) will become useful in our non-commutative setting. In a
metric group G with a left-invariant metric dg, write

B§ =B§(I) ={g € G|da(g,I) < 6}

for the metric open ball of radius § > 0 around the identity, and B (h) = hBY
for the metric open ball of radius § around h € G. The following simple but
powerful argument is due to Margulis [249].

Proposition 11.18. Let s be a Hilbert space carrying a unitary represen-
tation of a metric group G. Suppose that vo € J is fived by some sub-
group L € G. Then vy is also fized by any other element h € G with the
property that

BS(h)NLBSL # @

for every § > 0.

In particular, this proposition applies in general for an element g € G
(with L = ¢g%) and elements h contained in its stable horospherical subgroup
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Uy ={heG|g"hg™™ — I asn — oo}
or its unstable horospherical subgroup
Uf={heG|g"hg ™ — I as n — —oo}.

As mentioned just after Theorem [T.TH this gives a simple (and less ge-
ometric) proof of Theorem @21 If f € L? (X) is Ry-invariant, then by
Proposition [T.1§ it is also RU; and R;+-invariant. In the case

g

g =a: € G =SLy(R),

the subgroups U, = U™ and U;‘ = U™ generate all of SL2(R), so the func-
tion f is SLy(R)-invariant and therefore equal to a constant almost every-
where. Note that here the invariance is always understood in L?(X), while in
the proof of Theorem on p. we worked with concrete points.
Summarizing the discussion above gives the following more general result.

Corollary 11.19. Let I' < G be a lattice in a closed linear group and let X
be the homogeneous space I'\G. If g € G has the property that G is generated
by U, and U(;r then R, is ergodic with respect to the Haar measure mx.

ProoF or ProOPOSITION [[T.18 Without loss of generality we may assume
that ||ug|] = 1. We define the auxiliary function (a so-called matriz coefficient)

p(h) = (h(vo), vo)

for h € G. Notice that by the continuity requirement in Definition [T.10 p(h)
depends continuously on h. Moreover, for g1,92 € L and h € G,

p(g1hg2) = (g1h(g2(v0)), v0) = (h(v0), 91 ' (v0)) = p(h) (11.7)

(since vy is fixed by g1,92 € L). Now h € G acts unitarily, so ||h(vo)]| = 1. We
claim that p(h) = 1 implies h(vg) = vg. This may be seen as a consequence
of the fact that equality in the Cauchy—Schwartz inequality | (v, w)| < ||v]|||w]|
only occurs if v and w are linearly dependent.

Now let h € G be as in the statement of the proposition, and choose
sequences g, — e (the identity in G), (¢,) and (¢/) in L with

Ungnly, — h
as n — oo. Then, on the one hand, by equation (II7) we have
P(lngnty) = p(gn) — p(e) = |lvol* =1

as n — 00, while on the other

p(lngnty,) — p(h)
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as n — oo by continuity. It follows that p(h) = 1, and so h(vy) = vg by the
claim above.

O

The proof of Theorem would be easier if we were only interested

in proving ergodicity of the horocycle flow, rather than of a single element.
This distinction becomes important in equation (L8]), where we would in
the former case be free to make the top right-hand entry in the final matrix
vanish. In fact the case of the full horocycle flow is the only case that we will
need later.
Proor ofF THEOREM [[I.I5 By Lemmas and [[T.I4 it is enough to
consider the cases g = a; for some t # 0 and g = u, for some s # 0. The
case g = ay is covered by Corollary So let ¢ = wu; (notice that in
this case Corollary tells us nothing since U = U:; = {L5}). Sup-
pose that f € Lfnx (X) is invariant under g. We are going to apply Proposi-
tion IT.I8 For m,n € Z,

n m 1 ns 10 1 ms
he = g"ulg _<0 1)<51) (0 1)

B (1 + nse (1 4 nse)ms + ns>

€ 1+ mse (11.8)

For small € we may choose n so that 1 + nse is close to 2, specifically so that

[(1+nse) —2| < se.

Now choose m with ’ms + D5

Trose| < 1,80 that

[(1+ nse)ms + ns| < 3.
Let ¢ — 0 and choose a subsequence for which the matrix h. converges to

h = (3 1) (11.9)

2

for some r, |r| < 3. For any ¢ > 0 we can choose € > 0 so that
he € B (h) N g"B§ g%,

so by Proposition [[T.1§ we see that f is invariant under Rj. Since h is conju-
gate to an element of A, the theorem follows from the previous case. O

11.3.3 Mautner Phenomenon for SL3(R)

Examining the abstract arguments above suggests a general principle. This
principle, first discovered and exploited in a geometric context by Maut-
ner [257], was generalized by Moore [260] to the unitary setting.
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Proposition 11.20. Let 5 be a Hilbert space carrying a unitary represen-
tation of SLa(R). Let g € SLa(R) be an element that is not conjugate to an
element of SO(2). Then any vector vg € F that is fized by g is also fized by
all of SLa(R).

In ergodic theory this theorem gives a surprising corollary regarding the
hereditary behavior of ergodicity. Notice that whenever a group G acts by
measure-preserving transformations on a probability space, the same holds for
any subgroup H C G. However, if the G-action is in addition ergodic, there is
no reason to expect the H-action to be ergodic, since we expect more functions
to be invariant under the action of the smaller group (see Exercise B2 for an
abelian example of this). Nonetheless, by combining Proposition with
Lemma [[TT7 we get the following corollary for SLy(R).

Corollary 11.21. Let X be a locally compact metric space with a Borel proba-
bility measure u, and suppose that u is ergodic for a measure-preserving action
of SLa(R). Then any element of SLa(R) that is not conjugate to an element
of SO(2) acts ergodically.

PROOF OF PROPOSITION The proof is virtually the same as the proof
of Theorem [[T.TH An element g € SLy(R) that is not conjugate to an element
of SO(2) is either conjugate to an element of A or to an element of U . In the
former case we can apply Proposition [TI8for g, any h € U~ and any h € U™
to conclude that vy is fixed under (U~,U") = SLy(R). In the latter case we
proceed as before, using the matrix calculation in equation (IT.8) and Propo-
sition to see that vy is fixed by some element h as in equation (IT.9),
placing us back in the first case. 0

Exercises for Section [11.3l

Exercise 11.3.1. For any point € X = I'\ SL2(R), define a map
¢z :S0(2) - X

by ¢2(9) = Re(x) = zg~! for g € SO(2). Show that (¢;), (mgo(2)) is an
ergodic measure for the SO(2)-action on X, for which the resulting measure-
preserving system is a factor of the action of SO(2) on itself. Show that any
ergodic measure for the action of SO(2) is of this form.

Exercise 11.3.2. State and prove a generalization of Proposition [[1.20 to
unitary representations of SL3(R) (and, more generally, to SL4(R) for d > 2).
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11.4 Mixing and the Howe—Moore Theorem

Using ergodicity of the horocycle flow we can now improve our understanding
of the dynamical properties of the action of SLy(R).

We say that a square matrix M € GLy(R) is unipotent if (M — I)* = 0,
that is if M — I is nilpotent. In SL2(R) a unipotent matrix is one which is
conjugate to an element of U~

Theorem 11.22. Let I" < SLy(R) be a lattice. Then the action of SLa(R)
on X = I'\ SL2(R) is mizing.

11.4.1 First Proof of Theorem

In this section we will prove a stronger and more general result in the language
of unitary representations, which will be related to Proposition and
which has Theorem as a consequence. For this, the following notation
will be useful. Let G be a locally compact group, and let o« = (a,) be a
sequence of elements of G. Define

S(a)z{g€G|e€{aﬁlgan|n€N}}

where e is the identity element in G. The reader may think of the case a,, =
a, € A for a sequence t,, — oo, in which case it is easy to describe the
set S(«). In fact, this is the only case that we will need later (in Section [T.H).

Proposition 11.23. Let G be a locally compact group and let 7€ be a Hilbert
space carrying a unitary representation of G. Let o = (a,,) € G" be a sequence
in G, and suppose for some v € J the sequence a,(v) converges in the weak*-
topology to vg € . Then gvg = vg for all g in the closure of the subgroup
generated by the set S(a).

PRrROOF. Clearly it is sufficient to show that v is fixed by each g € S(«). So
suppose that g € S(a) and let a,, be a subsequence such that

klingo ay,lgan, =e. (11.10)
Then for any w € ¢ we have (by definition of weak*-convergence)
_ —1 I —1 T
{gvo, w) = (vo, g~ "w) = lim (an,v, g w) = lim (gan,v,w)

and similarly
(vg, w) = klgr;() (ap, v, w) .

By the unitary property and the continuity of the representation, it follows
that
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|<QUOa U)> - <’Uo, w>| = kli>nolo ‘<(0J7:klgank)va a‘;klw> - <’U, a;klw>’

< klim | (angan, )v — || [[w] = 0.
— 00
Since this holds for all w € J# we get gvy = vy as claimed. (]

To be able to apply this we need to be able to find non-trivial elements
of S(a). We do this now for G = SLo(R) in preparation for the proof of
Theorem [[T.221

Lemma 11.24. Let o = (gn,) be a sequence in SLa(R) converging to oo (that
is, such that for any compact subset K C SLo(R) there are only finitely many n
with g, € K). Then the set S(a) contains a non-trivial unipotent element.

PRrOOF. Recall from the discussion of SLo(R) as a closed linear group on
p. that the homomorphism ¢ : SLy(R) — GL (Mataa(R)) defined
by (¢(g)) (v) = gvg~! is a proper map. That is, the norm of ¢(g,) goes
to infinity when (g,) is a sequence that leaves compact subsets. Notice
that Mataz(R) = RI; @ sla(R) splits into a sum of two invariant subspaces
on the first of which the action is trivial. Thus the norm of Ad,, goes
to infinity; that is we can choose a sequence of vectors (v,) in sly(R) for
which ||v,|| — 0 while || Adg, (vy,)|| = ¢ > 0 (where ¢ is some fixed small con-
stant chosen so that the exponential map is injective on the ball of radius 2¢).
By exponentiating this sequence, and choosing an appropriate subsequence
we get hy, = exp(v,) — I and gnh,g, ' — u # I5. Since for large n the ele-
ment h,, is close to the identity, its eigenvalues are close to 1. The conjugated
element g,h,g, " has the same eigenvalues, so the limit element has 1 as its
only eigenvalue — thus « is unipotent and non-trivial. O

PROOF OF THEOREM [I1.221 Let (a,) be a sequence in SLa(R) converging
to co. Let f € L?(X) (with X as in the statement of the theorem); we wish
to show that a,(f) converges in the weak*-topology to | fdmx. Since

llan(Hll2 = 1 £12

we know that any subsequence of (a,(f)) has a weak*-convergent subse-
quence (since the closed ball of radius || f]|2 is weak*-compact by the Alaoglu—
Tychonoff theorem (Theorem [BX6)).

So let (an, (f)) be a sequence converging weak* to fo. By Lemma[lT.24] the
set S(a) contains a non-trivial unipotent element of SL2(R) where o = (ay,, ).
It follows that fj is invariant under a unipotent element by Proposition [T.23]
and is therefore constant by Theorem [[T.T5l This implies that fo = [ fdmx
as claimed, proving the theorem. 1

11.4.2 Vanishing of Matrix Coefficients for PSL2(R)

The proof in Section [T.4T] also gives the following theorem due to Howe and

Moore [160].
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Theorem 11.25. Let 5 be a Hilbert space carrying a unitary representation
of SLa(R) without any invariant vectors. Then for any v,w € H the matrix
coefficients (gv,w) for g € SLa(R) vanish at co:

<gnv, w> —0

as gp — 0.

11.4.3 Second Proof of Theorem 01.22} Mixing of All Orders

In the section we present a different proof for mixing, which also leads to a
proof of mixing of all orders(®®. The result and approach presented here is
due to Mozes [262], [263] and it holds more generally than the case considered
here.

Theorem 11.26. Let X be a o-compact metric space equipped with a contin-
uous SLa(R)-action. Let p be an SLa(R)-invariant ergodic probability measure
on X. Then the SLa(R)-action is mizing of all orders with respect to . That
is, for any r > 1, functions fo, f1,...,fr-1 € L®¥(X) and ¢\V,... gV
in SL2(R), we have

/ fol@) fr(gWex) fog® ez) -+ fro1 (g V ox) dp(z) — / fodp- - / froadp

as g — oo and g (g0t — oo fori#j, 1 <i,j<r.

We start with the special case r = 2, which is essentially the statement of
Theorem [I1.22

SECOND PROOF OF THEOREM [IT.22 Suppose that g, = g,(f) € SLy(R)
eventually leaves any compact subset of SLa(R). We wish to show that
for fi1, fo € C.(X) we have

/fl(af)fz(gn~a:) du—>/f1 d,u/fz dy. (11.11)

This then extends by approximation to functions f1, fo € Li(X ), showing the
mixing property (we will say more about this approximation argument in the
proof of Theorem [[T.26]).

Consider the diagonal measure A on X x X defined by the relation

/XXXF(xhxz)dA(xhxz) :/ F(z,z)dmx (z)

X

for all F € C.(X x X), and the push-forward

Hn = (I,gn)*A,

where the action is simply the product action
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(h1, ha)+(w1,22) = (h1-21, ho-x2)

for hq, he € SLo(R). Then

/ fi(z1) f2(22) dpn (21, 72) :/ fi(@1) fa(gne-2) dA(z1, 22)
XxX

XxX

- / £1(@) o (gne) dpu()
X

gives precisely the left-hand side of equation ([IIIT]). Therefore we wish to
show that p,, converges weakly to p x p.

Note that p, projects to u in both coordinates: that is, (m;).(tn) = p
for j = 1,2, where m; is as usual the projection (z1,z2) — x; onto the jth
coordinate. However, u, is not a joining of the two systems since it is only
invariant under the action of the subgroup

{(h, gnhgy") | h € SLa(R)} (11.12)

obtained from conjugation of the diagonal subgroup by (I2, gx)-

If 11, does not converge to p x p, then we may choose a subsequence which
converges to a different limit v say.

We claim first that v is still a probability measure with (7;), (v) = p
for j = 1,2. If X is compact this is clear. If X is not compact, then for
any € > 0 we may choose a compact set K C X of measure u(K) > 1 — ¢,
and a function fx in C.(X) with 0 < fx <1 and fx(z) =1 for all z € K.
Then for any non-negative function f € C.(X), the function

(71, 22) = f(21) K (72)
is in C.(X x X), and satisfies
0< flz1) = f(@1)fr(z2) < [[flloo (1 = fr(22))

and so for any n we have

/ F () Frc(2) dpan (21, 2) < / F() dpn(, 22)
XxX

XxX

:/ fdu<|  flar)fr(x2) dpn + €]l fllso-
X XxX

In the limit as n — oo, the same property holds for v. Decreasing ¢ and
increasing both K and fx monotonically gives

/Xxxf(xl)dV(IlaM):/deu

for all f € C.(X). Therefore, (71).v = p and similarly (me).v = p.
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Next we claim that v has some invariance properties (inherited from equa-
tion (IT.12))). More precisely, let a = (g,,) and let v € S(«) be a non-trivial
unipotent element (which exists by Lemma [[T.24)). Then we claim that v
is invariant under (I,u). So suppose without loss of generality that a se-
quence (h,) in SLy(R) satisfies h,, — I as n — oo, and has g,hn,g, ' — u.
Let f € Co(X x X). Then, for any n,

/f($17$2)d/in($17$2) = /f(hn-ivl, (gnhngy ') ox2) dpin (21, 22)

by invariance under the subgroup in equation (IT.I2)). For n — oo we have

/f(;vl,xg)dun(;vl,xg)—>/f($1,$2)dl/($1,$2)

and
/f(hn'xla(gnhnggl)'xQ)dﬂn(xlal?)_)/f(xluu'x2)dy($lax2)u

where the latter follows by uniform continuity of f as h, — e, gnhng, ' — u,
and so h,-x1 — 21, gnhngrjl-xg — u-29 as n — oo uniformly for (z1,22) in a
neighborhood of the support of f.

To summarize: (7;), v = p for j = 1,2 and v is invariant under (I3, u) for
some non-trivial unipotent u € SLo(R). We claim that this implies that v =
i x p. Clearly the o-algebra

o = Bx X {@,X}

consists of (I, u)-invariant sets, so that for almost every (xy,z2) the condi-
tional measures ,ufgl 25) are supported on [(z1,22)]er = {71} x X, and are

invariant under (/2,u) (cf. Corollary B.24)). Writing v (4, 2,) = (wz)*ufgl 2)?
we see that

p=(m2)sv = /7/(11,12) dp(w1, 72)

represents p as an integral over u-invariant measures on X. Since pu is ergodic
with respect to u by Corollary [1.21] we conclude that

o
Hizy,zy) = 5901 X V(zq,m2) = 5961 X
for v-almost every (x1,x2). Together with the fact that (7). = p, this
implies that v = pu X p (since & = Bx x {@, X }). O
The proof of the general case of Theorem [I1.26 proceeds along similar
lines, using induction on the parameter r.

Proor oF THEOREM [I1.26 First notice that it is enouglﬂ to consider con-
tinuous functions of compact support in C.(X). To see this, let F; € L>(X)

* These reductions are used frequently in Chapter[7l where higher-order expressions
play an important role.
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and choose functions f; € C.(X) with || f; — Fjll2 < € and || fjlloc < || Fjlloo
for 7=0,1,...,7 — 1. Then

_/fO(x)Fl(g(l)'x) e 'Fr—l(g(r_l)'x) dp(z)| <el|Filloo - - 1 -1l oo,

so replacing Fpy by fo comes at the cost of a fixed multiple of € only. Repeating
as necessary shows that it is enough to prove Theorem for functions
in C.(X).

As a result of formulating the result using continuous functions, we can
again phrase the required conclusion in terms of weak*-convergence of a se-
quence of measures. Define the diagonal measure A = A, on X" by

/TF(:z:o,...,xr,l)dA(xo,...,xr,l):/XF(J:,...,x)d,u(x)

for all F' € C.(X"). Then

) fo(zo) fi(z1) -+ fror(ar_1)d(I,gM, ... g D),.A

X
- /X fo@) frlgMa) - froa (g M em) dp(a)

for f; € C.(X) and (I,g™,...,g"=V) € (SLy(R))" acting on X". Choose a
sequence (97(11)7 e ,g,(ffl)) of (r — 1)-tuples of elements of SLy(R) with g =

oo and g,(f)(gslj))_l — 00 as n — oo for i # j. We wish to show that

pn = (1,95, ..., g ).A

converges to g X g X --+ X p in the weak*-topology as n — oco. Choosing
a subsequence if necessary we can assume that p, converges in the weak™-
topology to some limit v.

Just as in the proof for » = 2 above, we have that v is a probability
measure with (m;).v = p for any of the coordinate projections

wj(:vo,;vl,...,xr_l) = Zj.

By induction on r we may assume that the theorem holds for r — 1 functions.
This in fact translates to the refined statement that (7;).v = ul’/l on X1 for
any proper subset J C {0,1,...,r — 1}. Here 7; = HjeJ m; is the projection
onto the coordinates corresponding to the subset J. To see this, fix some
proper subset J C {0,1,...,7 — 1} and functions f; € C.(X) for j € J. Then
(by definition, and in the case that X is not compact by the approximation
argument used in the case r = 2)
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/XHfj(Ij)dV: nli};o/nfj(gfzj)'%)du

jeJ JjeJ

ZH/fjdu

JjeJ

by the assumption on the sequences (97(3 )> and the inductive assumption.

It is also clear that pu,, is invariant under the group

{(ngOne) gl DR ) [ h e SLa(®) ]

from which we again want to derive a non-trivial invariance property of v. This
requires the following generalization of Lemma There exists a subse-
quence of the g,(f ) (passing to this subsequence is suppressed in the notation
for simplicity), a sequence (h;,) in SLa(R), and a subset J C {1,...,r — 1}
such that h,, — I and ggj)hn(ggj))’l — I for j ¢ J, while gr(Lj)hn(g,(f)f1 — U,
for j € J, where u; € SLy(R) is non-trivial and unipotent for each j € J (see
Exercise [T.4.1)).

For notational simplicity we assume that J = {s,...,r — 1}, and we
write u = (u; | j € J) for the |J|-tuple of unipotent elements constructed
as limits. By the same argument as that used in the case r = 2, this im-
plies that v is invariant under the action of w on the last (r — s) coordinates
of X" = Z, namely

’LL'(,TO, T, .- '7:'[;7'—1) = (fL'Q, sy Ls—1,Us*Tsy - -+ 7u’r‘—1'$7‘—1)
for (xo,...,zy—1) € X". We define the o-algebra
o =Bx @ - QBx x {0, X} 7°

which consists of u-invariant sets. Then the conditional measures v are,

for v-almost every z € X", invariant under u by Corollary (.24l This implies
that

w' = () = / (7)o du(z) (11.13)

z

expresses y"~° as an integral of u-invariant probability measures (). .
However, as the action of u; for j = s,...,r — 1 is mixing (and so, in par-
ticular weak-mixing) with respect to p by Theorem [1.22] it follows from
Theorem 2.36] that the action of u on X" ~* is ergodic with respect to u"~*.
Therefore, equation ([II3]) implies that

r—Ss

'LZ{:

rTr—Ss
Ve = 0(zg,ze1) X M

for v-almost every z € X" by Theorem B4l Furthermore, 7y, . s—13v = p°
on X°?, so that we get v = " on X" as desired. This concludes the proof of
the inductive step, and hence the theorem. O



11.5 Rigidity of Invariant Measures for the Horocycle Flow 371

Exercises for Section 11.4]

Exercise 11.4.1. Prove the generalization of Lemma [[1.24] used in the proof
of Theorem [IT.26] by analyzing the sequence of linear maps Adg(]‘) on sla(R).

11.5 Rigidity of Invariant Measures for the
Horocycle Flow

In this section we will discuss the set of probability measures on the homo-
geneous space X = I'\ SLz(R) that are invariant under the horocycle flow.

Recall that
U™ = {u(s) = <1 i) | s ER}

and that the horocycle flow is defined by

h(s)z = Ry-(s)(2) = @ <1 —15>

for any x € I'\ SLa(R). If I' is a lattice, which we will assume here, then mx
is an invariant and ergodic probability measure for the horocycle flow by
Theorem[IT.IH If I" is cocompact (that is, if X is compact) then the horocycle
flow is uniquely ergodic(®®) by a theorem of Furstenberg [I01]. For the general
case we do not have unique ergodicity. For example, if I" = SLo(Z) then our
reference vector zg = (i,1) (the vector pointing upwards based at i € H) has
a periodic orbit under the horocycle flow — and a periodic orbit supports an
invariant measure, showing that the flow is not uniquely ergodic. In algebraic
terms g corresponds to I € SLy(R), and the identity

h(1)-SLy(Z) = SLy(Z) <(1) _11> = SLy(Z)

shows that the orbit consists of a periodic cycle. Figure shows the pe-
riodic cycle for the reference vector xy, which consists of all vectors pointing
upwards based at all points in the fundamental domain of the form i + ¢
with —% <t < % since the horocycle flow moves vectors that point upwards
horizontally without changing their direction.

Even though in general the horocycle is not uniquely ergodic, it is possible
to describe all probability measures that are invariant and ergodic under the
horocycle flow, as shown by Dani [61]. The proof we present is different from
the original proofs of Furstenberg and Dani, and is due to Margulis.

Theorem 11.27. Let I' C SLo(R) be a lattice and let X = I'\ SLo(R). Let p
be a probability measure that is invariant and ergodic under the horocycle
flow h(s) for s € R. Then either p = mx or p is the unique invariant measure
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Fig. 11.12. The periodic cycle for the reference vector xo.

supported on a periodic orbit] for U~. If X is compact the only possibility
is = mx (that is, there is unique ergodicity) since there are no periodic
orbits for U~ .

Our method of proof requires the assumption that I" is a lattice, but this
is not necessary for the results.

11.5.1 Existence of Periodic Orbits;
Geometric Characterization

We begin by explaining the relationship between compactness of X and the
existence of periodic orbits for U~.

Lemma 11.28. Let I' C SLy(R) be a discrete subgroup. Assume that the
point xog € X = I'\SL2(R) is periodic for U~. Then R, (x¢) diverges to
infinity in X (that is, leaves any compact subset of X ). In particular, if X is
compact then there are no periodic orbits for U~ .

PROOF. As discussed in Section [0.3.3] the space X is locally isomorphic
to SL2(R). That is, for any x € X there is an injectivity radius r, > 0
such that the map

B§L2(R) — X

T — xg

is an isometry. Moreover, if K C X is compact then there exists some uni-
form r > 0 that serves as an injectivity radius across all points of K. This puts
an immediate constraint on the length ¢y of a possible periodic orbit of zy € K
for the horocycle flow as follows. There exists some s > 0 (depending only
on r) such that for z € K and ¢ € R~N{0} with [¢| < s we have h({)-x # x, so
that |€0| > s.

* As a measure-preserving dynamical system, in this case the system (X, u, R,-)
for v~ € U™ is conjugate to the rotation flow (T = R/Z, mrt, R¢) for t € R.
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Suppose that xg € X is a periodic cycle of length ¢, so
h(ly)-xog = zou™ (—Lo) = xo.
Then R, (zo) satisfies
h(e ) Ra, (20) = zoa; *u™ (—e ) = zou™ (—lo)a; ' = Ra,(x0),

s0 Rg, (z0) is periodic with period length e~ 4y and so Rg, (z0) ¢ K for large
enough ¢. This shows that R, (z¢) — oo for ¢ — oo, and hence that there
cannot be any periodic points if X is compact. 0

The converse for lattices relies on the geometry of the Dirichlet region
discussed in Section [[T.11

Lemma 11.29. If X = I'\ SLy(R) is not compact but is of finite volume,
then there are periodic orbits for the horocycle flow in X. In fact, to every
cusp of X there corresponds precisely a one-parameter family of periodic U™ -
orbits in X parameterized by the action of the diagonal subgroup A. More
precisely, for one point x with periodic U™ -orbit we get precisely one element,
namely R, (x), of all other periodic U~ -orbits that are associated to the same
cusp, by letting t € R vary. Moreover, x € X is periodic for U™ if and only
if Ra,(z) — oo fort — oo.

As the proof of this lemma will show, the result is easily verified for the
case I' = SLo(Z).
ProoF oF LEMMA [[T.29 Recall from Section TT.Ilthat the Dirichlet region D
defined by p € H consists of all points y € H with

d(p,y) = gpd(p,v(y)),

that it is a hyperbolic convex n-gon for some n, that it represents a funda-
mental domain for the action of I', and that the n-gon D has at least one
point on the boundary R = JH since X is not compact by Lemma IT.9 We

will refer to the points of D" N OH as boundary vertices, while cusps are as
before equivalence classes of boundary vertices.

We claim that for every boundary vertex r there is a non-trivial unipo-
tent v € I fixing r. To do this, we first show that it is sufficient that there be
a non-central element v € I' fixing r. By conjugating I" with some element
of SLy(R) we may assume that r = oo. Now any matrix v € I" C SLy(R)

82) with ad = 1 and b € R. For such
an element, y(p) = %p + £ has imaginary part S(v(p)) = 2S(p) with % > 0.
Replacing v by v~ if necessary, we may assume that ¢ > 1. If ¢ > 1,
then (y(p)) > S(p). In this case, the geodesic line

Ly ={zeH|d(zp)=d(z(p)}

with v(c0) = oo has the form v = <
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as in Lemma [IT.0lis a half-circle in C rather than a vertical line. In particular,
in this case any z € H with big enough imaginary part is closer to vy(p) than it
is to p, which contradicts the assumption that co is a boundary vertex of the
Dirichlet region defined by p. We must therefore have § =1, so a = d = +£1.
Thus if a non-central element v € I" fixes the boundary vertex 7, then 72 is a
non-trivial unipotent element fixing 7.

To prove the claim that for any boundary vertex r there is a non-trivial
element v € I' fixing 7, we start by considering an edge F which makes up
one of the pieces of the boundary of D near . Then £ C L., for some v € I,
with L., as in Lemma We claim that E = DN L,, may also be written

E:’yl(‘D) mL'Yl;

that is, the two hyperbolic convex n-gons D and (D) meet full edge to full
edge in E. To see this, consider a point y € (D) N L4,. Then

d(y,p) = d(y,11(p) = gleirrld(ym(p))-

We claim that every point on the geodesic from y to p belongs to D. If not,
then there is some z in that geodesic segment with d(y,p) = d(y, z) + d(z,p)
(since z lies on the geodesic joining y to p) and with d(z,v(p)) < d(z,p). This
would imply that

d(y,v(p)) < d(y, 2) +d(z,7(p)) < d(y,2) +d(2,p) = d(y,p) < d(y,7(p)),

and, moreover, that the path from y to z and on to v(p) (via the pieces of
geodesics) is in fact a length minimizing path. By Proposition this can
only happen if y, z and v(p) all belong to the same geodesic, which implies
that v(p) = p and therefore v = 1. This implies that y lies in D N L,, and
so DN L., C v (D)N L,,. The same argument implies the reversed inclusion.

If there are no other boundary vertices (as, for example, in the case r = co
and I' = SLy(Z)) or if none of the other boundary vertices are equivalent
to r (as, for example, in the case r = oo in the example of Section MTT.2.2)),
then we claim that -7 fixes r. From the previous paragraph, we know that D
meets 1 (D) full edge to full edge in F, so there is an edge E’ of D that is
mapped under 7; to E. As E’ has the boundary vertex 71 = v~ %(7), we must
have 1, = r, and so 1 (r) = r as claimed.

In general, the boundary vertex ry satisfying ~1(r1) = r might not co-
incide with r (as, for example, in the case r = 1 and r; = —1 arising in
Section IT.2.2)). In the following argument we will make use of pairs (E’, '),
where E’ is an edge of D and r’ is both a boundary vertex of D and an
endpoint of E’. We may think of these pairs as directed edges. Starting
with the directed edge (F,r), there is an edge Ej of D that is mapped
under v, to E (that is, the directed edge (F1{,r1) is mapped to (E,r)).
Let (Eq,r1) be that directed edge with the property that Fj is the other
edge of D meeting F/ at the vertex ry. If 1 # r, then there is some v2 € I'
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with By C L.,. In particular, D meets y2(D) in the edge E;. Hence there
is a directed edge (E4,r2) that is mapped under 72 to (Ey,72). Let (Ea,72)
be the other directed edge meeting Ej in r5, and so on. Geometrically speak-
ing we move from D to the next copy 71(D) of D near r and then move
through 71 (D) to the next copy v172(D) and so on. Formally, we obtain a
sequence of directed edges (F,r), (E1,r1), (E1,m1), (B, re), (Ea2,1r2),. .., and
elements v1, 72, -+ € I' with the properties that

e The directed edge (Ej,,,7+1) is mapped under 7,41 to (Ej,r;); that
is, vjt1(rjr1) = rj and v 41(Ej,,) = E; for j > 1. Similarly, 7
maps (E1,r1) to (E,r).

e The directed edges (£}, r;) and (Ej, ;) are precisely the two directed edges
meeting in the boundary vertex r; for j > 1.

Note that FEf,,

under ”yj]_ll to Eji1. In particular, the directed edge (Ej41,7j41) deter-
mines (Fj,r;) in the same way that (E;,r;) determines (E;t1,7;41). There-
fore, there exists some n > 1 for which E,, = E and r, = r. In symbols, we
have

C Lvlll and that E; is the edge of D that is mapped

P = () = () = (1)

where v = 7172 - - - 7. It remains to show that « is non-trivial. Again assume
that r = oo, so that F is a vertical line, and that ~;(D) is to the right of E.
Then E; is the right edge of D rising vertically to co. By induction, we deduce
that y17y2 - - - v, (D) is to the right of D, so v is non-central. This completes the
proof of the claim that every boundary vertex of D is fixed by a non-trivial
unipotent .

Given a non-trivial unipotent v € I' there is an element g € SLa(R)
with g~'vg = u=(s) € U~. Therefore h(s)-I'g = I'gu~ (—s) = I'g is periodic
for the horocycle flow.

It remains to demonstrate the correspondence between one-parameter fam-
ilies of periodic orbits for the horocycle flow and cusps. For this, notice that if
we remove from D its intersection with a big compact ball we are left with as
many connected components as there are boundary vertices (indeed, what is
left will be a union of disjoint open neighborhoods of the boundary vertices).
However, as discussed, boundary vertices are identified under the action of I
and correspondingly some of the edges meeting those vertices are identified
under the natural map D — I'\H. In other words, the cusps correspond to
connected components of I'\H after removing from the latter a big compact
subset (2. By Lemma [I1.28 any point x which is periodic for U~ diverges
under R,, ast — 00, s0 R, (z) must approach one and only one of the cusps
as t — o0.

Now consider the point z € D and the vector v € T,H corresponding
to Ry, (z) for some large enough #o for which R, (z) stays in the given
neighborhood of the appropriate cusp for all ¢ > ¢;. Without loss of gen-
erality z = x + iy belongs to the neighborhood of the boundary vertex r = oo
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and we may assume that y > 1. We claim that v points straight up, which

. b
then shows that the corresponding element of SLa(R) has the form g d)
Since we are interested in parameterizing the periodic orbits, it then follows
that any two such periodic orbits are on the same orbit of the subgroup

() csem).

To prove the claim, suppose that v does not point straight up. Then the
associated geodesic line is a semi-circle, and some future point R, (x) will
have imaginary part equal to 1. Define K to be the compact segment of the
line y = 1 in C starting at i and ending at (i) € R + i, where v € I is
a unipotent element fixing co. Since K is compact, we may assume that (2
contains the image of K in I'\H. This is a contradiction since R,,(x) by
hypothesis does not return to (2 for ¢t > ¢.

The argument above also shows that if R,,(z) — oo for any « € X then
this orbit must eventually get close to a single cusp, and this happens (as-
suming that co € OH represents this cusp) again only if v points upwards. In
this case, however, the horocycle flow moves horizontally and the unipotent
element ~y fixing oo shows that z is a periodic point for U~. 0

11.5.2 Proof of Measure Rigidity for the Horocycle Flow

Just as in the proof of Lemma [I1.28 we will use the geodesic flow to study
stretches of U™ -orbits in the proof of Theorem [1.27. For this our main tool
will be the mixing property of the geodesic flow R,, on X.

PrROOF OF THEOREM [[T.27] Let p be an invariant and ergodic probability
measure for the horocycle flow x + h(s)-x = R, (5)(x) for s € R and z € X.
Recall that zp € X is generic for p if for all f € C.(X) the time averages
converge in the sense that

S
%/0 £ (h(s)-0) ds—>/fdu (11.14)

as S — 0o, and that p-almost every xp € X is generic for u. Let 2y be such
a generic point. If zy is periodic for the horocycle flow, then p must be the
image of the one-dimensional Lebesgue measure on this periodic orbit. So
assume now that zo is not periodic. We will study the time averages as in
equation (ITI4) and show for some subsequence of times S that the averages
converge to [ fdmx. Since for a point z¢ that is generic for x the time aver-
ages converge to [ fdu we deduce that [ fdu = [ fdmx for all fin C.(X),
and so 4t = mx.

Since we may assume that xg € X is not periodic for U™, we know from
Lemma that there exists a sequence of times t,, — oo for the geodesic
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flow and a fixed compact subset K C X such that R,, (z0) € K for n > 1.
Proposition [[1.30] therefore finishes the proof. O

Proposition 11.30. Let K C X be a compact set. Then there exists some
constant n > 0 with the following property for all xo € X. Suppose that (t,)
is a sequence in R with t, — oo, and with R,, (xo) € K for all n. Then

1
netn

/Om f (h(s)ez0) ds —>/fdmx (11.15)

asn — oo for all f € Ce(X).

The basic idea of the proof — ignoring for the moment the slightly mysteri-
ous constant 7 — is as follows. Since f is uniformly continuous, we may replace
the left-hand side of equation (ILIH) by an integral over a slightly thickened
tubular neighborhood B,, of the piece

{zou™(—=s) | s € [0,e"]} = mou™ (—[0,¢"]) (11.16)

of the U~ -orbit of xy. We wish to do this in such a way that the image
of B, under R,, is easy to describe. Note that the piece of the U~ -orbit in
equation (IL.I6) is mapped under R,, to the set

Ra,,, (xo)u™ (=[0,1]) .

Below we will define a set Qs C PSL2(R) which contains = (-0, 1]) and
which may be described as a cube with one of the sides being u~ (=10, 1]).
Define

B, = R;i (Ra,, (20)Qs) = xo (at_le(;atn) .

We will show that B, is a slight thickening of the set defined in equa-
tion (III6). Using this we will be able to show

etin/f(h(s).xo) ds'fsm/]g f(:v)dx:mﬁ,xjgnf

Moreover, B,, was defined as a pre-image under R,, , and together with the
mixing property we expect

(f.xB.) —>/fdmx-mx (Ra,, (0)Qs) Z/fdmx-mX(Bn). (11.17)

However, B,, is not defined as the pre-image of a fixed set in X, so the mixing
statement does not apply directly. Roughly speaking, the set B,, is defined as
the pre-image of a set whose “shape” Qs is fixed but whose position R, (zo)
is allowed to vary. Here the assumption that R4, (z9) € K is crucial — it will
allow us to use mixing to prove equation ([LIT).

To make the above outline formal, we need a basic decomposition lemma
for the Haar measure(109),
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Lemma 11.31. Let G be a o-compact unimodular group and let S, T C G
be closed subgroups with the property that S N'T = {e} and the product
set ST contains a neighborhood of e € G. Let ¢ : S x T — G be the product
map ¢(s,t) = st € ST C G. Then the Haar measure mg restricted to ST
1s proportional to the push-forward ¢, (més X mTT) where mg 1s the left Haar
measure on S and mi is the right Haar measure on T'.

Clearly if GNST has Haar measure zero, then the above lemma gives a com-
plete description of m¢ in the coordinate system defined by the subgroups S
and 7.

We will apply the lemma in the case where G = PSLs(R), S =U~, and

T_U+A_{<?a_1>‘teR,aeRX}.

Notice that S = K and T' = U™ A is another choice, that was already discussed
implicitly in Lemma
ProOOF OoF LEMMA [II31l Since S NT = {e}, an element g € G has at
most one decomposition as g = st with s € S and ¢t € T. Therefore for
compact subsets Kg C S and K7 C T the map ¢ restricted to Kg x Kr is
a homeomorphism, so ¢~' : ST — S x T is measurable. The same applies to
the map 1 : S x T'— ST defined by (s, t) = ¢(s,t 1) = st L.

Let v = (1/1*1)* meq. We consider S x T as a o-compact group by using
coordinatewise multiplication. Then, for B C S x T and a point (s,t) € Sx T,
we have

v ((.0)B) = mg (& ((5.0)B)) = mg; (su(B)t™") = me (w(B)) = u(B),

since GG is unimodular. It follows that v is a left Haar measure on S x T
and so must be proportional to mé X mé. Now ¢ and ¢ differ only by the
inverse in the second component, and the inverse map sends mé to a measure
proportional to mi, so the lemma follows. O

As mentioned above, we are interested in the case G = PSLy(R), S = U,
and T'= Ut A. Clearly, in this case SNT = {e} and S, T are closed subgroups
of G. All that needs to be checked is that ST contains a neighborhood of e.
This may be seer] from the inverse function theorem, since both S xT and G
are three-dimensional, and the derivative of the multiplication map has full
rank at the identity (e, e). We choose the Haar measure mé, to be the usual
Lebesgue measure on R under the identification of s € R with u~(s) € U™,

* More formally, we can consider the Lie algebras u™ of U~ and t of T = U' A and
the map u~ x t — g defined on a neighborhood of 0 by

(v, w) — log(exp(v) exp(w)).

It may be checked that the derivative of this map at 0 is the embeddingu™ xt — g
defined by (v,w) — v + w.
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and we choose the right Haar measure m/, on T' so that mg restricted to U~ T
coincides with the product measure of mé, and m/p.

PRrROOF OF ProOPOSITION [[T30 Let n = n(K) > 0 be chosen so that
u” (=[0.0) By > 9— yg

is injective for all y € K.

Let f be a function in C.(X). It is sufficient to prove equation (IT.IH) for
non-negative functions, so assume that f(z) > 0 for all x € X. Fix € > 0 and
choose by uniform continuity of f some ¢ € (0,d) such that

d(z,y) <d = |f(z) - f(y)| <e.
Recall that T = Ut A and define
Qs =u~ (—[0,n]) B} .

Then by choice of n, for any y € K the map g — yg is injective on Q5. Let
B, =R’ (Ratn (%)Qa) = o (az,'Qsay,) S xo (u™ (=[0,7e']) BY)

where the last inclusion may be seen by noting that conjugation by a; ! con-
tracts UT and expands U~. Now for any s € [0,ne!"] and h € BI we have

dx (wou™ (—s),zou” (=s)h) < dg(e,h) <8
and so
[ o™ (=) — Flaou™ (~s)h)| < <.
By Lemma [[T.31] and the discussion after it, we deduce that

5 | @y amx = 7/ g, 00 At

e 1 /
= - f(zou™ (—s)h) dmrp(h) ds
netr Jo  mh(a;'Bla, ) o BTa, ] ( (=s)h) dmip(h)

is within € of
1

/rletn

/ " oo () ds.

Next we are going to construct finitely many subsets of X to which the
mixing property can be applied. Note that

Qs =u (—[0,9)BY

is compact, and the set Q% = u~(—(0,7))BI has
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ma(Qs) = ma(Qs) = ma(QF).

It follows by regularity that there is a compact subset Ps C ()3 and an open
set Rs O Q5 with

€
mg (RsNPs) < ————. 11.18
o ) < @ s
This implies that BSPs C Qs and B¢Qs C Rs for a sufficiently small & > 0.
By compactness we may choose finitely many points y1,...,y, € K with
K CcyBYU---UyBS.
Since the geodesic flow is mixing, we have
mgag (P(;) / < 1 >
— dmag —e < ( f, ——==Xy:P; © Ra, 11.19
mG(Qé) f G f mG(QJ) XU Ps 79 ( )
and ) (Rs)
mg(Lfvs
y ————XyiRs © Ray ) < ———= dmg +¢€ 11.20
fori=1,...,¢ and all large enough n.

Therefore, if z = R,, (x0) € yiBf then y; Ps C 2Qs C y; Rs, and since f
is non-negative this shows that

1 1 1
) — A\ 7 o Rat g ) — AN n g ) — A\ 7 o Rat
<f ma(Qs) " "> <f ma(Qs) " > <f ma(Qs) ">
and so, by the inequalities (ITTI9)—(I1T20) and (ITIT),

(1—5)/fdmx—€<<f,m)(3n> <(1+5)/fdmx+€.

By combining this with the earlier statement that

et )

and
e
[ fauas
are e-close, the proposition and Theorem follow. O

While the proof of Proposition[IT.30 shows that either x is periodic for the
horocycle flow or that certain long ergodic averages of a function f € C.(X)
are close to the integral for the Haar measure, it does not establish that in
the latter case x is in fact generic for myx (unless X is compact). This will be
proved in Section [T.7
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Exercises for Section [11.5l

Exercise 11.5.1. Suppose that X = I'\ SLy(R) is compact. Let u € SLa(R)
be a nontrivial unipotent matrix. Prove that the map R, : X — X is uniquely
ergodic. Generalize the statement and proof to non-compact quotients by
lattices. (Note that Theorem deals with the case of the R-flow only.)

Exercise 11.5.2. Suppose that X = I'\ SL2(R) is not compact. Show that

1
t(yn)

asn — oo for any f € C.(X), if each y,, € X is periodic with least period ¢(y,,)
for the horocycle flow, and ¢(y,,) — oo as n — oc.

/ ) at — [ rams

Exercise 11.5.3. Let X = I'\ SL2(R) be the quotient by a lattice I". Prove
(without invoking ergodic decomposition Theorem [6:2)) that a probability
measure 4 on X, invariant under the horocycle flow h(s) for all s € R, that
gives zero measure to the set of all periodic orbits of the horocycle flow must
be the Haar measure of X.

11.6 Non-escape of Mass for Horocycle Orbits

We have seen that the geodesic flow R,, and the horocycle flow h(s) = R, ()
have fundamentally different types of behavior. For example, we briefly dis-
cussed in Section [0.7.2] the fact that orbits for the geodesic flow can be quite
erratic; on the other hand we will show in the next section that an orbit
for the horocycle flow will either be periodic (and hence compact) or will be
equidistributed in the ambient space. Recall that the latter property means

7/ " b)) at — | rams

as T — oo. In order to prove this, we first wish to show that any limit of a
sequence of measures of the form

1
T_/o S oyt (11.21)

with T;, — oo as n — 00, is indeed a probability measure. This property —
that limit points of sequences of uniform measures on long orbits are proba-
bility measures — is often called quantitative non-divergence or non-escape of
mass'%V . Clearly this does not hold for the geodesic flow: for example, the
orbit of the point (i,1) in SLa(Z)\ SLa2(R) is strictly divergent (see Figure [0.]
and the discussion in Section [I7.2)) and so any limit measure along this orbit
of the geodesic flow must be zero.
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On a positive note, this kind of strict divergence seen in the geodesic
orbit of (i,1) is clearly impossible for the horocycle flow. More precisely, for
any x € SLa(Z)\ SL2(R) there exists a compact set L C SLa(Z)\ SL2(R) and
a sequence t, /' oo such that h(t,).x € L for all n > 1. This property is
often called non-divergence (and is due to Margulis in much more general
situations). To see why this property holds for the horocycle flow, recall that
horocycle orbits can be drawn in the upper half-plane H as circles touching
the real axis, or as horizontal lines. This is easy to see since the latter is
the orbit of (i,i), and Mobius transformations map horizontal lines either
to horizontal lines or to circles tangent to the real axis (see Figure and
Section [0.2). We conclude that given any = € SLo(Z)\ SLa(R), either z is
periodic for the horocycle flow, in which case the orbit is compact and the
non-divergence statement is trivial, or = is represented in the fundamental
domain F' from Figure by a vector not pointing straight upwards. In
the latter case we choose L to be the closure of the set of all vectors with
base point z € F satisfying $(z) = 1. As the circle comes back (in both
directions) to (z) = 1, we can find some t; > 0 with h(t1)-x € L. Applying
the same argument with h(¢; + 1)-z in place of = leads to some to > t; for
which h(tz)-z € L, and so on.

We next state the quantitative non-divergence theorem, which (in a more
general setting) is Dani’s refinement of Margulis’ non-divergence theorem.

Theorem 11.32. For every lattice I' C SLa(R), every compact subset K
in X = I'\ SLy(R), and every e > 0, there exists a compact subset L = L(K, )
of X such that

my ({t 10 <t < T h(t)x ¢ L}) <eT (11.22)

for all T > 0 and all x € K. Moreover, there is a compact set L = L(e) C X
(independent of K and of x) such that for any x € X either  is periodic or
there exists some T, > 0 such that equation ([II22)) holds for all T > T,.

Notice that the first claim gives (in a more uniform way than needed here)
the earlier claim, that for any € X and any convergent sequence of measures
of the form ([II.2I)), the limit p is a probability measure. Indeed, to show
that ©(X) > 1 — e one only needs to choose a continuous function f € C.(X)
with x7, < f < 1 and apply the definition of weak*-convergence, where L is
chosen as in Theorem [[T.32] for K = {z}.

Before starting the proof we record the following fundamental difference
between the behavior of polynomials (which model some aspects of the horo-
cycle flow) and the exponential function (which models some aspects of the
geodesic flow).

Let p € R[t] be a polynomial with small coefficients and with p(T") = 1.
Then a fixed positive proportion of ¢ € [0,7] has p(t) > 3. Moreover, the
Lebesgue measure of the set
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{t [0, T]| p(t)] < e}

is (for small €) small compared to 7. Here it is important to note that the
quality of these statements is independent of the size of T, which may be
seen by rescaling the polynomial p(¢) on the interval [0, 7] to give the polyno-
mial ¢(t) = p(¢T) on [0, 1]. Neither of these properties hold for an exponential

function g(t) = ae*?.

11.6.1 The Space of Lattices and the Proof of Theorem
for X2 = SLQ(Z)\ SLz(R)

In proving this theorem it will be helpful to think of X5 = SLy(Z)\ SL2(R)
and, more generally, Xg = SL4(Z)\ SLq(R), in a slightly different way. A lat-
tice A C R? is called unimodular if the quotient R?/A has a fundamental
domain of Lebesgue volume 1; equivalently if it has covolume 1. Any unimod-
ular lattice has the form A, = g~'Z? C R? for some g € SLy(R). When we
wish to emphasize the meaning of a point z € X, in the sense of a lattice
in R?, then we will simply use the symbol A € X,.

Moreover, matrices g1,g2 € SLg(R) define the same lattice if and only
if gagy e SL4(Z). Thus X4 can be identified with the space of unimodular
lattices. This gives a geometrical interpretation of the space Xg4; in particular
Mahler’s compactness criterion [241], which says that a sequence of elements
of X4 diverge to infinity if and only if the distance from the origin in R¢ to
the set of non-trivial lattice elements converges to zero.

Theorem 11.33. [MAHLER COMPACTNESS CRITERION| A set K C X4 has
compact closure if and only if there is an s > 0 with the property that

AN By(0) = {0}
forall A e K.

One way of formulating this result is as follows. Lattices 4 C R? are clearly
discrete, and so compact subsets of lattices in R? should be uniformly discrete.
Proor or THEOREM [I1.33] We start by showing that a compact subset K
of X4 must have the uniform discreteness property. Suppose therefore that K
has compact closure but for every n > 1 there is some A,, € K with

A 0 By (0) # {0}

By compactness there exists some A € Xy with A,, — A. By definition, this
means that A, = g, 'Z% A = g~'Z%, and we can choose g, (which is only
unique up to left multiplication by SL4(Z)) such that d(g,,g) — 0 as n — oc.
Equivalently, g, ! — ¢g~! as n — oo, which in terms of the lattices means that
one can choose a basis {b;n) = g,'e; | 1 < j < d} of A, which converges
to a basis {b; = g7 'e; | 1 < j < d} of A. However, as (g,) and (g,,;*) both
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converge, it follows that the lattices A,, = g, 'Z? cannot contain arbitrarily
small elements of R?, which contradicts our choice and proves the easier half
of the theorem.

We now claim that for every lattice A with AN Bs(0) = {0} one can find a
basis of vectors by, ..., b, € A that belong to a given ball of radius depending
on s. Choose by € A with the property that

b1} = min{|[b]| | b € AN{0}}, (11.23)

so ||b1|| = s, and by generates A N Rb;. Moreover, there is a constant Cy
depending only on the dimension d with [|by| < Cy, since if all the vectors
in AN{0} are very long, then it cannot be unimodular by Minkowski’s convex
body theorem (which simply relies on the argument that if Bs,(0) does not
contain a lattice element of A, then B,.(0) is mapped injectively onto R?/A,
which makes the volume of the fundamental domain of A at least as large as
the volume of B,.(0)). Define

W = (Rby)"

and
AW = TTwW (A)

where 7y @ R?Y — W is the projection along the line Rb;. The (d — 1)-
dimensional lattice Ay need not be unimodular, but the covolume is Hb—lll\’
which is uniformly bounded away from 0 and infinity. So after rescaling by a
bounded scalar, we may assume that the lattice Ay is unimodular. We claim
that all the non-zero vectors in Ay have length bounded away from 0 by a
uniform amount. For, if not, a very short vector 7y (x) € Ay with x € A
would have the property that x + nb; is closer to 0 than b; for some n € Z,

contradicting equation (IT23) (see Figure [T13).

x + nby b'e

- -
b

Fig. 11.13. Choosing the vector x 4+ nb;.

By induction, this shows that Ay has a basis consisting of vectors whose
length is bounded uniformly away from 0 and infinity that can be lifted to
complete the basis by, ba, ..., b,. The length of b; for j > 2 can be chosen to
be less than \/|[mw (b;)[[? + |[b1]|?, which is bounded by a number depending
on d. It follows that for any sequence A,, € K we can write A,, = g, 'Z% where
the columns of g, ! are uniformly bounded (only depending on s). However,
as det(g,) = 1 we know that g,, belongs to a fixed compact set of SL4(R),
so K C X, is contained in the compact image of that set, giving the result. [
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We now have the background needed to proceed with the proof of quan-
titative non-divergence in the case Xo = SLa(Z)\ SL2(R). As the proof will
show, the theorem simply relies on the polynomial (in fact, linear) behavior
of orbits of the horocycle flow, together with the simple observation that a
unimodular lattice in R? cannot contain two linearly independent vectors of
norm less than one.

Proor oF THEOREM [[1.32] By Theorem [11.33] we have
K C 5= {AE_X2 | AN Bs(0) = {0}}

for some § € (0,1). We need to choose some 7 € (0, 2) such that the set L = (2,,
satisfies equation (IT.22) for all A € K and T > 0.

Note that an element h(t)-x = xu~ (—t) of the horocycle flow maps the
lattice A = g~1Z? corresponding to x = I'g € X5 to u~(t)A. In other words,
the horocycle flow corresponds to application of the matrix 1
the z-axis and shears the y-axis towards the direction of the z-axis. Specifi-
cally, the image of a vector (z;) under (1 i) is (a1 thQQ) for any t € R, so
the horocycle flow moves this point at linear speed determined by aw through
the plane.

When applying the horocycle flow to A there could be different lattice
elements v € A that at some time ¢ give rise to a short vector uw™(t)v
in u™(t)A, which prevents v~ (t)A from belonging to L = (2,,. For this reason
we let {v1,v2,...} C A be a maximal set of mutually non-proportional prim-
itivd] elements of A. Notice that if a vector u” (t)v € u= (t)AN{0} has norm
less than 7, then v is a multiple of a primitive vector v = nv;, and so u™ (t)v;
will have norm less than 7. Thus it is enough to consider only the orbits of
the primitive vectors v1,va,. ...

Recall that A € 25 by assumption, and so ||v;|| = § for i = 1,2,.... Fix
some T > 0. Then for each ¢ > 1, we define

B;={te[0,T]|u (t)v; € BE (0)}
(the set of bad times in [0,T]) and

t> , which fixes

P, ={te[0,T]|u (t)v; € B¥(0)}

(the set of protecting times in [0,T]). By assumption n < 4, so B; C P;.
If i # j then P, N P; = @, since if ¢t € P, N P; then u™ (¢)v; and u™ (¢)v; both
lie in the unimodular lattice v~ (¢)A and have norm less than § < 1, so they
are linearly dependentﬁl, and hence ¢ = j by construction.

* A vector v € A is called primitive if the equation v = nw with n € Z and w € A
implies that n = £1.

T The determinant of a 2 X 2 matrix (wi,w2) formed by the column vec-
tors wi, w2 is bounded by the product of their Euclidean norms, since it is equal
to ||w1]|||wz]| cos ¢, where ¢ is the angle between the vectors. Moreover, if w1, w2 lie
in the lattice A = b1Z + b2Z, then covolume(A) = | det(b1, b2)| < | det(wr, w2)].
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Finally, we claim that

me(B;) < %%R(Pi). (11.24)

This implies the first claim in the theorem. Indeed, summing over ¢ and using
disjointness of the sets P; the inequality ([T.24)) gives

8 8 81
me | [ Bi | <5 me | [JP) =5 D me(P) < 5T,
i>1 i>1 i>1

However, as discussed above,
me ({t | u™()A ¢ 2}) = me ({t| lu™ (t)vs]| <7 for some i})
= mg U B;
i>1
Choosing 1 < % gives the estimate needed.

To prove the inequality (IT.24), let v; = (31> so that
2

= (t)or = <a1 + ta2> .

Qa2

Then u~ (t)v; moves at linear speed along a horizontal line, as in Figure [T-14]

(0)

Fig. 11.14. The linear speed in the horocycle flow makes it easy to describe the
lengths of the vectors in the orbit.

Clearly B; and P; are both intervals. To prove the inequality (IT.24),
we have to relate the lengths of these intervals to the speed as of the vec-
tor w~ (t)v; and to the radii n and 0. If B; C [0,7] is empty, then there is
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nothing to prove. This holds, in particular, if ag = 0 or if |ag|
Otherwise, P; = [T31,7T5] must contain some 7" with |ay + T" |

while [[u™(T1)v|| = & gives |1 + Thia| > § since |ao| < §. Thus

Y \%
= Al
Y%

)
mr(P;) = (T —T1) > (T'=T1) > |042|711-

On the other hand, t € B; = [T3,Ty] implies |y + taz| < 7, so

2
mR(Bl) =T,—-1T3< |a—Z|

Together, this gives the inequality (T1.24).

For the final claim let K = 2,/ and apply the first statement of the
theorem to £/2 to define the set L. Now let € X, and notice that x is
periodic for the horocycle flow if and only if the corresponding lattice A C R?
intersects the x-axis. Now assume that x € X, is not periodic, so that A
may have a very short primitive vector v € A that is not fixed. Therefore we
may choose 77 > 0 such that «~ (77)v has norm between % and 1. As in the
argument above, this shows that +u~(7})v are the only non-trivial vectors
of norm less than 1 for ™ (71)4, so that zu (—=T1) € K. We choose T,
so that Ty = §T,, and it is easy to check that equation (IT.22) holds for
all T > T,. O

11.6.2 Extension to the General Case

Notice first that Theorem [[T.32] in the case of quotients I'\ PSLy(R) by lat-
tices I' in PSLy(R), also implies the same statement for quotients I\ SL2(R)
by lattices in SLg(R). Indeed, if I' C SLy(R) is a lattice, then

I'=1T-{+I} CSLy(R)/{+I} = PSLy(R)
is also a lattice. Moreover, the natural map
'\ SLy(R) — I'\ PSLy(R)

is proper (that is, every compact set L C I'\ PSLy(R) has a compact pre-
image L in I'\ SL2(R). From this the earlier claim follows quickly.

With this reduction, we may use the geometry of H and Dirichlet domains.
Indeed, we now state a description of I'\ PSLy(R) which we essentially proved
together with Lemma

Proposition 11.34. Let I' C PSLy(R) be a lattice. Then either I is uniform
and I'\ PSLy(R) is compact, or there exists a compact subset

Q¢ € X = I'\ PSLy(R)
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such that X {2, has finitely many connected components, each of which can
be identified with a special finite volume subset of the infinite volume quotient

7 - {<1 g‘) } \ PSLs(R).

Indeed, for each component C of X~{2,, we find some yc > 0 such that
the subset To C T is the image of {(z,v) € T'H | S(2) > yc}, and the
identification 1« : C — J¢ has the property that for a sufficiently small
element g € PSLa(R) and any x € C with z-g € C' we have 1c(x+g) = 1c(x)g.

Roughly speaking, the components of X\f{2., are the cusps of X.

PrOOF OF ProprosITION [I1.34. We will leave some of the details of the
proof as an exercise, but indicate how the proof of Lemma applies to
Proposition [T.34 We defined a cusp of X = I'\ PSLa(R) to be an equiva-
lence class of boundary vertices of a Dirichlet domain D for I', and showed
in the proof of Lemma that for every boundary vertex r there exists
a non-trivial unipotent element of I' fixing the boundary vertex r. With-
out loss of generality, we may assume that » = oo. While proving this
we used several other elements 7; € I', and the respective images ~;(D)
of the Dirichlet domain. At the end of this argument we had obtained the
copies 11 (D), 1y2(D),...,11v2 - vn(D) of D which were all located to the
right of D meeting each other full-edge to full-edge on vertical geodesics. Let

F=DUy(D)Uyy(D)U---Uyy2- (D)
be the union of these domains. By construction, the quotient map
T'H — I'\ PSLy(R)

restricted to {(z,v) € T'H | z € F,3(2) > yoo} is injective if yoo > 0 is
chosen sufficiently large. Denote this injective image by Co, C X. By applying

p . a
the Mobius transformation a1> for some a > 0 we can ensure that the

. 1
unipotent element v = =1 - - - 7, has the form 1

If necessary we may repeat this construction for the remaining cusps, and
can ensure disjointness by choosing the associated parameters y sufficiently
big. After completion of this argument for every cusp D, the pre-images of

the various sets give a set whose image in X has compact closure. 0

SKETCH PROOF OF THEOREM FOR GENERAL I'. As mentioned before,
it is enough to treat the case of a lattice I' C PSLy(R). Applying Proposi-
tion [IT.34] we can find a compact subset {2, C X = I'\ PSLy(R) and finitely
many tube-like sets C, ..., Cy which together give a partition

X =0,UCU---UCy
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Enlarging (2., if necessary, we may assume that K C (2., and that each Cj is
naturally identified with a tube

{("1) Inezp\ (G e TR 36) > ) = 7()

with y; > 1. We claim that for each C; there is a subset L; C C; with compact
closure such that
L=0,ULlLU---ULyg

satisfies the first statement of Theorem [T.32

Let us now describe the form of non-divergence we will prove (more pre-
cisely, that we have already proved) for the tube-like sets 7 (y) with y > 1.
There exists a compact set L C 7 (y) such that for any z € 0.7 (y) and

any T > 0, either h(T)-x ¢ 7 (y) or

mg ({t € [0,T] | h(t)-x ¢ L}) <eT. (11.25)

Notice that € 7 (y) and h(T)-z € Z(y) implies that h(t)-x € J(y) for t
in [0, T], because of the geometry of horocycle orbits in T*H.

Applying the above claim for each of the sets C;, we obtain the partition

L=, UL U--UL.

If x € K C §2 and T > 0, then the interval [0, 7] is naturally decomposed
into subintervals I = [Ty, T1] of times where

h(t)-x € 2, for all t € I°; or
h(t).x € Cy for allt € I°, or

h(t)-x € C; for all t € I°.

For a subinterval of the first type there is nothing to show, while for an interval
of the other types we can apply the claim in equation (IIT23]) to the initial
point in .7; corresponding to zu~ (—=Tp) € 9C; and time Ty — Ty. Adding these
estimates together gives the result.

To see that we already know equation (II.2H)), notice that .7 (y) maps
injectively to X = SL2(Z)\ SL2(R) under the natural quotient map . Apply
Theorem to the image K of 0.7 (y) in Xa, to obtain a compact subset
in Xo. Let L C Z(y) be its pre-image under the quotient map, which has
compact closure in 7.

Choose x € 0.7 (y) and T > 0 such that h(T)-z € 7 (y), then h(t)-x € L
if and only if h(t)-n(z) € w(L) for any t € [0, T], which gives the claim.

The last statement in the theorem also follows from the special case
of X5 = SLy(Z)\ SL2(R) in the same way. O
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Exercises for Section [11.6!

Exercise 11.6.1. As discussed above, SLa(Z)\ SL2(R) can be identified both
with the unit tangent bundle of the modular surface (and so with vectors at-
tached to points in the fundamental domain F shown in Figure @5 on p. B03),
and with the space of unimodular lattices in R?. Make this correspondence
explicit, and in particular explain the meaning of the imaginary coordinate in
terms of properties of the associated lattice. Use this to deduce an independent
proof of Theorem [[1.33]in the case d = 2.

Exercise 11.6.2. In this exercise we show how special algebraic groups de-
fined over Q give rise to closed orbits in SL, (Z)\ SL, (R). Let

p:SL,(R) — SLy(R)

be a linear representation such that for 1 < 4,j < N the (4, j)th matrix entry
of p(g) is a polynomial in the matrix entries of ¢ with rational coefficients
(that is, p is an algebraic representation defined over Q). Let v € Q" be a
vector, and defin

G ={geSL, | plg)v=uv}

to be the stabilizer of v. Prove that the orbit SL,,(Z)G(R) in SL,(Z)\ SL,(R)
under the group G(R) is closed.

Exercise 11.6.3. In this exercise we show how special quaternion division
algebras over Q give rise to uniform (and, by definition, also) arithmetic lat-
tices in SLo(R). A quaternion division algebra over Q is an algebra D over
the field Q such that D has dimension four over Q, D has a unit 1p, Q (iden-
tified with Q - 1p) is the center of D, and every non-zero element of D has
a multiplicative inverse. The best-known example is the algebra of rational
Hamiltonian quaternions defined by Q + Qi+ Qj + Qk with i = j? = k% = —1
and ij = —ji = k...: We will not be able to use this particular algebra to con-
struct a lattice in SLa(R), so we begin by constructing a different quaternion
algebra, and then show how it gives rise to a lattice.

(a) Show that for a,b, c,d € Z the sum a? + b? + ¢? + d? is not divisible by 8
unless a, b, ¢, d are all even.

(b) Use (a) to show that

o= {0 B ) e

is a quaternion division algebra over Q.
(c) Show that D ®g R = Mataa(R) (that is, show that D is R-split).

* Here we intentionally omit the field or ring after G and SL,, but for any of the
choices Z,Q,R we obtain definitions of G(Z),G(Q), G(R) by requiring that the
elements belong to SLy(Z), SL,(Q), SL,(R) respectively.
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(d) Embed D into Matss(Q) by using the basis

o= )o=(_p)(o(57)

of D, and identifying d € D with the linear map D > f +— df € D. The image
of D is a four-dimensional linear subspace W of Maty4(Q) defined by 12 linear
equations. On W the original coordinates of a, b, ¢, d with respect to the chosen
basis can be represented by rational linear combinations of the matrix entries
of ge W.

(e) Show that

G={geSLy|geW,a®> —T0* +c* —7d*> =1}

has G(R) = SLy(R). Here G(R) is defined to consist of all g € W (that is, ¢
satisfying the 12 linear equations) for which the pre-image in D satisfies

a? =T+ —1d?=1.

(f) Show that SL4(Z)G(R) is closed by using Exercise [T.6.21
(g) Show that SL4(Z)G(R) = I'\ SLy(R) is compact by using the Mahler
compactness criterion (Theorem [[T.33) on SL4(Z)\ SL4(R).

11.7 Equidistribution of Horocycle Orbits

We are now ready to prove the theorem promised earlier, due to Dani and
Smillie [63]. The argument used below is due to Ratner [306, Lem. 2.1].

Theorem 11.35. Let I' C SLy(R) be a lattice, and let x € X = I'\ SL2(R).
Then either x is periodic for the horocycle flow (that is, h(t)ex = x for
some t > 0), or the horocycle orbit of x is equidistributed with respect to
the Haar measure myx of X:

T
%/0 f(h(t)-:v)dt—>/fdmx
as T — oo.

If X is compact, then there are no periodic orbits by Lemma [[T.28, and
the statement of Theorem [[1.30]is already known by Theorem [[1.27]

PROOF. Suppose that the point zp € X is not periodic for the horocycle
flow, let T}, /" oo be any sequence, and define a sequence (pu,,) of probability

measures by
I
/fdMn = T_/ f(h(t)-x) dt
n Jo
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for f € C.(X). By passing to a subsequence, we may assume that p, — p
in the weak*-topology, and by Theorem the limit p is a probability
measure. To show the theorem we need to show that u=mx.

By the version of Theorem F.1] for flows (which is contained in the proof
of Theorem [RI0), we know that p is invariant under the horocycle flow. By
the ergodic decomposition theoremf] (Theorem [62) extended to flows (which
is contained in the more general Theorem R20) we can write

p= / thy dv(y)

as a generalized convex combination of probability measures that are invariant
and ergodic under the horocycle flow. By Theorem [IT.27], each such measure
is either the Haar measure mx or is the Lebesgue measure on a periodic orbit
of a point y = h(t,)-y with ¢, > 0. Therefore, to show that u = mx we only
have to show

w({y € X | h(ty)y =y for some t, > 0}) = 0. (11.26)

Let us point out a few complications at this point. The set of periodic points
as in equation (II220) is dense (in fact long periodic orbits become equidis-
tributed by Exercise [T.5:2). Moreover, to show that p(B) = 0 for a given
measurable set B it is not sufficient to show that u;(B) — 0 as i —
However, if B is compact then, in order to prove that p(B) = 0, it is enough
to find, for every € > 0, an open set O O B with

limsup 11;(O) < e.
11— 00
This criterion for vanishing of u(B) follows easily from the definition of
the weak*-topology and the existence of a continuous function f € C.(X)
with xp < f < xo. In order to apply this criterion, we need to write the set
of periodic points as a countable union of compact sets, for which we have
already developed all the necessary tools. By Lemma [IT.29 there are finitely
many one-parameter families of periodic orbits (one for each cusp). Fix a
periodic point & € X, and restrict the parameter ¢ € R from Lemma
to a compact set I C R. Allowing s € [0,¢,] to vary, we obtain a compact
set B = {zu(s)a(—t) | s € [0,ty],t € I} comprising periodic orbits. Vary-
ing x through a finite list and increasing I, we can write the set of periodic
points as in equation (IT20) as a countable union of such compact sets B.
Thus it is sufficient to show that p(B) = 0 for one such set B. Now fix € > 0
and let L = L(e) C X be a compact set constructed as in the final conclusion of
Theorem [[T:32] Recall that the period of za(—t) with respect to the horocycle

* By using Exercise [[1.5.3] this dependence on material from Chapter [6l can be
avoided.

t For example, if B = X>zoU~ then u;(B) = 0 for all ¢ > 1, but we cannot
have (B) = 0 as 2oU~ =2 U~ cannot have a U™ -invariant probability measure.
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flow is e~ 2%, if t, > 0 is the period of z, and so xa(—t) diverges to one of the
cusps as t — oo by Lemma[I1.29 Since I is compact, there exists some t. € R
with Ba(—t.) € X~L. We define an open set O = (X\L) a(t.) 2 B and claim
that u;(O) < ¢ for all large enough i. However,

pi(0) = ems ({5 € [0, 7] | h(s)r € O = (X™L)a(t.)})

K2

= %mk ({s €[0,73] | za(—t)u™(—e"*'s) ¢ L})

K2

- %&Timﬂ@ ({s € [0, T,] | za(—t.)u~(s) & L})
is the expression discussed in equation (I1.22]) for the initial point za(—t.).
Since et T; — oo as i — oo, and z (equivalently, za(—t.)) is not periodic by
assumption, the final statement in Theorem [[T.32 shows that ;(0) < e for
large enough . This shows that p(B) = 0 and hence equation (II.20]), which
gives the theorem. O

As discussed in Chapter[Il Raghunathan and Dani formulated far-reaching
conjectures. Firstly Raghunathan conjectured that orbit closures under unipo-
tent actions are always orbits of closed subgroups, generalizing the classifica-
tion of orbits for the horocycle flow (that is, the statement that a horocycle
orbit is either dense or periodic, which follows trivially from the stronger
equidistribution result in Theorem [[T.38]). Dani conjectured measure rigidity
of unipotent flows other than the horocycle flow (which is handled in Theo-
rem [[T.27). Ratner proved these conjectures in full, and in addition proved
the generalization of equidistribution for horocycle orbits (Theorem [IT.33]) to
other unipotent flows, leading to numerous applications especially in number
theory.

Notes to Chapter 11

(93)(Page B41) Some of the striking ergodic and dynamical properties satisfied by
the horocycle flow are the following. It is a highly non-trivial example of a flow
that is mixing of all orders, as shown by Marcus [244]; Ratner has classified joinings
between horocycle flows [301], measurable factors of horocycle flows [300], and many
other measurable rigidity properties (see Ratner’s survey article [302]); Marcus has
also shown a form of rigidity for topological conjugacy of horocycle flows [245].

(94) (Page[342) The material in this section follows the book of Bekka and Mayer [21]
Chap. 2] closely.

(99) (Page B55) This Klein model was used by both Klein [I98] and Poincaré; the
upper half-plane model is usually called the Poincaré model because of the influential
paper [288] exploring its properties. Both models were used earlier by Beltrami [23]
in order to show that hyperbolic geometry is as consistent as Euclidean geometry.

(96)(Page [B55) The uniformization theorem generalizes the Riemann mapping the-
orem, which states that if U is a simply connected open proper subset of C, then
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there exists a bijective holomorphic map from U onto the open unit disk. This
was stated in Riemann’s thesis [310], and the first complete proof was given by
Carathéodory [48]. The uniformization theorem was finally proved by Koebe [207]
and by Poincaré [290]; a convenient account may be found in the monograph of
Farkas and Kra [89] Chap. IV] or Stillwell [355] Chap. 5].

7 (Page B5TZ) The work of Mautner clarified earlier results of Gelfand and
Fomin [T12]. A useful overview of its use in ergodic theory may be found in Starkov’s
monograph [352].

(98)(Page [366) A different approach comes from work of Ryzhikov, using joinings.
For the case of horocycle flows, Ryzhikov [328] showed mixing of all orders as a
consequence of a new criterion for mixing of all orders, giving a new proof of the
theorem of Marcus [244] (this is also described in the article of Thouvenot [361]).
(99)(Page BTI) For a compact quotient, Hedlund showed that the horocycle flow
is minimal [I45] (every point has a dense orbit), and this was later generalized by
Veech to nilpotent flows on semi-simple Lie groups [369].

(100)(Page [BT7) There are more general results concerning decompositions of Haar
measure in locally compact groups — see Knapp [204] Sect. 8.3].

(101 (Page BRI) The original work on non-divergence is due to Margulis [246]; sub-
sequent refinements include work of Dani [62] and Kleinbock and Margulis [199]
on quantitative statements; Kleinbock and Tomanov [200] on extensions to the S-
arithmetic setting; Ghosh [I14] on the positive characteristic case.



Appendix A: Measure Theory

Complete treatments of the results stated in this appendix may be found in
any measure theory book; see for example Parthasarathy [281], Royden [321]
or Kingman and Taylor [195]. A similar summary of measure theory without
proofs may be found in Walters [375, Chap. 0]. Some of this appendix will use
terminology from Appendix B.

A.1 Measure Spaces

Let X be a set, which will usually be infinite, and denote by P(X) the collec-
tion of all subsets of X.

Definition A.1. A4 set . CP(X) is called a semi-algebra if

(1) e,

(2) A, B € .7 implies that ANB € ., and

(3) if A €. then the complement XA is a finite union of pairwise disjoint
elements in . ;

if in addition

(4) A € .7 implies that XA € .7,

then it is called an algebra. If .7 satisfies the additional property
(5) A1, Ag, -+ €. implies that |J,_, A, € .7,

then 7 is called a o-algebra. For any collection of sets </, write o(<f) for
the smallest o-algebra containing <7 (this is possible since the intersection
of o-algebras is a o-algebra).

Ezample A.2. The collection of intervals in [0, 1] forms a semi-algebra.
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Definition A.3. A collection .# CP(X) is called a monotone class if

A C A C - and A, € A foralln>1 = UAWE%
n=1

and

B12ByD--- and B, € A foralln>1 = ﬂBnEJ//.

n=1

The intersection of two monotone classes is a monotone class, so there is a
well-defined smallest monotone class .# (/) containing any given collection of
sets 7. This gives an alternative characterization of the o-algebra generated
by an algebra.

Theorem A.4. Let o7/ be an algebra. Then the smallest monotone class con-
taining < is o(<).

A function p . — R0 U {oo} is finitely additive if p(2) =0 and
W(AU B) = p(A) + u(B) (A1)

for any disjoint elements A and B of . with AU B € ., and is countably

additive if
n=1 n=1

if {A,} is a collection of disjoint elements of .% with | [>2 | A, € ..
The main structure of interest in ergodic theory is that of a probability
space or finite measure space.

Definition A.5. A triple (X, %, 1) is called a finite measure space if B is a o-
algebra and p is a countably additive measure defined on B with u(X) < oo.
A triple (X, B, ) is called a o-finite measure space if X is a countable union
of elements of B of finite measure. If u(X) = 1 then a finite measure space
is called a probability space.

A probability measure p is said to be concentrated on a measurable set A
if u(A) =1.

Theorem A.6. If 1 : ¥ — Ry( is a countably additive measure defined
on a semi-algebra, then there is a unique countably additive measure defined
on o(”) which extends p.

* The conventions concerning oo in this setting are that co + ¢ = oo for any ¢
in R>o U {0}, ¢- 00 =00 for any ¢ > 0, and 0 - co = 0.
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Theorem A.7. Let o/ C A be an algebra in a probability space (X, A, ).
Then the collection of sets B with the property that for any € > 0 there is
an A € & with p(AAB) < € is a o-algebra.

As discussed in Section[2] the basic objects of ergodic theory are measure-
preserving maps (see Definition [21]). The next result gives a convenient way
to check whether a transformation is measure-preserving.

Theorem A.8. Let (X,%Bx,p) and (Y,PBy,v) be probability spaces, and
let .7 be a semi-algebra which generates By . A measurable map ¢ : X — Y
s measure-preserving if and only if

u¢~'B) = v(B)
for all B € 7.
PROOF. Let
S ={B e By |¢(B) € Bx, ¢ 'B) =v(B)}.

Then ¥ C ./, and (since each member of the algebra generated by .7 is a
finite disjoint union of elements of .%) the algebra generated by .# lies in ..
It is clear that .’ is a monotone class, so Theorem [A.4] shows that .’ = By
as required. 0

The next result is an important lemma from probability; what it means is
that if the sum of the probabilities of a sequence of events is finite, then the
probability that infinitely many of them occur is zero.

Theorem A.9 (Borel-Cantelli'%?). Let (X, %, 1) be a probability space,
and let (An)n>1 be a sequence of measurable sets with Y~ | u(A,) < oo.

Then
,u(limsupAn) —,u<ﬂ < Am>> =0.

n=1 \m

If the sequence of sets are pairwise independent, that is if
1(Ai M Aj) = p(Ai)p(A;)
for all i # j, then Y7 | (Ay,) = oo implies that

u(limsupAn) :u(m < Am>> =1.
n—ee n=1 \m=n

The elements of a o-algebra are typically very complex, and it is often
enough to approximate sets by a convenient smaller collection of sets.

Theorem A.10. If (X, B, ) is a probability space and </ is an algebra which
generates A (that is, with o(</) = AB), then for any B € & and ¢ > 0 there
is an A € & with n(AAB) < €.
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A measure space is called complete if any subset of a null set is measurable.

If X is a topological space, then there is a distinguished collection of sets
to start with, namely the open sets. The o-algebra generated by the open
sets is called the Borel o-algebra. If the space is second countable, then the
support of a measure is the largest closed set with the property that every
open neighborhood of every point in the set has positive measure; equivalently
the support of a measure is the complement of the largest open set of zero
measure.

If X is a metric space, then any Borel probability measure p on X (that is,
any probability measure defined on the Borel o-algebra % of X) is reqular(9%):
for any Borel set B C X and ¢ > 0 there is an open set O and a closed set C'
with C € B C O and u(ONC) < e.

A.2 Product Spaces

Let I C Z and assume that for each ¢ € T a probability space X; = (X;, %, 1)
is given. Then the product space X = [[,.; X; may be given the structure of
a probability space (X, %, u) as follows. Any set of the form

H XiXHAiX H Xi,

i€1,i<min(F) S iel,i>max(F)
or equivalently of the form
{$=($i)ie]EX|$i € A; fOl”iEF},

for some finite set F' C I, is called a measurable rectangle. The collection of
all measurable rectangles forms a semi-algebra ., and the product o-algebra
is Z = o(). The product measure p is obtained by defining the measure of
the measurable rectangle above to be [ ], p1i(A;) and then extending to 2.

The main extension result in this setting is the Kolmogorov consistency
theorem, which allows measures on infinite product spaces to be built up from
measures on finite product spaces.

Theorem A.11. Let X = Hie] X, with I C Z and each X; a probability
space. Suppose that for every finite subset F' C I there is a probability mea-
sure pp defined on Xp = HieF X, and that these measures are consistent in
the sense that if E C F then the projection map

(H Xuﬂp) — <H XivﬂE)

iEF i€E

18 measure-preserving. Then there is a unique probability measure p on the
probability space [[,.; X; with the property that for any F C I the projection
map

icl
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() — (1100 )

In the construction of an infinite product [],.; s of probability measures
above, the finite products pr = [],cp ps satisfy the compatibility conditions
needed in Theorem [A. 1T}

In many situations each X; = (X;,d;) is a fixed compact metric space
with 0 < diam(X;) < co. In this case the product space X =[], ., Xy is also
a compact metric space with respect to the metric

A (T, Yn)
dz,y) = S o\ Yn)
(z,y) r;Z 27 diam (X,

1S measure-preserving.

and the Borel o-algebra of X coincides with the product o-algebra defined
above.

A.3 Measurable Functions

Let (X, %, 1) be a probability space. Natural classes of measurable functions
on X are built up from simpler functions, just as the o-algebra % may be
built up from simpler collections of sets.

A function f: X — R is called simple if

f@) =Y e, @)

for constants c; € R and disjoint sets A; € . The integral of f is then defined

to be .
/fdu =Y ciu(4)).
j=1

A function g : X — R is called measurable if g='(A) € % for any (Borel)
measurable set A C R. The basic approximation result states that for any
measurable function g : X — R3¢ there is a pointwise increasing sequence of
simple functions (fn)n>1 with f,(z) /" g(x) for each x € X. This allows us

to define
/gdu= lim /fndu,

which is guaranteed to exist since

fo(2) < fria(2)

foralln > 1 and € X (in contrast to the usual terminology from calculus,
we include the possibility that the integral and the limit are infinite). It may
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be shown that this is well-defined (independent of the choice of the sequence
of simple functions).

A measurable function g : X — Ry is integrable if [ gdp < co. In general,
a measurable function g : X — R has a unique decomposition into g = g™ —g~
with g7 (z) = max{g(z),0}; both g% and g~ are measurable. The function g
is said to be integrable if both g™ and g~ are integrable, and the integral is
defined by [gdu = [g"dp— [ g du. If f is integrable and g is measurable
with |g] < f, then g is integrable. The integral of an integrable function f
over a measurable set A is defined by

/Afdu: [ Headn

For 1 < p < oo, the space £ (or £7(X), £P(X, ju) and so on) comprises
the measurable functions f : X — R with [|f|P dp < oc. Define an equiva-
lence relation on .ZP by f ~ g if [[f — g’ du = 0 and write L?, = P/~ for
the space of equivalence classes. Elements of Lf, will be described as functions
rather than equivalence classes, but it is important to remember that this is
an abuse of notation (for example, in the construction of conditional mea-
sures on page [[39). In particular the value of an element of L¥, at a specific
point does not make sense, unless that point itself has positive p-measure.
The function || - ||, defined by

100 = (flopan)™

is a norm (see Appendix B), and under this norm L? is a Banach space.
The case p = oo is distinguished: the essential supremum is the generaliza-
tion to measurable functions of the supremum of a continuous function, and

is defined by

[ fllee = inf {o | p({z € X | f(z) > a}) = 0}.

The space Z7° is then defined to be the space of measurable functions f
with || f||c < 00, and once again L;° is defined to be £2°/ ~. The norm |- ||
makes L7 into a Banach space. For 1 < p < ¢ < oo we have L? D L7 for any
finite measure space, with strict inclusion except in some degenerate cases.
In practice we will more often use .-Z°°, which denotes the bounded func-
tions.
An important consequences of the Borel-Cantelli lemma is that norm con-

vergence in LP forces pointwise convergence along a subsequence.

Corollary A.12. If (f,) is a sequence convergent in Lh 1<p< o) to f,
then there is a subsequence (fy,) converging pointwise almost everywhere to f.

PROOF. Choose the sequence (ny) so that
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1
”fnk - ng < L2+p

for all K > 1. Then

i ({o e Xl - 101> 1) <

It follows by Theorem that for almost every , |fn, (z) — f(z)| > % for
only finitely many k, so fp,, (z) — f(z) for almost every z. O

Finally we turn to integration of functions of several variables; a measure
space (X, %, u) is called o-finite if there is a sequence Ay, A, ... of measurable
sets with p(A,) < oo for all n > 1 and with X =J,5, An.

Theorem A.13 (F‘llbini—Tonelli(104)). Let [ be a non-negative integrable
function on the product of two o-finite measure spaces (X, B, u) and (Y, €, v).
Then, for almost every x € X and y € Y, the functions

h(z) = /Y fey)dv, gly) = /X f(a) dp

are integrable, and

/Xxyfd(uxu):/xhdu:/ygdu. (A.2)

This may also be written in a more familiar form as

[ f@n ey = [ < | e du(y>) e

~ [ ([ remau) avi.

We note that integration makes sense for functions taking values in some
other spaces as well, and this will be discussed further in Section [B.7

A.4 Radon—Nikodym Derivatives

One of the fundamental ideas in measure theory concerns the properties of
a probability measure viewed from the perspective of a given measure. Fix
a o-finite measure space (X, %, 1) and some measure v defined on .

e The measure v is absolutely continuous with respect to p, written v < p,
if W(A) =0 = v(A) =0 for any A € A.
If v < pand p < v then p and v are said to be equivalent.
The measures p and v are mutually singular, written p | v, if there exist
disjoint sets A and B in £ with AU B = X and with u(A) = v(B) = 0.
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These notions are related by two important theorems.

Theorem A.14 (Lebesgue decomposition). Given o-finite measures p
and v on (X, B), there are measures vy and vy with the properties that

(D) v=wvy+u1;
(2) vo < p; and
(3) 11 L p.

The measures vy and vy are uniquely determined by these properties.

Theorem A.15 (Radon—Nikodym derivative(19%)). If v < u then there
18 a measurable function f > 0 on X with the property that

() = [ fan
A
for any set A € A.

By analogy with the fundamental theorem of calculus (Theorem [A25]),
the function f is written S_Z and is called the Radon—Nikodym derivative of v
with respect to . Notice that for any two measures 1, o we can form a new
measure p1 + po simply by defining (p1 + p2)(A4) = w1 (A4) + p2(A) for any
measurable set A. Then p; < p1 + pz, so there is a Radon-Nikodym derivative

of p; with respect to 1 + po for i =1,2.

A.5 Convergence Theorems

The most important distinction between integration on LP spaces as defined
above and Riemann integration on bounded Riemann-integrable functions is
that the LP functions are closed under several natural limiting operations,
allowing for the following important convergence theorems.

Theorem A.16 (Monotone Convergence Theorem). If f1 < fo < ---
18 a pointwise increasing sequence of integrable functions on the probability
space (X, B, i), then f =1lim, . fn satisfies

/fdu:nlingoffndu.

In particular, if im, . [ f, dp < oo, then f is finite almost everywhere.

Theorem A.17 (Fatou’s Lemma). Let (f,)n>1 be a sequence of measur-
able real-valued functions on a probability space, all bounded below by some
integrable function. If liminf, .o [ fndp < oo then liminf, .o f, is inte-
grable, and

/lim inf f,, dpu < lim inf/fn du.

n—oo
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Theorem A.18 (Dominated Convergence Theorem). Ifh: X — R
is an integrable function and (fn)n>1 is a sequence of measurable real-valued
functions which are dominated by h in the sense that |f,| < h for alln > 1,
and lim, o fn = [ exists almost everywhere, then [ is integrable and

/fdu:nlin;o/fndu.

A.6 Well-behaved Measure Spaces

It is convenient to slightly extend the notion of a Borel probability space as
follows (cf. Definition BT3).

Definition A.19. Let X be a dense Borel subset of a compact metric space X,
with a probability measure u defined on the restriction of the Borel o-algebra %
to X. The resulting probability space (X, B, 1) is a Borel probability spaceH.

For our purposes, this is the most convenient notion of a measure space
that is on the one hand sufficiently general for the applications needed, while
on the other has enough structure to permit explicit and convenient proofs.

A circle of results called Lusin’s theorem [237] (or Luzin’s theorem) show
that measurable functions are continuous off a small set. These results are
true in almost any context where continuity makes sense, but we state a form
of the result here in the setting needed.

Theorem A.20 (Lusin). Let (X,%,u) be a Borel probability space and
let f: X — R be a measurable function. Then, for any € > 0, there is a contin-
wous function g : X — R with the property that p ({x € X | f(x) # g(x)}) < e.

As mentioned in the endnote to Definition 513 there is a slightly different
formulation of the standard setting for ergodic theory, in terms of Lebesgue
spaces.

Definition A.21. A probability space is a Lebesgue space if it is isomorphic
as a measure space to

<[Oa S] U Aa 937 mo,s) =+ Z pa5a>

a€cA
for some countable set A of atoms and numbers s, p, > 0 with

* Commonly the o-algebra 4 is enlarged to its completion %, which is the small-
est o-algebra containing both % and all subsets of null sets with respect to u. It
is also standard to allow any probability space that is isomorphic to (X, %, i)
in Definition as a measure space to be called a Lebesgue space.
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s+ pa=1,

a€A

where B comprises unions of Lebesque measurable sets in [0, s] and arbitrary
subsets of A, myg is the Lebesque measure on [0,s], and 6, is the Dirac
measure defined by §,(B) = xp(a).

The next result shows, inter alia, that this notion agrees with that
used in Definition [A19] (a proof of this may be found in the book of
Parthasarathy [281), Chap. V]) up to completion of the measure space (a mea-
sure space is complete if all subsets of a null set are measurable and null). We
will not use this result here.

Theorem A.22. A probability space is a Lebesgue space in the sense of Def-
inition [A21] if and only if it is isomorphic to (X, B, 1) for some probability
measure p on the completion %, of the Borel o-algebra % of a complete sep-
arable metric space X .

The function spaces from Section [A3] are particularly well-behaved for
Lebesgue spaces.

Theorem A.23 (Riesz—Fischer(!%9)). Let (X, %, 1) be a Lebesgue space.
For any p, 1 < p < oo, the space LY is a separable Banach space with respect
to the || - ||,-norm. In particular, L7, is a separable Hilbert space.

A.7 Lebesgue Density Theorem

The space R together with the usual metric and Lebesgue measure mp is a
particularly important and well-behaved special case, and here it is possible
to say that a set of positive measure is thick in a precise sense.

Theorem A.24 (Lebesgue!°")). If A C R is a measurable set, then
.1
;%%mR(Aﬂ (a—¢e,a+e)=1

for mr-almost every a € A.

A point a with this property is said to be a Lebesgue density point or a
point with Lebesque density 1. An equivalent and more familiar formulation
of the result is a form of the fundamental theorem of calculus.

Theorem A.25. If f : R — R is an integrable function then

) 1 s+¢
= [ p@ae= 5o

for mr-almost every s € [0,00).

The equivalence of Theorem [A.24] and [A.25] may be seen by approximating
an integrable function with simple functions.
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A.8 Substitution Rule

Let O C R™ be an open set, and let ¢ : O — R™ be a C'-map with Jaco-
bian J; = |detD ¢|. Then for any measurable function f > 0 (or for any
integrable function f) defined on $(0) C R™ we have(10%).

/ f(o x) dmgn (x / f(y) dmg= (y). (A.3)

We recall the definition of the push-forward of a measure. Let (X, %x)
and (Y, %y) be two spaces equipped with o-algebras. Let p be a measure
on X defined on &Bx, and let ¢ : X — Y be measurable. Then the push-
forward ¢, is the measure on (Y, By ) defined by (¢.u)(B) = u(¢~1(B)) for
all B € By .

The substitution rule allows us to calculate the push-forward of the
Lebesgue measure under smooth maps as follows.

Lemma A.26. Let O C R™ be open, let ¢ : O — R™ be a smooth injective map
with non-vanishing Jacobian Jy = | det D ¢|. Then the push-forward ¢.mo of
the Lebesgue measure mo = mgn|o restricted to O is absolutely continuous
with respect to mrn and is given by

do.mo = J(;l o gf)_l dm¢(o).

Moreover, if we consider a measure duy = F dmo absolutely continuous with
respect to mo, then similarly

dgupp=F o™ J " 0 ™! dmy(o).

PROOF. Recall that under the assumptions of the lemma, ¢! is smooth
and Jy-1 = J(;l o ¢~ 1. Therefore, by equation (A3]) and the definition of the
push-forward,

[, F09 (67 @) dman) = [ 1 (667 0) S () dme )
#(0) #(0)

/ f(o(y)) dme- (y)

= f(@)dg.mo ()
$(0)

for any characteristic function f = yp of a measurable set B C ¢(O). This
implies the first claim. Moreover, for any measurable functions f > 0, F > 0
defined on ¢(0), O respectively,

T g —1 mn Mpen,
/Wf( VF(6™ ()5 (6 (x) dms /f y) dmg

which implies the second claim. 0
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Notes to Appendix A

(102) (Page BIT7) This result was stated by Borel [0} p. 252] for independent events as
part of his study of normal numbers, but as pointed out by Barone and Novikoff [1§]
there are some problems with the proofs. Cantelli [46] noticed that half of the the-
orem holds without independence; this had also been noted by Hausdorff [142] in
a special case. Erdés and Rényi [84] showed that the result holds under the much
weaker assumption of pairwise independence.

(103)(Page [398) This is shown, for example, in Parthasarathy [28T Th. 1.2]: defining
a Borel set A to be regular if, for any € > 0, there is an open set O. and a closed
set C. with C. € A C O, and p(ONC:) < €, it may be shown that the collection
of all regular sets forms a o-algebra and contains the closed sets.

(104) (Page EOT) A form of this theorem goes back to Cauchy for continuous func-
tions on the reals, and this was extended by Lebesgue [220] to bounded mea-
surable functions. Fubini [97] extended this to integrable functions, showing that
if f:[a,b] X [c,d] — R is integrable then y — f(z,y) is integrable for almost ev-
ery x, and proving equation ([A.2). Tonelli [364] gave the formulation here, for non-
negative functions on products of o-finite spaces. Complete proofs may be found
in Royden [321] or Lieb and Loss [229] Th. 1.12]. While the result is robust and of
central importance, some hypotheses are needed: if the function is not integrable
or the spaces are not o-finite, the integrals may have different values. A detailed
treatment of the minimal hypotheses needed for a theorem of Fubini type, along
with counterexamples and applications, is given by Fremlin [96] Sect. 252].
(105)(Page AT This result is due to Radon [298] when p is Lebesgue measure on R™,
and to Nikodym [273] in the general case.

(106) (Page A04) This result emerged in several notes of Riesz and two notes of Fis-
cher [91], [92], with a full treatment of the result that L? (R) is complete appearing
in a paper of Riesz [312].

(107 (Page @0A) This is due to Lebesgue [220], and a convenient source for the proof
is the monograph of Oxtoby [277]. Notice that Theorem [A24] expresses how con-
strained measurable sets are: it is impossible, for example, to find a measurable
subset A of [0,1] with the property that mr(A N [a,b]) = 2(b — a) for all b > a.
While a measurable subset of measure 5 may have an intricate structure, it cannot
occupy only half of the space on all possible scales.

(108) (Page[M05) The usual hypotheses are that the map ¢ is injective and the Jacobian
non-vanishing; these may be relaxed considerably, and the theorem holds in very
general settings both measurable (see Hewitt and Stromberg [152]) and smooth (see

Spivak [351]).
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Functional analysis abstracts the basic ideas of real and complex analysis in
order to study spaces of functions and operators between them%9) . A normed
space is a vector space E over a field F (either R or C) equipped with a map ||-||
from E — R satisfying the properties

e |z|]] 20 forall x € E and ||z|| = 0 if and only if = 0;
o || Az|| = |A|||lz]| for all z € E and A € F; and
o lz+yll <zl + vl

If (E,|-|) is a normed space, then d(z,y) = ||z — y|| defines a metric on F.
A semi-norm is a map with the first property weakened to

o [z||>0forallzecE.

A normed space is a Banach space if it is complete as a metric space: that
is, the condition that the sequence (z,,) is Cauchy (for all € > 0 there is some N
for which m > n > N implies ||z, — z,|| < €) is equivalent to the condition
that the sequence (x,,) converges (there is some y € E with the property that
for all ¢ > 0 there is some N for which n > N implies ||z, — y|| < ¢).

As discussed in Section [A3] for any probability space (X, %,u), the
norm | - ||, makes the space L, into a Banach space.

B.1 Sequence Spaces

For 1 < p < oo and a countable set I" (in practice this will be N or Z) we
denote by ¢?(I") the space

{o=(zy) € R" | Z |24 [P < oo},

yel’

and for p = co write
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(') = {z = (z,) € R" | sup |z,| < o0}
~yel’

1/p
The norms ||z||, = (Zweﬂxw’) and [|z]le0 = sup,cp |a,| make £,(I")
into a complete space for 1 < p < cc.

B.2 Linear Functionals

A vector space V over a normed field F, equipped with a topology 7, and with
the property that each point of V' is closed and the vector space operations
(addition of vectors and multiplication by scalars) are continuous is called a
topological vector space. Any topological vector space is Hausdorff. If 0 € V'
has an open neighborhood with compact closure, then V is said to be locally
compact.

Let A : V. — W be a linear map between topological vector spaces. Then
the following properties are equivalent:

(1) X is continuous;

(2) A is continuous at 0 € V;

(3) X is uniformly continuous in the sense that for any neighborhood Ow
of 0 € W there is a neighborhood Oy of 0 € V for which v —v" € Oy
implies A(v) — A(v') € Ow for all v,v' € V.

Of particular importance are linear maps into the ground field. For a linear
map A : V — F, the following properties are equivalent:

(1) X is continuous;

(2) the kernel ker(\) = {v € V | A(v) = 0} is a closed subset of V;
(3) ker()) is not dense in V;

(4) X is bounded on some neighborhood of 0 € V.

Continuous linear maps A : V' — F are particularly important: they are called
linear functionals and the collection of all linear functionals is denoted V*.
If V has a norm || - || defining the topology 7, then V* is a normed space under
the norm

H)‘HOpcrator = sup {|A(v)[r}
llvl=1
where |- |p is the norm on the ground field F. The normed space V* is complete
if IF is complete. The next result asserts that there are many linear functionals,
and allows them to be constructed in a flexible and controlled way.

Theorem B.1 (Hahn-Banach('?). Let A : U — F be a linear functional
defined on a subspace U C V' of a normed linear space and let p:V — Ry
be a semi-norm. If |f(u)| < p(u) for uw € U, then there is a linear func-
tional N : V' — T that extends X in the sense that N (u) = Au) for allu € U,
and [N (v)] < p(v) for allv e V.



B.3 Linear Operators 409

B.3 Linear Operators

It is conventional to call maps between normed spaces operators, because
in many of the applications the elements of the normed spaces are them-
selves functions. A map f : E — F between normed vector spaces (E, || - |g)
and (F, |- ||r) is continuous at a if for any £ > 0 there is some § > 0 for which

e —alle <6 = [f(z) = fla)|F <e,

is continuous if it is continuous at every point, and is bounded if there is
some R with || f(z)||r < R|jz| g for all x € E. If f : E — F is linear, then the
following are equivalent:

e f is continuous;
e f is bounded;
e fis continuous at 0 € E.

A linear map f : E — F is an isometry if || f(z)||r = ||z||g for all x € E,
and is an isomorphism of normed spaces if f is a bijection and both f and f~!
are continuous.

Norms || - |1 and || - [|2 on E are equivalent if the identity map

(B (-1 = (B - l2)

is an isomorphism of normed spaces; equivalently, if there are positive con-
stants r, R for which
rllzlly < flzflz < Rl

forall x € E. If E, F are finite-dimensional, then all norms on E are equivalent
and all linear maps £ — F' are continuous.

Theorem B.2 (Open Mapping Theorem). If f : E — F is a continuous
bijection of Banach spaces, then f is an isomorphism.

The space of all bounded linear maps from E to F is denoted B(E, F);
this is clearly a vector space. Defining

[flloperator = sup {[[f()] <}

lzlle<t

makes B(FE, F') into a normed space, and if F' is a Banach space then B(E, F)
is a Banach space. An important special case is the space of linear function-
als, E* = B(E,TF).

Assume now that F and F' are Banach spaces. An operator f : E — F
is compact if the image f(U) of the open unit ball U = {z € E | ||z||g < 1}
has compact closure in F. Equivalently, an operator is compact if and only
if every bounded sequence (z,) in E contains a subsequence (z,,) with the
property that (f(zn,)) converges in . Many operators that arise naturally
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in the study of integral equations, for example the Hilbert—Schmidt integral
operators T' defined on L (X) by

(Tf)(s) = /X K (s.) dp(t)

for some kernel K € LiXH(X x X)), are compact operators.

Now assume that E is a Banach space. Then B(E) = B(E, E) is not
only a Banach space but also an algebra: if S,T € B(E) then ST € B(E)
where (ST)(z) = S(T(x)), and |ST|| < ||S|IT||. Write I for the identity

operator, and define the spectrum of an operator T € B(E) to be
Toperator(I') ={A € F | (' — AI) does not have a continuous inverse}.

Theorem B.3. Let E and F be Banach spaces.

(1) If T € B(E, E) is compact and X # 0, then the kernel of T — \I is finite-
dimensional.

(2) If E is not finite-dimensional and T € B(E) is compact, then ooperator(1')
contains 0.

(3) If S, T € B(E) and T is compact, then ST and TS are compact.

Functional analysis on Hilbert space is particularly useful in ergodic the-
ory, because each measure-preserving system (X, %, u,T) has an associated
Koopman operator Ur : L2, — L2 defined by Ur(f) = foT.

An invertible measure-preserving transformation 7" is said to have contin-
wous spectrum if 1 is the only eigenvalue of Ur and any eigenfunction of Up
is a constant.

Theorem B.4 (Spectral Theorem). Let U be a unitary operator on a com-
plex Hilbert space €.

(1) For each element f € A there is a unique finite Borel measure py on S*
with the property that

" = 2" dus(z B.1
Wt = [ =mang(e) (B.1)
for allm € Z.
(2) The map
N N
Z ezt — Z c, U™ f
n=—N n=—N

extends by continuity to a unitary isomorphism between L*(S*, us) and
the smallest U-invariant subspace in € containing f.

(3) If T has continuous spectrum and [ € Li has [y fdu = 0, then the
spectral measure jiy associated to the unitary operator Ur is non-atomic.
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We will also need two fundamental compactness results due to Alaoglu,
Banach and Tychonoff(*'1),

Theorem B.5 (Tychonoff). If {X,} cr is a collection of compact topologi-
cal spaces, then the product space H'ye r X, endowed with the product topology
18 itself a compact space.

Theorem B.6 (Alaoglu). Let X be a topological vector space with U a
neighborhood of 0 in X. Then the set of linear operators z* : X — R
with sup, ¢y [2* ()] < 1 is weak*-compact.

B.4 Continuous Functions

Let (X, d) be a compact metric space. The space C¢(X) of continuous func-
tions f : X — C is a metric space with respect to the uniform metric

d(f,g) = sup |f(z) —g(z);

defining || f||s = sup,ex |f(z)| makes Cc(X) into a normed space.
It is often important to know when a subspace of a normed space of func-
tions is dense.

Theorem B.7 (Stone—Weierstrass Theorem'!?). Let (X,d) be a com-
pact metric space, and let of C Cc(X) be a linear subspace with the following
properties:

of is closed under multiplication (that is, &7 is a subalgebra);
o/ contains the constant functions;
o separates points (for x # y there is a function [ € o with f(x) # f(y));
and
o for any f € o, the complex conjugate f € o .

Then < is dense in Cc(X).

Lemma B.8. The spaces Cc(X) and C(X) are separable metric spaces with
respect to the metric induced by the uniform norm.

PROOF. Let {1, 22, ...} be adense set in X, and define aset F = {f1, fo,... }
of continuous functions by f,(z) = d(z, z,,) where d is the given metric on X.
The set F separates points since the set {x1,x9,...} is dense. It follows
that the algebra generated by F' is dense in C'(X) by the Stone-Weierstrass
Theorem (Theorem [B.7)). The same holds for the Q-algebra generated by F
(that is, for the set of finite linear combinations Y " ¢;h; with ¢; € Q
and h; = H?:l gk,; with g ; € F' and K; € N). However, this set is countable,
which shows the lemma for real-valued functions. The same argument using
the Q(i)-algebra gives the complex case. 0

The next lemma is a simple instance of a more general result of Urysohn
that characterizes normal spaces!3).
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Theorem B.9 (Tietze—Urysohn extension). Any continuous real-valued
function on a closed subspace of a normal topological space may be extended
to a continuous real-valued function on the entire space.

We will only need this in the metric setting, and any metric space is normal
as a topological space.

Corollary B.10. If (X,d) is a metric space, then for any non-empty closed
sets A, B C X with AN B = &, there is a continuous function f: X — [0, 1]

with f(A) = {0} and f(B) = {1}.

B.5 Measures on Compact Metric Spaces

The material in this section deals with measures and linear operators. It is
standard; a convenient source is Parthasarathy [281].

Let (X,d) be a compact metric space, with Borel o-algebra Z. Denote
by . (X) the space of Borel probability measures on X.

The dual space C(X)* of continuous real functionals on the space C(X) of
continuous functions X — R can be naturally identified with the space of finite
signed measures on X. A functional F': C(X) — C is called positive if f > 0
implies that F(f) > 0, and the Riesz representation theorem states that any
continuous positive functional F' is defined by a unique measure p € .#(X)
via

ﬂﬁ=wa.

The main properties of .#(X) needed are the following. Recall that a
set .Z of measures is said to be convez if the convex combination s +(1—s)p2
lies in .# for any 1, pe € #(X) and s € [0,1].

Theorem B.11. (1) .Z(X) is convez.

(2) For M1, p2 € %(X)a
[ram = [ rau (B.2)

for all f € C(X) if and only if 1 = po.
(3) The weak*-topology on A (X) is the weakest topology making each of the

evaluation maps
uH/fw

continuous for any f € C(X); this topology is metrizable and in this
topology A (X) is compact.

(4) In the weak*-topology, w1, — p if and only if any of the following condi-
tions hold:
o [ fdu, — [ fdu for every f € C(X);
o for every closed set C' C X, limsup,, . pun(C) < u(C);
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e for every open set O C X, liminf,, o 1, (O) = p(O);
o for every Borel set A with p(9(A)) =0, un(A4) — p(A).

PROOF OF PART (3). Recall that by the Riesz representation theorem the
dual space C(X)* of continuous linear real functionals C(X) — R with the
operator norm coincides with the space of finite signed measures, with the
functional being given by integration with respect to the measure. Moreover,
by the Banach—Alaoglu theorem the unit ball By in C(X)* is compact in the
weak*-topology. It follows that

M (X) = {ue C(X) | /ldu: 1,/fdu >0 for f € C(X) with f > 0}
is a weak*-closed subset of By and is therefore compact in the weak*-topology.
To show that the weak*-topology is metrizable on .# (X ) we use the fact
that C'(X) is separable by Lemma[B.8 Suppose that {f1, f2, ... } is a dense set

in C'(X). Then the weak*-topology on .# (X)) is generated by the intersections
of the open neighborhoods of 1 € .# (X)) defined by

Ven(p) = {VE,///(X) | ’/fndu—/fndu' <5}.
This holds since for any f € C(X) and neighborhood
Vosli) = {v eax) || [ rav~ [ ra <<}

we can find some n with || f,, — f|| < § and it is easily checked that

Vs () € Ve p(p).

Define I I
_ — 1 |J fodp— | fndv|
d“”(“’”>_,;2_"1+|ffndu—ffndv| (B5)

for p,v € A (X). A calculation shows that d_z is a metric on .Z(X).

We finish the proof by comparing the metric neighborhoods Bs(u) de-
fined by d_z with the neighborhoods V. ,,(1). Fix 6 > 0 and choose K such
that EZ‘;KH 2% < g. Then, for sufficiently small € > 0, any measure

v e Ve () 0N Ve g (1)

will satisfy

ii |ffnd,u_ffndV|
" 12n1+|ffndﬂ_ffndy|

showing that v € Bs(u). Similarly, if n > 1 and € > 0 are given, we may

choose 0 small enough to ensure that 2% T+ < 0 implies that s <e. Then for

0
27
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any v € Bs(p) we will have v € V, ,,. It follows that the metric neighborhoods
give the weak™-topology. O

A continuous map T : X — X induces a map T : #(X) — #(X)
defined by T (u)(A) = u(T~1A) for any Borel set A C X. Each z € X defines
a measure ¢, by

1if z € A;

5””(A):{Oifx§éA. =

and T%(d;) = dp(y) for any = € X.
For f > 0 a measurable map and p € .Z(X),

/de*u:/fonu. (B.4)

This may be seen by the argument used in the first part of the proof of
Lemma In particular, equation (B4) holds for all f € C(X), and from
this it is easy to check that the map T : #(X) — #(X) is continuous with
respect to the weak*-topology on . (X).

Lemma B.12. Let pu be a measure in #(X). Then p € 47 (X) if and only
if [foTdu= [fdu forall feC(X).

The map T, is continuous and affine, so the set .#7(X) of T-invariant
measures is a closed convex subset of . (X).

B.6 Measures on Other Spaces

Our emphasis is on compact metric spaces and finite measure spaces, but we
are sometimes forced to consider larger spaces. As mentioned in Definition [A 5]
a measure space is called o-finite if it is a countable union of measurable sets
with finite measure. Similarly, a metric space is called o-compact if it is a
countable union of compact subsets. A measure defined on the Borel sets of
a metric space is called locally finite if every point of the space has an open
neighborhood of finite measure.

Theorem B.13. Let p be a locally finite measure on the Borel sets of a o-
compact metric space. Then i is regular, meaning that

w(B) =sup{u(K) | K C B,K compact} =inf{U | B C U,U open}

for any Borel set B.
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B.7 Vector-valued Integration

It is often useful to integrate functions taking values in the space of measures
(for example, in Theorem [6.2 in Section [6.8] and in Theorem BI0). It is also
useful to integrate functions f : X — V defined on a measure space (X, %, i)
and taking values in a topological vector space V. The goal is to define [ v fdu
as an element of V' that behaves like an integral: for example, if A : V' — R is
a continuous linear functional on V', then we would like

A( /X fdu> - /X (\f) dp (B.5)

to hold whenever [ + fdu is defined. One (of many(1'%)) approaches to defin-

ing integration in this setting is to use the property in equation (B.A) to
characterize the integral; in order for this to work we need to restrict atten-
tion to topological vector spaces in which there are enough functionals. We
say that V* separates points in V if for any v # ¢’ in V there is a A € V*
with A(v) # A(v).

Definition B.14. Let V' be a topological vector space on which V* separates
points, and let [ : X — V be a function defined on a measure space (X, B, 1)
with the property that the scalar functions A(f) : X — F lie in L}L(X) for
every A € V*. If there is an element v € V' for which

A(v) = /X (\f) dp

for every A € V*, then we define

/de,u:v.

We start with the simplest example of integration for functions taking
values in a Hilbert space.

Ezxample B.15. If V is a Hilbert space 5 then the characterization in Defini-
tion [B.14] takes the form

</X fdﬂvh> = /X (f(x),h) du(z) (B.6)

for all b € V. Note that in this setting the right-hand side of equation (B.6) de-
fines a continuous linear functional on 7. It follows that the integral [ v fdu
exists by the Riesz representation theorem (see p. [d12).

We now describe two more situations in which the existence of the integral
can be established quite easily.
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Ezample B.16. Let V = LE(Y') for a probability space (Y, v) with 1 < p < oo,
and let F': X x Y — C be an element of L}, (X x V). In this case we define

f(Xop) =V
by defining f(x) to be the equivalence class of the function
F(z,"):y+— F(x,y).

We claim that v = [ [ dp exists and is given by the equivalence class of

W) = [ Flay) dute),
which is well-defined by the Fubini-Tonelli Theorem (Theorem [A13]), since

LZD

9%

(X xY)C L, (X xY).

wXV

To see this claim, recall that V* = L1(Y") where %—I—% =1,and let w € LI(Y).
Then Fw e L., (X xY) and so

UXV

/X (f(z),w)) dp = /X /Y F(z,y)w(y) dvdu
Z/Y/XF(x,y)du-w(y)duzw,w>

by Fubini, as required (notice that the last equation also implies that v lies
in LE(Y)).

Ezample B.17. Suppose now that V' is a Banach space, and that f: X — V*
takes values in the dual space V* of V. Assume moreover that | f(z)| is
integrable and for any v € V' the map x +— (v, f()) is measurable (and hence
automatically integrable, since | (v, f(x)) | < ||v]| - | f(2)]]). Then

[ 1@ duta) e v*
X

exists if we equip V* with the weak*-topology: In fact, we may let fX fdu be
the map

VaijéwJ@»w,

which depends linearly and continuously on v. Moreover, with respect to the
weak*-topology on V* all continuous functionals on V* are evaluation maps
on V.

The last example includes (and generalizes) the first two examples above,
but also includes another important case. A similar construction is used in
Section [5.3] in the construction of conditional measures.
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Ezample B.18. Let V = C(Y) for a compact metric space Y, so that V* is
the space of signed finite measures on Y. Hence, for any probability-valued
function

0:X—-.#Y)

with the property that [ f(y)d©,(y) depends measurably on x € X, there
exists a measure [y O, du(z) on Y.

The next result gives a general criterion that guarantees existence of inte-
grals in this sense (see Folland [94] App. A]).

Theorem B.19. If (X, B, i) is a Borel probability space, V* separates points
of V, f + X — V is measurable, and the smallest closed convexr subset I
of V' containing f(X) is compact, then the integral fX fdu in the sense of
Definition [B.14] exists, and lies in I.

A second approach is to generalize Riemann integration to allow contin-
uous functions defined on a compact metric space equipped with a Borel
probability measure and taking values in a Banach space. If V' is a Banach
space with norm |||, (X, d) is a compact metric space with a finite Borel mea-
sure u, and f: X — V is continuous, then f is uniformly continuous since X
is compact. Given a finite partition £ of X into Borel sets and a choice zp € X
of a point xp € P € ¢ for each atom P of &, define the associated Riemann

sum
= flgp)n(P

Peg

It is readily checked that Re¢(f) converges as diam(¢§) = maxpe¢ diam(P) — 0,
and we define

/ fdp hm ORg(f)

dlam

to be the (Riemann) integral of f with respect to p. It is clear from the

definition that
H/ fduH </ | £l dpe
X X

where the integral on the right-hand side has the same definition for the
continuous function z — || f(x)| taking values in R (and therefore coincides
with the Lebesgue integral).

Notes to Appendix B

(109)(Page [07) Convenient sources for most of the material described here include
Rudin [322] and Folland [94]; many of the ideas go back to Banach’s monograph [17],
originally published in 1932.

(110)(Page [A08) The Hahn—Banach theorem is usually proved using the Axiom of
Choice (though it is not equivalent to it), and is often the most convenient form of
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the Axiom of Choice for functional analysis arguments. Significant special cases were
found by Riesz [313], [314] in connection with extending linear functionals on L7,
and by Helly [147] who gave a more abstract formulation in terms of operators on
normed sequence spaces. Hahn [132] and Banach [16] formulated the theorem as it
is used today, using transfinite induction in a way that became a central tool in
analysis.

a1 (Page 1)) Tychonoff’s original proof appeared in 1929 [365]; the result requires
and implies the Axiom of Choice. Alaoglu’s theorem appeared in 1940 [4], clarifying
the treatment of weak topologies by Banach [17].

(112) (Page AIT]) Weierstrass proved that the polynomials are dense in Cla,b] (cor-
responding to the algebra of real functions generated by the constants and the
function f(t) =t). Stone [357] proved the result in great generality.

(113) (Page EI2) Urysohn [367] shows that a topological space is normal (that is,
Hausdorff and with the property that disjoint closed sets have disjoint open neigh-
borhoods) if and only if it has the extension property in Theorem [B.9 A simple
example of a non-normal topological space is the space of all functions R — R with
the topology of pointwise convergence. Earlier, Tietze [363] had shown the same
extension theorem for metric spaces, and in particular Corollary [B.10] which for
normal spaces is usually called Urysohn’s lemma.

(114)(Page [T5) Integration can also be defined by emulating the real-valued case
using partitions of the domain to produce a theory of vector-valued Riemann inte-
gration, or by using the Borel o-algebra in V' to produce a theory of vector-valued
Lebesgue integration: the article of Hildebrandt [I53] gives an overview.



Appendix C: Topological Groups

Many groups arising naturally in mathematics have a topology with respect to
which the group operations are continuous. Abstracting this observation has
given rise to the important theory described here. We give a brief overview, but
note that most of the discussions and examples in this volume concern concrete
groups, so knowledge of the general theory summarized in this appendix is
useful but often not strictly necessary.

C.1 General Definitions

Definition C.1. A topological group is a group G that carries a topology
with respect to which the maps (g,h) — gh and g — g~—! are continuous as
maps G X G — G and G — G respectively.

Any topological group can be viewed as a uniform space in two ways: the
left uniformity renders each left multiplication g — hg into a uniformly contin-
uous map while the right uniformity renders each right multiplication g — gh
into a uniformly continuous map. As a uniform space, any topological group
is completely regular, and hence(*'%) is HausdorfF if it is 7.

Since the topological groups we need usually have a natural metric giving
the topology, we will not need to develop this further.

The topological and algebraic structure on a topological group interact in
many ways. For example, in any topological group G:

the connected component of the identity is a closed normal subgroup;
the inverse map g — ¢! is a homeomorphism;

for any h € G the left multiplication map g — hg and the right multipli-
cation map g — gh are homeomorphisms;

if H is a subgroup of G then the closure of H is also a subgroup;

if H is a normal subgroup of G, then the closure of H is also a normal
subgroup.
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A topological group is called monothetic if it is Hausdorff and has a dense
cyclic subgroup; a monothetic group is automatically abelian. Any generator
of a dense subgroup is called a topological generator. Monothetic groups arise
in many parts of dynamics.

A subgroup of a topological group is itself a topological group in the sub-
space topology. If H is a subgroup of a topological group G then the set of
left (or right) cosets G/H (or H\G) is a topological space in the quotient
topology (the smallest topology which makes the natural projection g — gH
or Hg continuous). The quotient map is always open. If H is a normal sub-
group of GG, then the quotient group becomes a topological group. However,
if H is not closed in G, then the quotient group will not be Ty even if G
is. It is therefore natural to restrict attention to the category of Hausdorff
topological groups, continuous homomorphisms and closed subgroups, which
is closed under many natural group-theoretic operations.

If the topology on a topological group is metrizable(!'9) then there is a
compatible metric defining the topology that is invariant under each of the
maps g — hg (a left-invariant metric) and there is similarly a right-invariant
metric.

Lemma C.2. If G is compact and metrizable, then G has a compatible metric
invariant under all translations (that is, a bi-invariant metric).

PROOF. Choose a basis {U,, },>1 of open neighborhoods of the identity e € G,
with N,>1U,, = {e}, and for each n > 1 choose (by Theorem[B.9) a continuous
function f,, : G — [0,1] with || f,|| = 1, fu(e) = 1 and f,(GNU,) = {0}. Let

Fl@) = falg)/2™,
n=1

so that f is continuous, f~1({1}) = e, and define

d(z,y) = sup {[f(axb) — f(ayb)|}.

a,beG

Then d is bi-invariant and compatible with the topology on G. 0

Ezample C.3. 117 The group GL,(C) carries a natural norm
e = s (3] S [ ) 135wt =1}
i=1 j=1 i=1

from viewing a matrix = (2i;)1<i,j<n € GL,(C) as a linear operator on C".
Then the function

d(z,y) =log (1 + ||z 'y — Ll + ly 'z — L,|)
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is a left-invariant metric compatible with the topology. For n > 2, there is
no bi-invariant metric on GL,(C). To see this, notice that for such a metric
conjugation would be an isometry, while

11

01

m1 %#711+#_}
01)\o 1) \o 1

as m — oo, and

as m — OQ.

C.2 Haar Measure on Locally Compact Groups

Further specializing to locally compact topological groups (that is, topolog-
ical groups in which every point has a neighborhood containing a compact
neighborhood) produces a class of particular importance in ergodic theory for
the following reason.

Theorem C.4 (Haar''®). Let G be a locally compact group.

(1) There is a measure m¢ defined on the Borel subsets of G that is invariant
under left translation, is positive on non-empty open sets, and is finite on
compact sets.

(2) The measure m¢ is unique in the following sense: if y is any measure with
the properties of (1) then there is a constant C with u(A) = Cmg(A) for
all Borel sets A.

(3) ma(G) < oo if and only if G is compact.

The measure mg is called (a) left Haar measure on G if G is compact it is
usually normalized to have mg(G) = 1. There is a similar right Haar measure.
If mg is a left Haar measure on G, then for any g € G the measure defined
by A — mg(Ag) is also a left Haar measure. By Theorem [C4] there must
therefore be a unique function mod, called the modular function or modular
character with the property that

ma(Ag) = mod(g)ma(A)

for all Borel sets A. The modular function is the continuous homomor-
phism mod : G — Rsg. A group in which the left and right Haar measures
coincide (equivalently, whose modular function is identically 1) is called uni-
modular: examples include all abelian groups, all compact groups (since there
are no non-trivial compact subgroups of R+g), and semi-simple Lie groups.
There are several different proofs of Theorem For compact groups, it
may be shown using fixed-point theorems from functional analysis. A particu-
larly intuitive construction, due to von Neumann, starts by assigning measure
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one to some fixed compact set K with non-empty interior, then uses translates
of some small open set to efficiently cover K and any other compact set L.
The Haar measure of L is then approximately the number of translates needed
to cover L divided by the number needed to cover K (see Section B3] for more
details). Remarkably, Theorem [C.4] has a converse: under some technical hy-
potheses, a group with a Haar measure must be locally compact(19).

Haar measure produces an important class of examples for ergodic the-
ory: if ¢ : G — G is a surjective homomorphism and G is compact, then ¢
preserves(129) the Haar measure on G. Haar measure also connects'?!) the
topology and the algebraic structure of locally compact groups.

Example C.5. In many situations, the Haar measure is readily described.

(1) The Lebesgue measure A on R™, characterized by the property that

n

A(laz,ba] x -+ X [an, ba]) = [ [ (b; — @)

=1

for a; < b;, is translation invariant and so is a Haar measure for R™ (unique
up to multiplication by a scalar).

(2) The Lebesgue measure A on T”, characterized in the same way by the
measure it gives to rectangles, is a Haar measure (unique if we choose to
normalize so that the measure of the whole group T" is 1).

As we have seen, a measure can be described in terms of how it integrates
integrable functions. For the remaining examples, we will describe a Haar
measure m¢ by giving a ‘formula’ for [ f dme. Thus the statement about the
Haar measure mg» in (1) above could be written somewhat cryptically as

f(x)dmgn (x) = f(x)dzy ... dz,
R™ R™

for all functions f for which the right-hand side is finite. Evaluating a Haar
measure on a group with explicit coordinates often amounts to computing a
Jacobian.

(3) Let G = R~{0} = GL;(R), the real multiplicative group. The transfor-
mation x — ax has Jacobian a: it can be readily checked that

[ e = [1@55

for any integrable f and a # 0. Hence a Haar measure m is defined by

/f )dme(z) = 1) g,

¢ |zl

for any integrable f. Similarly, if G = (C\{O} = GLy(C), then

/ £(2) dme(z // @ty 4 gy
o0} R2N{(0,0)} T2 +y?



C.3 Pontryagin Duality 423

(4) Let G = {(g 11)) | a € RN{0},b € R}, and identify elements of G with
pairs (a,b). Then

fabdm _// ddb
/ ¢ RN{0} a2

defines a left Haar measure, while

(r)y f(aab)
/Gf(a,b)de _/R/R\{O} al dadb

defines a right Haar measure. As G is isomorphic to the group of affine
transformations x +— ax + b under composition, it is called the ‘ax + 0’
group. It is an example of a non-unimodular group, with mod(a, b) =

al*
(5) Let G = GL2(R), and identify the element (z;;)1<i,j<2 with

(211, T12, T21, T22) € A = {x € R* | 311292 — 212721 # 0}.
Then

f I117$12,I21,I22)
/ fde = //// — )2 dIll dIlg dIQl d{EQQ
55'115522 T12721

defines a left and a right Haar measure on G, which is therefore unimod-
ular.

C.3 Pontryagin Duality

Specializing yet further brings us to the class of locally compact abelian groups
(LCA groups) which have a very powerful theory(!??) generalizing Fourier
analysis on the circle. Throughout this section, LP(G) denotes L, .(G) for
some Haar measure mg on G.

A character on a LCA group G is a continuous homomorphism

x:G—S'={zeC]||z| =1}.

The set of all continuous characters on G forms a group under pointwise
multiplication, denoted G (this means the operation on G is defined by

(a1 +x2)(9) = x1(9)x2(9)

for all g € G, and the trivial character x(g) = 1 is the identity). The image
of g € G under x € G will also be written (g, x) to emphasize that this is a
pairing between G and G. For compact K C G and ¢ > 0 the sets

N(K,e) ={x|Ix(g9) =1 <e for g € K}

and their translates form a basis for a topology on é, the topology of uniform
convergence on compact sets.
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Theorem C.6. In the topology described above, the character group of a LCA
group s itself a LCA group. A subgroup of the character group that separates
points is dense.

A subset E C G is said to separate points if for g # h in G there is
some y € E with x(g) # x(h).

Using the Haar measure on G the usual L? function spaces may be defined.
For f € LY(G) the Fourier transform of f, denoted f is the function on G
given by

o) = /G F(9)(g, ) dme.

Some of the basic properties of the Fourier transform are as follows.

e The image of the map f — fis a separating self-adjoint algebra in Co(@)
(the continuous complex functions vanishing at infinity) and hence is dense
in Cy(@) in the uniform metric.

The Fourier transform of the convolution f * g is the product f qg.
The Fourier transform satisfies 1 flloe < || £]l1 and so is a continuous oper-

ator from L'(G) to L>(G).

Lemma C.7. If G is discrete, then G is compact, and if G is compact then G
is discrete.

We prove the second part of this lemma to illustrate how Fourier analysis
may be used to study these groups. Assume that G is compact, so that the
constant function yo = 1 is in L}(G).

Also under the assumption of compactness of GG, we have the following
orthogonality relations. Let x # 7 be characters on G. Then we may find h € G
with (xn~1)(h) # 1. On the other hand,

/ (o) (g) dme = / o) (g + 1) dme = (en~ ) () / e (g) dme,
G G

SO fG(xn_l)(g) dmg = 0 and the characters x and 7 are orthogonal with
respect to the inner-product

(fi, f2) = /Gflﬁdmc:

on G. Thus distinct characters are orthogonal as elements of L?(G).

Finally, note that the Fourier transform of any L' function is continuous
on the dual group, and the orthogonality relations mean that xo(x) = 1 if x
is the trivial character xo, and Xo(x) = 0 if not. It follows that {xo} is an
open subset of @, so @ is discrete.

The Fourier transform is defined on L!(G) N L?(G), and maps into a dense
linear subspace of L2(G) as an L2 isometry. It therefore extends uniquely to
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an isometry L2(G) — L2(G), known as the Fourier or Plancherel transform

and also denoted by f +— f We note that this map is surjective.
Recall that there is a natural inner-product structure on L?(G).

Theorem C.8 (Parseval Formula). Let f and g be functions in L*(G).
Then

<ﬂ@g24f@ﬂ5®mwiéRMRﬁm%=<ﬁ@a

Given a finite Borel measure p on the dual group G of a locally compact
abelian group G, the inverse Fourier transform of y is the function g : G — C
defined by

@) = [ x(a) ()
A function f : G — C is called positive-definite if for any ai,...,a, € C
and x1,...,2, € G,

> D aimf(wiag") > 0. (C.1)

i=1 j=1

Theorem C.9 (Herglotz—Bochner'??). Let G be an abelian locally com-
pact group. A function f : G — C is positive-definite if and only if it is the
Fourier transform of a finite positive Borel measure.

Denote by B(G) the set of all functions f on G which have a representation
in the form

ﬂm=é@mmmm

for x € G and a finite positive Borel measure p on G. A consequence of the
Herglotz—Bochner theorem (Theorem [C.9) is that B(G) coincides with the
set of finite linear combinations of continuous positive-definite functions on G

(see equation (CJ)).

Theorem C.10 (Inversion Theorem). Let G be a locally compact group.
If f € LY(G) N B(G), then f € LY(G). Having chosen a Haar measure on G,
the Haar measure mg on G may be normalized to make

ﬂ@=éﬂﬁ@mm% (C2)

for g € G and any f € L*(G) N B(G).

We will usually use Theorem [C.1(] for a compact metric abelian group G.
In this case the Haar measure is normalized to make m(G) = 1, and the
measure on the discrete countable group G is simply counting measure, so
that the right-hand side of equation (C2) is a series.
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In particular, for the case G = T = R/Z we find G = {xx | k € Z}
where Y (t) = e>™**. Theorem [C10] then says that for any f € L%(T) we have
the Fourier expansion

£ =3 Fou)em
keZ
for almost every t.

Similarly, for any compact GG, the set of characters of G forms an orthonor-
mal basis of L?(G). We already showed the orthonormality property in the
discussion after Lemma [C.7t here we indicate briefly how the completeness
of the set of characters can be established, both for concrete groups and in
general.

Let @7 denote the set of finite linear combinations of the form

n

p(g) = Z CiXi

i=1

with ¢; € C. Then & is a subalgebra of Cc(X) which is closed under con-
jugation. If we know in addition that <7 separates points in G, then by the
Stone—Weierstrass Theorem (Theorem[B.7)) we have that < is dense in C¢(X).
Moreover, in that case & is also dense in L?(G), and so the set of characters
forms an orthonormal basis for L?(G). That o7 separates points can be checked
explicitly for many compact abelian groups; in particular for G = R?/Z% the
characters are of the form

X (3) = @2t ngza) (©3)

with n € Z4, and this explicit presentation may be used to show that the set
of characters separates points on the d-torus. In general, one can prove that G
separates points by showing that the functions in B(G) separate points, and
then applying the Herglotz—Bochner theorem (Theorem [C3]).

Theorem C.11. For any compact abelian group G, the set of characters sep-
arates points and therefore forms a complete orthonormal basis for L*(G).

The highlight of this theory is Pontryagin duality, which directly links the
algebraic structure of LCA groups to their (Fourier-)analytic structure. If G
is an LCA group, then I' = G is also an LCA group, which therefore has a
character group I', which is again LCA. Any g € G defines a character x —

x(g) on I".

Theorem C.12 (Pontryagin Duality). The map a: G — I defined by

(9:x) = (x, a(g))

18 a continuous isomorphism of LCA groups.
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The Pontryagin duality theorem relates to the subgroup structure of an
LCA group as follows.

Theorem C.13. If H C G is a closed subgroup, then G/H is also an LCA
group. The set

H+={xe@|x(h)=1 for all h € H},
the annihilator of H, is a closed subgroup of G. Moreover,

° C?/-T{ ~ Ht;
G/H+ =~ H;
if Hi, Hy are closed subgroups of G then

Hi + H: 2 X

where X = G/(Hy N Ha);
e H'tx~H.

The dual of a continuous homomorphism 6 : G — H is a homomorphism
0:H—G
defined by 5()() (9) = x(6(g))- There are simple dualities for homomorphisms,
for example 6 has dense image if and only if 0 is injective.

Pontryagin duality expresses topological properties in algebraic terms. For
example, if G is compact then G is torsion if and only if G is zero-dimensional
(that is, has a basis for the topology comprising sets that are both closed and
open), and G is torsion-free if and only if G is connected. Duality also gives
a description of monothetic groups: if G is a compact abelian group with a
countable basis for its topology then G is monothetic if and only if the dual
group G is isomorphic as an abstract group to a countable subgroup of S*. If G
is monothetic, then any such isomorphism is given by choosing a topological
generator g € GG and then sending x € G to x(g) € S.

Ezample C.14. As in the case of Haar measure in Example [C.0] the character
group of many groups can be written down in a simple way.

(1) If G = Z with the discrete topology, then any character y € Z is deter-
mined by the value x(1) € S!, and any choice of x(1) defines a character.
It follows that the map z ~— x., where x is the unique character on Z
with x.(1) = 2, is an isomorphism S! — Z.

(2) Consider the group R with the usual topology. Then for any s € R the
map X, : t — e'*! is a character on R, and any character has this form. In
other words, the map s — Y, is an isomorphism R — R.

(3) More generally, let K be any locally compact non-discrete field, and as-
sume that yo : K — S! is a non-trivial character on the additive group
structure of K. Then the map a — x,, where x,(z) = xo(az), defines an
isomorphism K — K.
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(4) An important example of (3) concerns the field of p-adic numbers Q,.
For each prime number p, the field Q, is the set of formal power se-
ries ), 5y anp” where a, € {0,1,...,p— 1} and k € Z and we always
choose aj # 0, with the usual addition and multiplication. The met-
ric d(x,y) = & — ylp, where [ Y2, o, anp™|, = p~F and |0[, = 0, makes Q,
into a non-discrete locally compact field. By (3) an isomorphism @; —Qp
is determined by any non-trivial character on @Q,, for example the map

-1
Z anp" — exp( 27Tiz anp_").
n>k n==k

(5) Consider the additive group Q with the discrete topology. Then the group
of characters is compact. Any element of R restricts to a character of Q, so
there is an embedding R < Q (injective because a continuous character
on R is defined by its values on the dense set Q). The group @ is an
example of a solenoid, and there is a detailed account of its structure in
terms of adeles in the monograph of Weil [379].

Lemma C.15 (Riemmann-Lebesgue'?Y). Let G be a locally compact
abelian group, and let i be a measure on G absolutely continuous with respect
to Haar measure mg. Then

Ak = /G x(9) du(t) — 0
as xy — odd.

The Riemann-Lebesgue lemma generalizes to absolutely continuous mea-
sures with respect to any sufficiently smooth measure.

Lemma C.16. Let v be a finite measure on S', and assume that

/e2wint dl/(t) =0
as |n| — oo. Then for any finite measure p that is absolutely continuous with

respect to v,
_odp
2mint
e — dv(t 0
[ L avte) —
as |n| — oo.

* A sequence y, — oo if for any compact set K C G there exists N = N(K) for
whichn > N = xn ¢ K.
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Notes to Appendix C

(115)(Page [E19) Given a topological space (X,.7), points x and y are said to be
topologically indistinguishable if for any open set U € .7 we have x € U if and
only if y € U (they have the same neighborhoods). The space is said to be Ty or
Kolmogorov if distinct points are always topologically distinguishable. This is the
weakest of a hierarchy of topological separation axioms; for topological groups many
of these collapse to the following natural property: the space is T» or Hausdorff if
distinct points always have some distinct neighborhoods.

(116) (Page E20) A topological group is metrizable if and only if every point has a
countable basis of neighborhoods (this was shown by Kakutani [I70] and Birkhoff [34])
and has a metric invariant under all translations if there is a countable basis {V,}
at the identity with xV,z=" = V,, for all n (see Hewitt and Ross [I51} p. 79]).

(117) (Page E20) This explicit construction of a left-invariant metric on GL,(C) is
due to Kakutani [I70] and von Dantzig [64].

(118) (Page @2T) Haar’s original proof appears in his paper [I30]; more accessible
treatments may be found in the books of Folland [94], Weil [378] or Hewitt and
Ross [I51I]. The important lecture notes of von Neumann from 1940-41, when he
developed much of the theory from a new perspective, have now been edited and
made available by the American Mathematical Society [270].

(119)(Page @22) This result was announced in part in a note by Weil [377] and then
complete proofs were given by Kodaira [206]; these results were later sharpened by
Mackey [239].

(120)(Page A22) This observation is due to Halmos [134], who determined when Haar
measure is ergodic, and accounts for the special role of compact group automor-
phisms as distinguished examples of measure-preserving transformations in ergodic
theory. The proof is straightforward: the measure defined by p(A) = ma(¢™'A) is
also a translation-invariant probability measure defined on the Borel sets, so yu =
ma.

(121)(Page [A22)) For example, if G and H are locally compact groups and G has a
countable basis for its topology then any measurable homomorphism ¢ : H — G
is continuous (Mackey [240]); in any locally compact group, for any compact set A
with positive Haar measure, the set AA™! contains a neighborhood of the identity;
if H C G is closed under multiplication and conull then H = G.

(122)(Page [A23)) The theory described in this section is normally called Pontryagin
duality or Pontryagin—von Kampen duality; the original sources are the book of
Pontryagin [294] and the papers of van Kampen [I8T]. More accessible treatments
may be found in Folland [94], Weil [378], Rudin [323] or Hewitt and Ross [I51].
(123) (Page @2F) This result is due to Herglotz [T48] for functions on Z, to Bochner [37]
for R, and to Weil [378] for locally compact abelian groups; accessible sources include
the later translation [38] and Folland [94].

(124)(Page M2R) Riemann [311] proved that the Fourier coefficients of a Riemann inte-
grable periodic function converge to zero, and this was extended by Lebesgue [219].
The finite Borel measures on T with fi(n) — 0 as |n| — oo are the Rajchman mea-
sures; all absolutely continuous measures are Rajchman measures but not conversely.
Menshov, in his construction of a Lebesgue null set of multiplicity, constructed a
singular Rajchman measure in 1916 by modifying the natural measure on the Cantor
middle-third set (though notice that the Cantor—Lebesgue measure v on the middle-
third Cantor set has 7(n) = (3n), so is a continuous measure that is not Rajchman).
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Riesz raised the question of whether a Rajchman measure must be continuous, and
this was proved by Neder in 1920. Wiener gave a complete characterization of contin-
uous measures by showing that v is continuous if and only if ﬁ S k) —0
as n — o0o. A convenient account is the survey by Lyons [238].



Hints for Selected Exercises

Exercise (p-[2Z8): For (a) use a one-sided full shift.

Exercise [2.4.2] (p. B1): Recall from Exercise 2.1.T] that the spaces themselves are
isomorphic. Try to do this directly, but if all else fails look at it again using the
material from Section 271

Exercise [2.4.4] (p. B7): Use the fact that the kernel of A™ — I on the torus only
contains points with rational coordinates.

Exercise [2.5.5] (p. @I): Apply the uniform mean ergodic theorem to the inner
product (U x5, x5) and notice that [ Pr(xs)dp > 0 since the projection onto the
constants already has this property.

Exercise [2.6.3] (p. £2)): This is an easy consequence of a later formulation of the
ergodic theorem, described in Theorem Try to prove it directly.

Exercise 2.7.7] (p. B6): Fix some B with 0 < u(B) < 1, and use the Baire category
theorem to find A.

Exercise [2.7.8] (p. B7): Prove, and then use, the polarization identity

4(Urf,g) = (Ur(f+9), f+9) +1({Ur(f +ig), f +ig)
—(Ur(f —9), f —g) —1{Ur(f —i9), [ —ig) -

Exercise 2.7.10] (p. B8): Fix A € # and consider the closed linear subspace M
of L? containing the constant functions and {Ufxa | n € Z}. Prove that

(Ukxa, Ubxa) = u(4)’

as n — o0, and then decompose f € Li into fi 4 fo with fi € M and fo € M~ .
Exercise [Z7.13] (p. B8): For (a) and (b) recall that smoothness corresponds

to polynomially rapid decay of Fourier coefficients. For (b) diagonalize the ma-

trix A = (0 !

1 1) defining the automorphism, and show that for any integer point
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in Z? the product of the coordinates when expressed in the diagonalizing coordi-
nates is bounded from below. Then argue as in part (a).

Exercise [3.2.7] (p. O0): You will need to formulate the ergodic theorem for the
system (B, 4|z, ﬁu, T|p) for a T-invariant measurable set B of positive measure.

Exercise[3.3.3] (p.04): If |u— 2| > 1 the statement is clear. For the case [u—2| <1,
try to find upper and lower bounds for the size of [f(u) — f(2)|, where f € Z[t] is
the minimal polynomial of w.

Exercise [4.2.7] (p. [[06): Use Zorn’s lemma for (c).

Exercise d.4.7] (p. [[T9): For part (c), notice that it is enough to find a point « € T
with the property that <% 271;7;01 f(TZ”x)> does not converge for some f € C(T).
N>1

Exercise [5.3.2] (p. [46]): Assume there is no such set, consider what that implies
about the collection of e-balls around a dense set of points in X, and deduce a
contradiction of aperiodicity.

Exercise[6.5.2](p.[I6])): Let (X, Zx, u, T') be ergodic, let (Y, By, v, S) have S = Iy,
and let A € J(X,Y). Write Py : Li — L2 for the operator defined by

froPr(f®1)

where (f ® g)(z,y) = f(z)g(y), and show that for f € L2, Px(f) is constant almost
everywhere. Then show that for g € L2,

[rosmne f 1o fao

and deduce that X is product measure.

Exercise (p. [IGR): Let p be a joining, and notice that L2 (Y) C L2(X x Y).
If f is an eigenfunction for .S, then Ep(f|<93x) is an eigenfunction for T

Exercise [T.T.T] (p. I74): This is a simple instance of a wide-ranging compactness
principle in Ramsey theory. One direction is immediate; for the reverse assume that
there are r-colorings of [0, N] with no monochrome arithmetic progression of length £.
Extend each of these colorings to all of N arbitrarily, and then show that a limit
point of those r-colorings of N (viewed as maps N — {1,...,r}) defines an r-coloring
of N with no monochrome arithmetic progression of length /.

Exercise (p. M): This is discussed in detail in [125] Chap. 2], where it is
shown that we may take N(3,2) = 325.

Exercise (p.IT8): This is a difficult result, and you should expect to need to
consult the references (see, for example the book of Petersen [283] Sec. 4.3]). Prove
it first for & = 1, and start by using Zorn’s Lemma to show that (X,7’) must contain
a non-empty minimal set (see Exercise [£.21] on p.[I06]). Then use induction on the
length k, and express the property in terms of the action of the map T'xT?x---xT*
on the diagonal in X x --- x X.

Exercise B.6.2] (p. 263)): If the group is not unimodular, show that there is an
element a € G for which the Haar measure of Bi(e)a™ grows exponentially in n.
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On the other hand, use property (D) and the inclusion Bi(e)a" C Biynd(a,e)(€) to
derive a contradiction.
Exercise (p.BT0): Define X = X x EN7 where G = G U {co} is the one-point

compactification of G, use o x v and the transformation

T (x,(gn)nz1) = (912, (gn+1)nz1) -

Exercise [0.1.7] (p. 278): Given y1 > yo > 0 show that there are constants co, c1
with

coll “fl2 < |- [lz < el - l2
for z =z + iy with yo <y < y1.
Exercise (p-BOO): For part (c) use Furstenberg’s theorem (Theorem [2T]).
Exercise [0.4.2] (p. BO])): Use Proposition @20
Exercise [9.4.3] (p. BO8): Use the one-parameter subgroups mentioned on p. 300

Exercise [0.4.4] (p. B0Y): This is equivalent to a careful interpretation of Figure [H.]
(and the argument is similar to the proof of Lemma [ITT.IT]).

Fig. H.1. Using the action to show that PSL2(Z) is a free product.

Exercise[I1.2.7](p.B50): Let 71, . .., 74 be the four rotations by an angle of 7 around
the centers of the four edges of the regular four-gon D, and let 1, ..., be the four
counter-clockwise rotations by an angle of 3 at the four vertices of D. The existence
of the tiling (and the corresponding lattice) reduces to the claim that the interior
of D does not intersect the image n(D), where 1 is a word in 71,...,74,71,. ., V4,
unless (D) = D.

To prove this claim, associate to the word n the closed path that starts at the
center of the D and moves from there to the center of an image of D under 7; or ~;
and so on, until it reaches the center of n(D). If, for example, the word 7 starts
with 7§ we let the path go from the center of D to the center of (D) in such a
way that the path stays in the union of the interior of D, the interior of 47 (D), and
the vertex where these two four-gons touch (see Figure [.2]). Depending on how the
word 7 continues, we then let the path continue in a similar fashion. We can also
reverse this procedure, for a piecewise analytic path connecting the center of D to
itself we can attach a word n’ and a corresponding image 7' (D) of D. Now show that
the image n’(D) remains unchanged under homotopies, and conclude that (D) = D
as H is simply connected.
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Fig. H.2. The tiling constructed in Lemma [T1.12]

Exercise T1.2.3] (p. [B56)): Identify the geometric consequences of the fact that V;
acts via the map z — —=— conjugated by the translation z +— z + z.

tez+1
Exercise [[1.4.1] (p. BTI)): Choose jo € {1,...,r — 1} with [|Adg, . [ > [[Adg,, |
for j =1,...,r — 1, and choose v, of size about || Adgjoyn |~ such that Adgjoyn Un

converges to a non-zero element.

Exercise I1.5.7] (p. B&T): Suppose that u = u~ (1) € U~. Observe that for an R,-
invariant measure ;o the measure fol (Ruf(s))* pds is invariant under U™ .

Exercise [1.5.2] (p. B8I): Use Lemma [I1.29] and the argument in the proof of
Proposition [1.30

Exercise (p- B8I): Analyze the proof of Theorem

Exercise (p. B90): Suppose that g, € G(R) and g € SL,(R) have the
property that SL, (Z)gn — SLy(Z)g as n — oco. Then there exists vy, € SL,(Z) such
that v,9n — g. Now study the rational vectors p(yn)v = p(yngn)v C QY their
denominators, and their convergence properties.

Exercise (p. BAO): For (g), use the fact that G(R) does not change the
quadratic form a® — 7b* + ¢* — 7d> for (a,b,c,d) € R* and that for (a,b,c,d) € Z*
the form vanishes only ifa =b=c=d = 0.
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Index of Notation

N, natural numbers,

Np, non-negative integers,

7, integers,

Q, rational numbers,

R, real numbers,

C, complex numbers,

S', multiplicative circle,

T, additive circle,

R(-), 3(+), real and imaginary parts,

O(+), order of growth,

o(+), order of growth,

~, similar growth,

<, relation between growth in func-
tions,

C(X), real-valued continuous func-
tions on X,

Cc(X), complex-valued continuous
functions on X,

C.(X), compactly supported con-
tinuous functions on X,

ANB, difference of two sets,

xA(+), indicator or characteristic
function of A,

m, Lebesgue measure,

a.e., almost everywhere,

{-}, fractional part,

(+), distance to nearest integer,

R, rotation by «,

mr, Lebesgue (Haar) measure on
the circle,

mx, Haar measure on X,

foT, composition x — f(Tx), 2]

L!, integrable functions, 21]

x|1, block in a sequence, 241

X = (X', E,ﬁ, T), invertible exten-
sion, [29)

d(A), density of the set A in N
or Z,

d(A), upper density of the set A
in N or Z,

A, AAB = (ANB) U (B~NA),

Ur, unitary operator associated to T,
B4

U*, adjoint of operator U, 34]

—, convergence in Lf norm,
L
Pr, projection onto subspace in-

variant under U,

AJf\,7 = 27127:—01 o T™ (with various
interpretations), B9

r4(+), first return time to the set A,
00

u}_, restriction of measure u,

||, disjoint union,

(X, ) 1) 7)), suspension
defined by r,

|-], floor function,

C(X)*, dual of C(X),

A (X), probability measures on X,
99

T, map on measures induced by T,

., point measure, [09

AT (X), T-invariant probability mea-
sures on X (Borel if X is
a compact metric space),
99

&T(X), ergodic Borel probability
measures on X,

E(:| o), conditional expectation with
respect to o7, [123]

o ({Ay | v € I'}), smallest o-algebra
containing the sets A, ,[124]

p, conditional measure, [34]

C, equality up to p-null sets,

o

=, equality up to p-null sets for o-
"

algebras, [130
[*] o7, atom of &/ containing z, [37]

C(X), real-valued continuous func-
tions on X, [139
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G5-set, a countable intersection of
open sets,

F,-set, a countable union of closed
sets,

¢4, induced map on measure spaces,
1 40f

&, o-algebra of invariant sets,

Bx @ Py, product o-algebra,

X, Y, measure-preserving systems,
103

J(X,Y), set of joinings of X and Y,
165!

Tx, projection onto factor X,

SAN, infinite multiplicative torus,

K, dual (character) group of K,

X 1Y, disjointness of measure-
preserving systems,

[ X\ v or Xz v, relatively inde-
pendent joining, [164]

dp(A), upper Banach density of A,
171

SZ, Szemerédi system,

X=(X,%,n,T), invertible exten-
sion, [L70]

diam(-), diameter of a set in a met-
ric space,

S, functions invariant under UZ,
130

&,, functions ergodic under 7%,

., rational spectrum part of L2,
18T

&,, totally ergodic part of L2, [IZ]]

2, Hilbert space,

(+,+), inner product,

AP, almost-periodic, 198

Nx, trivial o-algebra on X,

fef, (w,a') — f(x)f(a),

MPT(X, %, i), group of invertible
measure-preserving trans-
formations of (X, A, 11),229

g«, group action on measures,

AMC(X), set of G-invariant mea-
sures,

gn — 00, going to infinity in a
group,

e, ey, standard basis of R?, 234]

X, ,, Ledrappier’s example, 234]

[K : L], minimal number of left
translates gL of L needed
to cover K, 241

mod(+), modular function on a group,
240)

Homeo(X), group of homeomorphisms
of a compact topological
space X,

Uy, induced unitary representation
for a group action,

(P), property that a metric on a
group is proper, 257

(D), doubling property of metric
balls in a group,

(F), Folner property of metric balls
in a group,

Im(-), image of map or operator,
204

H, hyperbolic plane,

TH, tangent bundle to H,

T, H, tangent plane to H at z,

D, derivative,

(+,")z, inner product at z,

L(¢), length of piecewise smooth
curve ¢,

SLo(R), special linear group, 275

PSLy(R), projective special linear
group, [270l

PSO(2), projective special orthog-
onal group,

SO(2), special orthogonal group,
27/ Of

T'H, unit tangent bundle of H,

U#*, u*, horospherical subgroups and
elements,

Matgq(R), d x d matrices over R,
2541

SL4(R), group of real matrices with
determinant 1,



GL(V), group of automorphisms of
vector space V,

TG, tangent bundle to closed lin-
ear group G,

tr(v), trace of matrix v,

g, Lie algebra of closed linear group G,

GO, connected component of the
identity in G,

slg(R), Lie algebra of SLg4(R),

E;j, element of standard basis of
matrices in Matgq(R),

T,G, tangent space to closed linear
group G at g,

Ly, left translation,

R, left translation,

mXx, measure on quotient space in-
duced by Haar measure,

[g, h], commutator of g and h,

[G, G], commutator subgroup of G,

Xs, the space PSLa(Z)\ PSL2(R),

GL2(Z), integer matrices of deter-
minant 41, 321]

H,, (2n+1)-dimensional real Heisen-
berg group,

G(@P) abelianization of G,

I'(N), principal congruence lattice,

I'H(2), example of a congruence lat-
tice in SLo(Z),

L3, square-integrable functions with
integral zero,
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B§, B§ (I), metric open ball around
the identity in G,

U, U, stable and unstable horo-
spherical subgroup,

mé, me, left- and right-invariant
Haar measure,

X, the space SL,, (Z)\ SL,,(R),B83

P(X), collection of all subsets of X,

space of p-integrable measur-

able functions,

L7, space of equivalence classes of
p-integrable measurable func-
tions,

%,., completion of % with respect
to u, @03

IP, space of sequences with finite p
norm, 407

B(E, F), normed space of bounded
linear maps F — F,

Ooperator (I'), spectrum of an oper-
ator,

iif, spectral measure associated to f,
410

C(X)*, dual of C(X),

T, map on measures induced by 7T,
@1

(g, X), pairing between g € G and

~ character y € G,

f, Fourier transform of f,

B(G), functions on a locally com-
pact group with a repre-
sentation as an integral
over characters,

H*, annihilator of closed subgroup,
427

¥r

o



General Index

abelianization,
absolutely continuous measure, 125,
40T
action
continuous,
of a group,
properly discontinuous,
adjoint
operator, [34]
representation,
Alaoglu’s theorem,
Alaoglu’s theorem (Theorem [B.]),
@41

algebra,
almost
-periodic, [71]
disjoint,
invariant,
amenable,
‘ax + b’-group,
group,
abelian,
compact, 251]
invariant measure,
mean ergodic theorem,
pointwise ergodic theorem,
2541
SLo(R) is not,
Heisenberg group,
annihilator,
AP,
aperiodic, [68]
approximable
badly,
golden mean,
quadratic irrational,
very well,
arithmetic lattice,
associated unitary operator,
atom, [[37]
conditional measure,
ergodic decomposition,

measurability,
null sets, 137
‘ax + b’-group
amenable, 252]
not unimodular, 252]

badly approximable, [[2]
quadratic irrational (CorollaryB.14l),
94
ball model of hyperbolic plane,
Banach
algebra,
space, 400, 07
mean ergodic theorem,
open mapping theorem,
separable, [404]
upper density, 7]
Erdés—Turdn conjecture, 71
Bernoulli
automorphism, 24]
measure, [104]
shift, 23]
ergodic, [31]
mixing of all orders (Exer-
cise Z77.9),
multiple recurrence,
non-invertible theory,
bi-invariant metric,
Birkhoff
ergodic theorem (Theorem[Z30)),
49)
recurrence theorem (Exercise[.2.2)),

1 00)
Borel
o-algebra, 211 128 30, @36
98

~Cantelli lemma, [[34]
and pointwise convergence
along a subsequence,
normal number theorem, [§]
probability measure, 211
probability space, [3] 36,



constraint on complexity of o-
algebras,
space,
bundle,

ceiling function, 317
character, 306,
modular function, 300l @27
characteristic factor,
degree,
nilmanifold,
Choquet
ergodic decomposition, 154l
representation theorem, [I05]
154
simplex,
all arise,
circle,
doubling map,
ergodic,
invertible extension,
rotation,
disjoint (Exercise[6.5.1]), 168
equidistributed, [14]
not weak-mixing,
uniquely ergodic, ]
closed
linear group,
adjoint representation,
discrete subgroup, 296
exponential map,
left-invariant metric,
left-invariant metric on a sub-
group,
logarithm map,
subgroup,
topology,
cocompact lattice, B71I
uniform,
coloring, 172 20O8]
compactness,
commutator, B08]
subgroup, [308, [328]
compact
extension,
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dichotomy,
group
action,
amenable,
dual, 1611
endomorphism, 2]
rotation, [IG1]
operator, [196] 203]
kernel,
complete
Banach space, d07]
function space (Theorem[A.23)),
@od
function spaces
ergodic theorem,
measure space,
normed space,
orthonormal basis,
sequence space,
completely independent, [34]
conditional
expectation,
continuity,
existence,
functoriality,
measure, [134]
existence for Borel proba-
bility spaces,
geometric characterization (Propo-
sition .19,
congruence lattice,
conjugacy,
topological,
conjugate,
continued fraction, [12]
badly approximable,
convergents, [70,
convergents are optimal, [[7]
in terms of 2 x 2 matrices, [74]
map,
as a homeomorphism,
as an extension,
ergodic, R3],
invertible extension,
normal number,
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partial quotient, [74]
recursion for convergents,
typical behavior of digits,
uniqueness, [79]
very well approximable,
continuous
group action,
map
ergodic decomposition,
invariant measure, [09]
invertible extension, [[04]
minimal, [T06]
unique ergodicity, [07
spectrum, 417
weak mixing,
conull set,
convex
Choquet theorem,
combination
of measures,
function, 084
set of measures,
set of joinings,
subset of .Z(X),

van der Corput lemma, 83 [I36]

220

countably-generated o-algebra, 136

covolume, [383]
cusps, 3511

as equivalence classes, B51]

cylinder set, 23] 24}, BTl 079 234

259

decreasing martingale theorem,

density,
Banach upper, Il
integer sequence,
Lebesgue, 127] 404
point, 404
subsets of Z<,
uniform,
upper, [0, 28
diagonal measure,
Dirichlet
principle,

region, [343] [B5T],
and uniform lattices,
theorem,
discrete spectrum, [[61]
group rotation (Exercise[6.4.T]),
165
theorem (Theorem [B.13]),
disintegration of a measure, [[31
disjoint,
circle rotations,
displacement,
division algebra (quaternion),
dominated convergence theorem (The-
orem [AT§)),
Doob’s inequality (Lemmal[5.6]), 128
doubling property,
dual group, 1G]
Pontryagin theorem, [[GT]

eigenvalue,
elliptic element of SLa(R),
e-dense, 32 199,
equidistribution, [
circle rotation, [I14]
rate,
generic point,
horocycle orbit, B41], BST]
unique ergodicity,
Weyl’s criterion,
Weyl’s theorem, 0 [IT5]
equivalent measures, d01]
ergodic,
average,
Bernoulli shift, 31
circle rotation, B3]
continued fraction map, R3] B18
decomposition, [[05] [T54]
atom,
example,
group actions, [263]
disjoint from identity, [[G8
group
action,
endomorphism,
rotation, 10, 6T



in terms of invariant L? func-
tions,
in terms of invariant measur-
able functions, 29
maximal theorem,
measures, [[01]
are mutually singular,
are not closed, [[04]
as extreme points, [[0T]
dense in the space of all mea-
sures,
for group actions,
possible etymology, [I7]
preserved by isomorphism,
simple eigenvalues,
theorem
along squares,
Banach space,
Birkhoff (Theorem 2:30), 9]
conditional expectation (The-
orem [G.T]),
flow,
for infinite integral,
for permutations (Exercise2.6.1),
0 2)
local,
mean (Theorem 227)), 7
von Neumann (Theorem 2.2T]),
pointwise (Theorem [2Z30),
v
pointwise for group action,
uniform mean, 41]
topologically,
toral endomorphism, 37]
totally, [T
spectral characterization,[I87]
unique, 107
unitary property,

expectation

conditional, 123
continuity, [127]
existence, [125
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exponential map,
locally invertible,
one-parameter subgroup,
extension, 22]
compact,
dichotomy,
SZ property,
relatively weak-mixing
dichotomy,
non-ergodic,
products, 221
trivial,

factor,
Kronecker,
map, 22} 157
non-trivial,
from a system to itself,
topological, 03], 104
trivial,
Fatou’s lemma (Theorem[AT7), 77,

402
fiber,
finitely additive,
flow, 254}

built under a function
ergodicity, BI17]
built under a function,
ceiling function, B17
fiber, BI7
ergodic theorem,
Folner sequence,
forward measurable,
Fourier
coefficients, [[61]
transform, [424]
inverse,
free product,
Fubini’s theorem, 07]
Fuchsian group,
Dirichlet region, [342],
properly discontinuous,
fundamental domain, 20}
Dirichlet region,
open,
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strict,
well-defined volume,
Furstenberg
correspondence principle, 78]
1 50
joinings,

Gauss
~Bonnet formula, 346, 354]
map,
ergodic, [R3]
invertible extension,
measure, [80]
general linear group,
generator (existence), [T
generic
measure-preserving transforma-
tion, [71]
point, [[T5],
geodesic
flow, RT3
escape of mass, [381]
shadowing lemma,
stable manifold,
unstable manifold,
return time function,
group
action,
continuous, 229
ergodic,
ergodicity does not descend
to subgroups, 231]
induced unitary representa-
tion,
invariant measure,
invariant set, 2311
maximal ergodic theorem,
maximal inequality,
mixing, 23]
mixing of all orders, 231]
pointwise ergodic theorem,
rigid, 231
weak-mixing,
endomorphism

ergodic,
locally compact, E21]
Haar measure,
modular function, @27
metrizable,
monothetic,
rotation
discrete spectrum (Exercise[6.4.T]),
163
uniquely ergodic,
topological,
triangle inequality,

Haar measure, [[G1]
decomposition,
existence, 241]
left, right, unimodular, d21]
modular function, @271
Hahn-Banach theorem (Theorem[B.]),
403)
Halmos-von-Neumann theorem (The-
orem [6.13)),
harmonic analysis,
less amenable to generalization,
B2
Hausdorff dimension,
Hecke triangle group,
Heisenberg group, 293]
(2n 4 1)-dimensional,
amenable, 251]
center,
commutator subgroup,
discrete subgroup,
nilrotation,
quotient,
unimodular,
Herglotz—Bochner theorem (Theo-
rem [C9),
Hilbert—Schmidt operator, [71],
homogeneous space, 226
horocycle
flow, 282
equidistributed orbit, B8]]
invariant measure,
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long periodic orbits (Exer- Kronecker factor, [[G0
cise [[1.5.2)), BRI eigenspace,
minimal, function,
mixing of all orders,[393] measurable set, B1]
non-divergence, measure, [[9 37
non-escape of mass, [38]] characterized, 21]
periodic orbits and compact- continuous maps,
ness, [371] convex combination,
quantitative non-divergence, ergodic decomposition,
3811 ergodicity, [0
uniquely ergodic, 3711 maps without any, [04]
stable and unstable flows, 306! North—South map,
horospherical subgroup unique, 107
stable, unstable, set for group action, 237
hyperbolic sets
area form, [30T] o-algebra,
element of SLy(R), sub-o-algebra, 28]
metric, subspace,
plane, invariant vectors,
action of PSLo(R) is transi- inverse Fourier transform,
tive, invertible extension, 25, [I706]
ball model, continuous map, [[04]
boundary, mixing properties, [78]
geodesic curve, path, universal property,
geodesic flow, isometry,
minimizing path, between normed spaces,
polygon, isomorphism
regular, measurable,
Riemannian metric, normed spaces,
space theorem, [I7T]
Hecke triangle group,
tiling, Jacobi identity,
volume form, Jacobian,
Jewett-Krieger theorem,
increasing martingale theorem (The- joining,
orem B.3)), T28, 08Tl disjoint,
independent, and factors (Exercise [6.3.3),
completely, [34] 150
induced transformation, induced by an isomorphism,
ergodic, 53
infinite measure, relatively independent, 164, 199,
injectivity radius,
integrable function, basic properties,
invariant trivial,

o-algebra
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Kac’s theorem (Theorem [ZZ7]),
Kakutani
induced transformation,
—Rokhlin lemma (Lemma[2.45)),
(s
fails for other sequences, [G8]
skyscraper,
Khinchin
—~Lévy constant,
Three pearls of number theory,
constant, [97]
Klein model,
Koopman operator, B3] [69],
Krieger’s theorem on existence of
generators, [I7,
Kronecker
factor, 160}
system, [160] 197
SZ property,
relatively compact orbits, T97
SZ property,
SZ property is syndetic,

Kryloff-Bogoliouboff theorem (Corol-

lary E2), 100, 248 (229

analog for amenable groups,

249

Lagrange’s theorem (Theorem[B.13),
92
lattice, 18]
arithmetic, 352
congruence,
covolume,
forces unimodularity,
modular group,
principal congruence,
uniform,
unimodular,
law of the iterated logarithm,
Lebesgue
decomposition (Theorem[AT4),
402
density point, 404
density theorem, [27] 128 404

space,
Ledrappier’s example
mixing, 233
not mixing on 3 sets,
Lie
algebra,
corresponding to subgroup,
determines G°,
bracket,
group, 220G
linear
functional,
group, see closed linear group
operator
bounded, continuous,
compact,
isometry,
spectrum,
Liouville
number
equidistribution rate,
number (Exercise 221,
theorem (Exercise B:3.3)),
Littlewood’s conjecture,
local ergodic theorem,
locally
compact abelian group,
annihilator,
character,
Fourier transform,
inversion theorem,

Parseval formula (Theorem[C.g)),

Plancherel transform,
Pontryagin duality,
solenoid,
compact group, [427]
Haar measure, @21]
modular function, [427]
unimodular, E27]
finite measure, d14]
isomorphic,
logarithm map, 2851
lower central series,



Lusin’s theorem (Theorem [A20]),
309 [E03]

Mobius transformation, 275, 280,
281
Mahler’s compactness criterion, 383
martingale,
decreasing,
increasing,
relation to ergodic theorems,
matrix
coefficient,
coefficients, vanishing,
nilpotent,
unipotent,
Mautner phenomenon, [357},
unitary,
maximal
ergodic theorem, 2] [43]
for group action,
inequality
analog for martingales,
for group action, 257
operator, [44]
transformations,
mean ergodic theorem (Theorem 2:27T]),
5
uniform, 4]
measurable
forward,
function,
isomorphism,
rectangle,
measure
absolutely continuous, EQ1]
concentrated,
conditional,
diagonal,
disintegration, 137
equivalent, {07
ergodic not closed, T04]
Haar, [421]
joining,
Lebesgue decomposition,
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locally finite, ET4]
regular, [414]
o-finite,
singular, 40T
space
complete,
stationary,
and random walks,
support, 341
measure-preserving
flow, 254
system
disjoint,
ergodic disjoint from iden-
tity (Exercise [6.5.2),
group action,
transformation,
transformation,
aperiodic, [68]
associated unitary, B4
Bernoulli shift,
circle rotation,
continued fraction,
continuous map, 100
continuous spectrum, 551 [417]
discrete spectrum, [I61]
ergodic,
extension,
factor,
forward,
group endomorphism, 27]
invertible extension, 25l [I'76]

VL
isomorphism,
mixing, [54]

mixing on (k + 1) sets, k-
fold, or order k, B4
suspension,
universal property of invert-
ible extension,
weak-mixing, b4l B7]
mild-mixing, 54,
minimal,
homeomorphism,
set,
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mixing, (4]

nilpotent
exponential rate for toral en- group
domorphisms (Exercise2.7.13)), 2-step, B28

0]
group action, 23]

descends to subgroups, 231

of all orders, 237]
Ledrappier’s example, 234]
mild, B4]
of all orders, [54]

in positive cones,

SLo(R)-actions, B60!

on k+1 sets, k-fold, or order k,

51
Rokhlin problem, [71]
semigroup actions, 233

strong, B4
X2, X3 system, 240
weak, B4

of all orders, 2106l
weak but not strong,

Mobius transformation, 2801
modular

function, 306 [421]
group, (302
lattice, 302

monothetic group, 60, @20

classification, 427
topological generator, 420

monotone

class, [396)

class theorem (Theorem [A4]),

90

convergence theorem (Theorem

402

multiple recurrence, [[79]

SZ system,
Bernoulli shift,
circle rotation,
topological,

mutually singular, [[03]

k-step,
lower central series,
matrix,
nilrotation, B27
linear drift,
non-ergodic, B37
uniquely ergodic,
nilsystem,
non-amenable group, 230
non-divergence,
non-escape of mass, B3T]
normed space, 407
Banach, 407
equivalent, isomorphic,
North—South map, 100,
in a non-amenable group,

one-parameter subgroup,
open mapping theorem,
Oppenheim’s conjecture, [Tl
orbit, [

closure,

dense,

geodesic, 273] BR]]

horocycle, [BST]

periodic, B7T],
orthogonality relations

compact group, 235 E24]

pairwise independent,
A10) parabolic element of SLy(R),
"Parseval formula,
partial quotient, [74]
partition,
paths,
periodic,
permutation
cyclic,
ergodic theorem,

von Neumann ergodic theorem (The- pigeon-hole principle,

orem 2.27]),

nilmanifold, 220

ping-pong lemma, [352]
Plancherel transform, 425



Poincaré

model,

recurrence (Theorem [2.17]), 10

27}
finite, finitely additive,

pointwise ergodic theorem,

group action (Theorem B9,
polarization identity, 43T
polynomial

equidistributed,

homogeneous, [[1]

horocycle orbit,

irrational,

recurrence,

trigonometric, I11]
Pontryagin duality,
positive

operator,

upper density, [IQ
positive-definite

function,
pre-periodic,
primitive vector,
principal congruence lattice,
pro-nilmanifold,
probability space, I35,
projective

space,

special linear group,

special orthogonal group,
proper

action, 284] [351]

map,

metric,
properly discontinuous,
push-forward, @7, B51]

quadratic
form, [IT]
congruence obstruction, [I4]
indefinite, [[T]
integral,
non-degenerate, [[1]
rational,
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irrational,
quantitative non-divergence, B&T]
quaternion division algebra,
R-split,

Radon-Nikodym
derivative, 102,
theorem (Theorem [ATH),
Raghunathan conjecture,T5], [T6]
rational spectrum, [I87]
recurrence
multiple,
SZ system,
Bernoulli shift,
circle rotation,
topological,
Poincaré,
recurrent point,
regular
measure, 398 @14l
polygon,
relatively
compact orbits, 197
independent joining, [[G4] [T99]
219l 2211
basic properties,
weak-mixing extension,
dichotomy, E00
non-ergodic,
product, 227]
return time,
expected (Theorem 2:47]),
function,
Riemann surface
genus two,
uniformization theorem,
Riemannian metric, 2911
Riesz representation theorem, [[40]
412
rigid group action, 231]
Rokhlin
problem, [71]
tower,
base, height, residual set,
rotation
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circle,
not weak-mixing,
uniquely ergodic, [§]
compact group
rigid,
quotient of nilpotent group, 327
torus
uniquely ergodic, 11l
Roth theorem (Theorem [L.14])
Kronecker system,
orderly and chaotic parts,

Sérkozy’s theorem (Theorem [T.9])
orderly and chaotic parts,
rational spectrum component,

=1
totally ergodic component, [I81]

semi-algebra, (0]

shadowing lemma for geodesic flow,

shift
action, 234
Bernoulli,
map, 23]

o-algebra,

Borel,

completion, [404]

countably-generated,

not countably-generated, [[38]
1 50)

product,

o-finite measure,

simple
eigenvalue, [35]
function, 22]

simplex
all Choquet simplexes arise,

120
Choquet representation theo-
rem,

simply transitive,

singular, E0T]

skew-product,
uniquely ergodic,

solenoid, 26]

special
flow,
linear group, 275
projective, 2779
spectral
theorem (Theorem [B.4), [63]
Is2
spectrum
linear operator,
speed of a path,
stable
horospherical subgroup,
manifold,
stationary
measure, [269
and random walks,
stiff action,
substitution rule,
S-unit theorem, 237
and mixing,
fails in positive characteristic,
237
vanishing subsums, 237]
support of a measure, [34]
suspension,
syndetic, ] 74 139, 9711, 2111
SZ property,
Kronecker systems, [I88]
maximal factor, 214l
property
compact extension,
relatively weak-mixing exten-
sion, 216}
system,
invertible extension, 77
limit of factors, 214
reduction to Borel probabil-
ity space, [T
reduction to ergodic case,
e
transfinite induction,
weak-mixing systems,
Szemerédi’s theorem,
consequence of multiple recur-

rence, 78|



effective (Gowers’ theorem), [0
finite version,

finitistic,

polynomial,

tangent bundle,
concrete realization,
modular surface,
unit,
tangent bundle
closed linear group, 461]
Tietze-Urysohn extension lemma
(Theorem [B.9)),
tiling,
X2, x3 system is mixing of all or-
ders, 237
topological
conjugacy,
dynamical system,
conjugate,
minimal,
ergodicity,
factor,
group,
bi-invariant metric,
Hausdorff, @19,
locally compact, E21]
metrizable,
monothetic,
multiple recurrence,
space
Hausdorff, E18]
Kolmogorov,
normal,
To,
T,
vector space,
dual separates points,
linear functional,
linear map,
toral
endomorphism
ergodicity, B

rate of mixing (Exercise2.7.13)),

D
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rotation
unique ergodicity, 11
totally
bounded, 197
ergodic, [42] 5Tl
component, [I8]]
spectral characterization,[I87]
transitive, 270
trivial
extension, factor,
joining (product),
o-algebra,
ergodicity,
Tychonoff’s theorem (Theorem[B.H]),
A1

uniformization theorem,
co-compact lattice,
uniformly
continuous,
discrete,
distributed, see equidistributed
unimodular, 246 307,
‘ax + b’-group is not, 252
forced by presence of a lattice,
GLQ (R)v
Heisenberg group,
lattice, [383]
Mahler compactness crite-
rion,
locally compact group, E21]
SLd (R)a
unipotent
matrix, [364
one-parameter subgroup,
unique ergodicity, [@ I07
circle rotation, [
equidistribution, 110
Furstenberg’s theorem,
group rotation,
horocycle flow, B7T]
nilrotation,
toral rotation, I11]
unitary
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operator, 34
eigenvalue,
spectral theorem (Theorem[B.4]),
4101
property,
ergodicity,
representation, [360]
for group action,
Mautner phenomenon,
unstable
horospherical subgroup,
manifold,
Urysohn lemma,

vanishing of matrix coefficients (The-
orem [TT.29)),
vertex, [344]
very well approximable,
Vitali covering lemma, [45]
integers (Corollary 228]),

van der Waerden theorem (Theo-
rem [T]), 1]
weak
convergence,
mixing, (54 B7]

continuous spectrum, [B9]

equivalent formulations,
group action,
of all orders, 216 217
SZ property,
mixing without strong mixing,
%)
weak*
-compact,
-limit
of ergodic measures not er-
godic, [[04]
of orbit measures,
-limit point,
-topology,
characterized in terms of func-
tions, sets, I3l
definition,
metric, [[36] [148]
Weyl equidistribution
criterion,
theorem (Theorem [ 7)), 0] [T5
=2

zero-dimensional

group,

groups, and mixing,
Zorn’s Lemma,
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